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PREFACE 



by Robert Hermann 



This translation by Jim Glazebrook completes VolUM 2 of Vallron's Coiow 
d' Analyse, Refer to the Preface of Lie Groupe t Volume XIV» for reasons for 
undertaking this project. 

As pure and applied differential geometry gets ever fancier and more 

complicated, it is well to keep in mind where it all came from: Darboux's 
Theoxy dee Surfaces. However, there is nowhere in the English- language litera- 
ture Mhere a student can find an adequate explanation of this "classical* point 
of view. (The only counterexamples to this statement are Eisenhart's treatises. 
But they are a pale rendering of the original.) When I was a student in the 1950s, 
I found Vallron's distillation of this mterlal to be most helpful. I hope 
Glazebrook' s translations will help the present generation to rediscover this 
Mother Lode of geometric wisdom. 

This is probably the last of the series of Translations. I started over 
ten years ago with the seminal papers of Lie, Ricci, and Levi-Civita, and have 
fulfilled the goal that I set myself: To make available in English, with some 
coirmentaries, the classics that I see as the underpinnings of today's pure and 
applied geometric Morld. 

I would like to thank Jim Glazebrook again for his work in these transla- 
tions of Cartan and Val iron. Renate O'Arcangelo and Karin Young have typed 
this manuscript; I thank them also. 
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Chapter XII 
THE THEORY OF SPACE CURVES 



DlfftfBntlal geoMtry developed concurrently with analysis. The problens 
relating to the curvature of plane curves Mere approached by Newton, Leibniz, 
and HiQfgens; the curvature of surfaces was studied by Euler. The theory of 
envelopes of planes or of surfaces, connnoed toward the end of the 18<-th 
oentuiy. In 178S, Monge Introduced the notion of the polar surface and the 
enveloiw of the norml plaies to a skew curve. In 1805, Lancret established 
the properties of the rectifying line, the line of contact of the rectifying 
plane with its envelope; this is his own terminology. The theory of skew curves 
as developed in this chapter, dates fron around 1850; the mode of exposition 
In terms of vectorial derivatives is lore recent and nkes no essential 
di fference. 

The formulae of Frenet and Serret were established between 1847 and 1851; 
the binormal denomination was due to Barré de Saint- Venant; the theorems of 
Puiseaux and Bertrand are those established between 1851 and 1858. 

liore recently, the development of topology brought about a different and 
more general perspective on problems in algebraic geometry, relating to 
Intersections and tangents. Having established Cayley's fbraulae In the mo%t 
general case, we will reark on "the finite geosBtiy" of Darboux. Likewise, 
we shall say sonethlng aboiit direct differential geoaetry, which introduces 
the nethods of the theory of functions of real variables Into the theory of 
curves and surfaces. 

In everything relating to differential geoaetry, we shall restrict our 
attention to three dlaenslonal space, and unless otherwise stated, we shall 
take the data to be real. 



I. THE FORMULAE OF FRENET-SERRET - APPLICATIONS 

204. Wacanino the known rasults 

He have already encountered space curves in several situations, and have 
discussed sum of their properties. One such curve C Is defined either by 
the coordinates of Its varying point In tens of functions of a paraaater 

x"f(u). y-g(u), 2-h{u) (1) 

or, by the extremity M of a vector tied to the origin and a function of u, 

ÏI - H(u) 

1 
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The tangent at the point M is defined by the derivative vector from M 
whAi this vector exists and is nonzero; hence by 

£ or X' = f(u), y' = g'(u), z' = h'(u) 

Unless specified to the contrary, we shall assume that the axes are rectangular. 
If we assume that the arc passing through M when u varies from Ug to u 
corresponds bijectively to the segment (uq.u) and if the tangent vector is 
continuous, then this will have a length (1,51). If we measure the arc 
positively in the sense of u increasing, then its algebraic value s is 
given by 



s = 



J Idll = j Vx +y' +z' 
0 



du 



The unit vector of the tangent in the sense of u increasing is 



ds " du * ds 



its components are 

° ds 6 • ^ ds 6 * ^ ds 6 

In all that follows, we shall consider an arc without turning pointa. 
Wherf the curve is given by the intersection of two surfaces, we know how to 
bring it to the form in (1) and to determine its tangent (1,124). 

We have explained (no. 41) what is meant by an analytic curve and by an 
ordinary point of such a curve. In all cases, we have seen from no. 56 how 
to apply the Taylor formula to a vector. In no. 57 we defined the osculating 
plary. In the general case, it is the plane defined by the vectors 

dM 7h 
du ' du 



THE INDICATRIX OF THE TANGENTS 

This is the locus r of the extremity u of the vector equipollent to 
î and having as its origin, a fixed point that can be placed at 0. It is 
therffore a spherical curve described on a sphere of radius 1. When we change 
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3 



the sense of a positive Direction on the curve C, then the indicatrix r is 
replaced by curve syr.metric with respect to 0. When the second derivative 
vector of M exists and is continuous, then r is an arc. If we take as the 
positive sense on r, the sense of the displacement of u when u increases, 
then the unit vector corresponding to the tangent to the indicatrix is 



dt _ d^ ds _ d^M ds 



do ds do ^^d do 



(2) 



if o is taken to be the arc of the indicatrix. The radius of curvature is 
the positive number 

do 

The relationship (2) is then written as 



d M _ dl; _ n „ ds /,x 

" ds " R • ^ ' d5 



ds 

The vector n is clearly nornal to the curve C at the point It defines 
the principal normal (it is, in fact, a semi -normal ) . We can easily verify 
that the sense of this principal normal does not change when the sense of the 
positive direction is changed on C. But this property will also result in 
the following result: 

The principal normal is contained in the osculating plane. 



lOi. The trihedron of Frenet-Serret . Torsion . Formulae of Frenet-Serret . 

Let us consider the trihedron defined by the positive tangent at M, 
the principal normal (semi -normal ) and the semi-normal that forms with these 
first two half-lines, a tri rectangular trihedron. The unit vector of this 
last direction, known as a binormal, will be denoted by b. lie then have 

b=?An, n=bAt, ?=nAb 

The trihedron thus defined is the trihedron of Frenet-Serret. If we 
change the sense of the positive direction on C, then the trihedron is 
replaced by one symmetric with respect to the principal normal. The sense 
of the binormal is changed in the manner of that of the positive tangent. 

TORSION 

When we differentiate the relationship b = tAn with respect to s, 
we obtain: 



Space Curve B 



since the second term in the second member is zero on account of (3). Now, 



n'^ = 1 , 



shows that 



hence 



n * - n 
ds 



db _ n 
ds " " t 



(4) 



The number 1/T, which is defined by this relationship, is known as the 
torsion. It has a sign. Its definition implies the existence of the third 
derivative of N. We also S4y that T is the radius of torsion. 



Forimjlae of Frenet-Serret . Differentiating the relationship 



? A t 



yieljis, on account of the relationships (3) and (4) already obtained. 



dn _ d& t ^ t: dt 
3? " d?^ ^ ^ dl 



1 "t 1 I? 

yHAt + ^bAn 



The set of formulae (3) and (4) together with the one just obtained, 
constitutes the formulae of Frenet-Serret: 



ds 



d| 
ds 



n^ 

R ' 



n^ 
T 



dn 
ds 



R T 



(5) 



1 



The sign taken for T is in acccordance with Darboux's convention. 
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The Taylor expansion of the vector M. When v« give s an increment 
obtain 



0 . 



ds ds 



s. Me 



which on taking Into account the Frenet formulae 



yields 



+ 0{A$^) 



If we denote the components on the axes Mt, Mn , and Mb of the 
trihedron of Frenet-Serret of the vector joining M to the neighboring point 
M(s + As), by X,Y and Z, respectively, then we have 

3 

X = - ^ ^ + 0(A$-^) 



Asil 
2 R 



AS^ R' , 



It follows that, for |As| small, the curve Is on the same side of the plane 
y > 0 as the principal normal (Y>0), as It crosses the osculating plane 
(Z changes sign when s Is zero). The first property does In fact show 
that the sense of the principal normal Is Independent of the parametric 
representation. The projections of the curve onto the planes Ntn (osculating 
plane), Nnb (normal plane), and W>t {reotifying p}me) Introduce at N. 
respectively: an ordinary point, a turning point, and a point of Inflexion. 
Clearly, R and T are assumed to be finite. 

From these formulae we can inrnediately deduce that, for M' the 
neighboring point of M corresponding to the value s + As of the arc and P 
Its projection onto the tangent, we have 



• iAs| + 0(AS), 
.2 



|M'P| - ^+0(As') 



2, 



hence 
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1 im 



As = 0 2lM'Pl 

It follows that the circle tangent to the curve C at M and passing through 
tne neighboring point M' has as its limit the osculating circle at M when 
M' tends toward M. This osculating circle was introduced in no. 57 along 
with the osculating sphere. The osculating circle is the section of the 
osculating sphere by the osculating plane (no. 57); the center of the 
osculating sphere has coordinates 0, R, TR' , R' , with respect to the Frenet 
trihedron, where R' is the derivative of R with respect to the arc s. 

INDICATRIX OF THE BINORMALS 

This is the locus of the extremity v of the vector equipollent to b, 
whose origin is a fixed point. We shall take this fixed point to be identified 
with the point 0, which will serve to define the indicatrix of the tangents. 
Let r' be this indicatrix. At the points u and v of the two indicatrices 
corresponding to a point M of r, the tangents are parallel (on account of 
the first and the last formula of Frenet-Serret) . The cones with vertices 0 
and bases r' and r are supplementary. If e is the angle of the tangents 
to C at the points M(s) and M' corresponding to s + As, and e' the 
angle of the binormals, then following the same Frenet formulae, we have 



lim IM . |T| = Tim '^^1 



AS = 0 ^ As = 0 ^ 

Remark . The binormal is normal to C at the point M and at the infinitely 
near point M'(s + ds), since, for this point we have 

1 + dî = ^ J 

and S is orthogonal to Î and n, hence to 

206 . Calculating the radii of curvature and torsion . 

If u is regarded as representing time, then the vectors 

du 

are the speed and the acceleration respectively, where v is the algebraic 
measure of the speed 

ds 

^ - 3iï • 
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We have 



du ^ ds 



which states that the acceleration Is the sum of the nomal acceleration and of 
the tangential- acceleration. It follows that 



h; -t _ dM / : dv ^ ; \ 



A n 



\î il) 



Hence 

R . -biiL 

IVaJI 

Consequently, If the curve C Is given by the formulae in (1), then In 
rectangular axes, we have 

R . (X'^»,V'^42'^)^/^ 

[(y'z"-2'y")^ ♦ (z'x" + (x'y" -y'x")^l^ 
On differentiating J, we have on account of (6), 

where k and k' are functions of s that need not be calculated. Hence, 
by scalar multiplying this relationship by the extrene meiriiers of (7), we will 
obtain the following relationship where the first member Is a nixed product 

d^ïî d^fi \ _ 1/ dM d^fi 



/dM d'H d^H \ . V _ 1 /dM d'Fl \ 



CûpyfiyniGîl ma: 



T 



8 



We then have 
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\ du du^ / 



dM 



d^M 



du 



or. 



in rectangular axes. 



T = 



E(y'z" -y"z' ) ^ 



y' z' 



X" y" 



y" z" 



We see tnat the torsion is expressed rationally in terms of the derivatives 
of the coordinates of a point of the curve C. 

207. The intrinsic equations of a space curve . How they determine the curve . 

fGlven a space curve C, along which the vector M(u) has continuous 
derivatives up to the third order, the arc exists together with the curvature 
and torsion that are functions of it. Henceforth, if we take the arc as the 
parameter, then R and T are known continuous functions of s. They 
completely define the form of the curve C, but clearly they can only define 
it to within a displaceinent; we say that they define it intrinsically. The 
equations of the form 



i = *(s) 



T = »(s) 



are the intrinaia equations of the curve. 

In order to prove that they define a curve C to within a displacement, 
we shall show first of all that they define the vectors t, n, S to within 
a rotation of the coordinate axes. We must then establish the fact that the 
Frenet-Serret formulae thus determine these vectors when R and T are 
given as continuous functions of s. 

Let us call o.B.y; aj,6j,Yj; a2»^2'^2* components of Î, n, 
respectively. Following the formulae in (5), we have 



da 

ds 



'1 



ds R T 



da2 
ds 



-01 -1 



(8) 



and the 6 and y satisfy this same system. This differential system, 
which takes the form 
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^ = rY - qZ . ^ = pZ - rX . 51 = qX - pY , (9) 

with q = 0, r = 1/R, p = 1/T, was discussed in No. 157. Its integration 

amounts to the integration of a Riccati equation. There is a first integral 
2 2 2 

X +Y +Z . On the other hand, if X, Y, Z and X^, Y^, are two systems 
of solutions, we see that 

hence 

XXj + YYj + ZZj = const. 

It follows that we can find systems of solutions of the system in (8) such that 

222 222 222 

a + + <4 - 1 . B*^ + 3^ + 02 - 1 . Y * + Y2 - 1 

a0 + aj6j + a^p^ » 0 , By + BjYi + SgYo " 0 , yb ♦ YjOj ♦ YgOg " ^ 

It is sufficient for these equations to be satisfied for s = 0. Under these 
conditions, the functions a, ►i, y; Y^» 3^, y^; a^. tÎ2» Y2 will be the 
components of three unit vectors forming a tri rectangular trihedron; the 
corresponding vectors t, n, E will be the vectors required. For 5 = 0, 
we could take arbitrarily the vector Î (o.e.Y arbitrary with a^ + 0^ + Y^ • D 
then n such that n*t - 0 and t will be determined. Th» trUmdtm is 
then dgfimd to ifltkin a rotation. The veotore t,'n, % will he oanpletely 
determined in a unique way, by the formulae of Frenet^Serret, vihen iheir 
poaitione uith reepeot to the ooordùnate trihedron for a partieular value of 
Sf are given. 

In order to determine the curve C when t Is known. It suffices to 
Integrate the equation 

f • ^ 

which Is equivalent to 

§ - a(s) . ^ ■ 6(s) . § - -,(5) . 

We have to make three integrations, which introduce three arbitrary constants 
corresponding to a translation of the curve C. The ourve C is defined to 
within a diaplaaement (tranelation and rotation) when the curvature and the 
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totwion cam givmi a» fimoHona of thg aro, ptmitbd tlwM fUnetiûttê ow 
oontitÊUPUÊ» 

208. A kinematic i nterp retation . 

The trihedron Mtnb possesses a motion of rotation and a motion of trans- 
lation with respect to the coordinate axes. If we assume that the arc s 
represents time, then the speed of the translation is the derivative of M 
with respect to s. If n is the instantaneous rotation vector, then the 
speed of a point P attached to the Frenet-Serret trihedron, with respect to 
the coordinate axes, is 

t ♦ Q aT? . 

Let us consider the speed of P in the motion of Mtnb with respect to axes 
Hxyz taken parallel, through M, to the coordinate axes. This speed will be 

a A MP 

Let us apply this result to the extremities u, X, v of tht unit vectors of the 
•MS Htnb having M as origin. The speeds of theso points are tho derivatives 
of t» n» b with respect to s. We therefore have 

• ^ ■ I 

'^•^ = ^ - ■ R " f 
■* 

o it . db _ n 

The first relationship shows that Si is orthogonal to n; we have 
S ■ pt 

Mhere p and r are scalers. The first and last relationship shows that 
r ■ 1/R, p " I/T« and the second relationship is then satisfied. 27m 
ooKponmtt p» ^t r ofHk» Vêotor ^ an Mtnb ow 

The determination of the Frenet-Serret trihedron previously described, 

COienencing from the curvature and torsion, is thus seen to be a particular 
case of the determination of a wtion of rotation about a point, when the 
Instantaneous rotation is known. This more general problem reduces to the 
integration of the systea In (9) In the general case, as was the case In 
Ho. 157. 



II 



Reaark. The axis of the helicoidal tangential motion in the displacement of 
Mtnb with respect to the coordinate axes, is a line parallel to Q that is 
obtained by expressing that the speed of one of its points is parallel to 5. 
He oust then have 

t ♦ (pt* rf ) A - p(pî* H5) 

Mhera P can be talwn In the osculating plane; hence If* > mt + a'n. 

Mt SM that ■ ■ 0, and that n* Is given by 

1 - ni' " pp • pa* ■ pr 

We obtain 

in ■ — 

2 2 
r ♦p 

209. The sign of the torsion. 

The sign of tht torsion Is tltd to tho orientation of the space defined fey 

the dioloe of the coordinate axes. If, without changing Ox, Oy we replace 
Oz by the opposite direction, then likewise, the vector b is replaced by the 
opposite vector -b In the Frenet-Serret trihedron. The Frenet-Serret fomulae 
remain true, while showing that T is changed into -T. 

But having chosen the axes Oxyz , T is defined in magnitude and in sign. 
Its sign does not depend on the chosen direction of the curve, for, if this 
direction is changed, then t, b and ds are at once changed to -t, -b, 
and -ds, respectively, and the Frenet formulae show that T retains its 
sign. This can also be seen in the expression for T in terms of the coordinato 
derl vatives. 

Uhmn T U poHHve, the curve Is on the saM side of the osculating plane 
as the blnorMl Mhon this plant Is trawrscd. He have seen that with respect 
to this plane. It Is 

As m assuMS the coordinate axes to be dtotioxval (Mn end Mb are In the 
plane of the sheet and Ht Is above this sheet, assiaed to be horizontal 
(Fig. 71)) • observer AB plaoed on the osculating plane, with his fier on the 
principal normal at A, his head at B, and looking toward N, will see the 
curve leaving the osculating plane along his left side. The curve Is said to 
be dtxtronal. 
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Tit. 



When T is negative^ the curve crosses the plane (for s increasing) on 
passing from the side opposite to the binormal; the curve is sinistrorsal. 

^ Two skew curves that possess the same curvature at each point M, corres- 
pond to the same arc value, but the opposed torsions are not equal; each is 
equal to a syrmetify of the other. 

^ In effect, the Frenet formulae relative to these two curves are the same 
when one relates one of the curves to the dextrorsal axes and the other to the 
sinistrorsal axes. They define curves that are given by the same formulae in 
these two systems of axes, if we take as the origin of the curves, the origin 
of the coordinates, for Ox positive, the positive tangent at this point, and 
for Oy the principal normal. These curves are symmetric to each other with 
respect to a plane. 



210. Particular cases . 

The plane curves have zero torsion. The osculating plane is essentially 
the plane of the curve, the birnormal has a fixed direction, hence the derivative 
of B is zero, and the torsion formula of Frenet-Serret shows that 1/T is 
zero. Conversely: 

Every curve whose torsion is zero at every pointy is planar. For the 
torsion formula (a) shows that the derivative of Ê is zero, hence S is a 
constant vector: B = Bq. The curve is planar. In fact, we have 



it dM 



0 



where M is a point of the curve. The vector M^M is orthogonal to bp; 
M is in the plane passing through Mq and orthogonal to Bq. 

The same mode of argument proves that: A curve whose curvature is constantly 
zero is a line. For Î has a zero derivative, hence has a constant value Îq; 
î^-ÎqS has a zero derivative, hence is a constant vector Î^q. We have 

M - Mq + V . 



The converse is straightforward. 
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CURVES DEFINED BY A PROPERTY OF THE OSCULATING PLANE 

If tf» oaeulatirtg plane rmmina pcaallàl to a fixed planet then the mctor 
b has a fixed direction and following what was said before, the ouroe ie plancof. 

If the oeoulating plme paeeee through a fixed point, which can be taken to 
be 0. then we have 

i^-^ - 0 

hence, on differentiating with respect to s, 

which reduces to 

j^-n ■ 0 

If the forsion is zero, the curve is planar and its plane passes through 0. If 
the torsion is nonzero, we at once have Mn = 0 and l^S^ = 0, hence M and Î 
are col linear. But on idfferentiating n = 0, we also obtain on account of 
the second relationship 

• 0 

Thus, either = 0, which is incompatible with the fact that fi and t are 
colllnear, or 1/R = 0, which gives a line. But In this case, the torsion Is 
zero. Hence, uhen Hie oeoulating plane paseee through a fixed point 0, the 
auroe ie planar and ite plane paeeee through 0, and thie eould he a line paeeing 
through 0. 

CURVES DEFINED BY A PROPERTY OF THE TANGENT 

The curve whose tangents pass through a fixed point are lines. Since on 
talcing the fixed point at the origin, we have R - X(s)t and, on differentiating 
with respect to s, 

Î(l-X') - I 

This can only occur if X' = 1, 1/R ■ 0, whence It follows that the curve is a 

line passing through 0. 

The curves whose tangents intersect a fixed line A ire plane curves 
situated in the planes passing through L (or lines intersecting A). 

For the projection of such a curve C on a plane P perpendicular to A 
is a plane curve whose tangent passes through the foot 0 of A in P; it 
is a line. C is in the plane passing through A and this line. 
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Th» ourvê iAm* tangmta at M om oomtmiZy pêrpmiMauîetr to tha raâbm 
votoT ONt OM tphêrieal ourvês tramd m Him wpfmtê» of otnter 0. For m 
have 

Ifi . ^ » 0 , - const. 

RENMttC. As an txorclse, no could prove these various properties In terM of 
coordinates. 

211. Helices. 

A frnUas i9 a ouroê, not reduced to a line, iAom tang&nt mah$& a eomatant 
mgU w<th a fimd dtrtatien A. Let us take an origin 0 on A, A fbr the 
axes Oz» and Onyz trivectangular. For k the unit vector on Oz, we have 
by hypothesis 

tt » cos V . t - ^ (10) 

Mhere V Is flited. On Integrating, me obtain 

2 = M 

- s cos V (11) 

where we assume, as we may, that the origin of the arcs is taken to be the point 
of the curve situated in the plane Oxy. Conversely, on differentiating (11), 
we recover (10). The property in (11) also aharaatensea a helix. 

Let us denote by m the projection of M onto the plane Oxy. The point 
m describes a curve r that is the projection of C; we shall call o the 
arc of r computed from the same origin as the arc s of C and t the unit 
vector of the tangent to r at the point m. The projection of t onto the 
direction of t Is t sin V (Fig. 72}; on Oz It Is t cos V. Me have 

t - t sin V -t- l( cos V 




IS 

On the other hand, since 

- S^zic 

M tiMt, on differtntlating wlUi respect to s and taking icœunt of (U)* 

Collaring these relationships shows that 

dff « sin V ds . o - sin Vs (12) 

He can also define the helix by taking 

z = cos Vs 
" cotg Và 

Z ie ppoportional to the curvilinear abaciesa of rr\ an T, 2M« property iê 
ëqually ahcuaaUristio of th» helix. For it implies 

li - Ifc + cotg \(bt 

hence 

dM -*- -* 
j!- - T + cotg Vk 

Mhlch In turn, implies, since Tk » 0, 



2 • 



35" " ÏW1 



and final ly 

tr - ^(t*cotg Vic)if 
- cos V 
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To the elementary properties thus demonstrated, we can include the fact that the 
tangent at M intersects the tangent at m at the point P such that the 
distance Pm is equal to o. 

THE PRINCUPAL NORMAL 

Jy differentiating the relationship (10) with respect to s, we obtain 

\t = 0 (13) 

and since we have excluded the lines, we have At = 0. The principal normal is 
perpendicular to A. Conversely, every nonplanar curve whose principal norwnal 
is constantly perpendicular to a fixed line A, is a helix, since from 
nl< = 0 we deduce (13) and hence (10). 

Moreoverm on differentiating the relationship 



we have 



t = T sin V + t cos V 



n _ 1 w da 
"d " — sin V -7- 
R p ds 



n 2 
= ^ sin^ V 
P 

where p is the radius of curvature of r at m and n^ the unit vector of 
its principal normal. It follows that 

n = n^ , p = R sin V 

The rj^lationship between p and R is nor characteristic of the helix. 
TORSION. THE BINORMAL 

By differentiating the equation nlc = 0, we obtain 

^ "^^It = 0 (14) 



(M) 



since nk = 0 and b, t, k are coplanar, we have b = wt + w'k and we deduce 

-»-+ ->•->■ -»•->•-»• 

that bt = 0 = w + w cos V and since b and t are orthogonal, b, k, t 

2 2 
tary, w' = 1 + w , showing that 



um 



b = (k-cos Vt) , e = ±1 



which is a geometric relationship apparent in Figure 72. It follows that 



Spcm Curo99 17 
e /, 2 



> e sin V (15) 

and (14) is then written as 



e sin V cos V 



0 



or 



T - eRtgV (16) 
CONVERSE I 

If we have oanatcntly on a ekea ouroe bk - const. , uTwiw 1c {« a fix»d 
veotor, then the aurve ie a helix. For, on differentiating, we have 

fit . 0 

The torsion is nonzero, since the curve Is nonplanar, hence ïBc « 0, and this 
Implies that we have a helix, as seen above. 

CONVERSE II (Barre de Saint-Venant and Bertrand) 

A nonpîanar aur^, along wkioh the ratio of the toreion to the euroature 

ie constantm ia a helix. 

For, if R = kT, where k is a constant, then we have, following the 
formulae of Frenet-Serret, 

dî + kit - 0 . S + kî = t' 

-* ->■-♦• 
where k' is nonzero, since b and t are orthogonal, and on multiplying by 

n, we obtain t*n - 0, and the curve Is a helix. 
A PARTICULAR CASE 

If the torsion and the (jum^ature are oonotant without being aevo, then the 
m/tspve is a ciroular helix (Puiseaux). 

In effect, the curve is a helix on account of the above proposition. If we 

project it onto the plane perpendicular to the direction A with which the 

tangents form a constant angle, then we obtain a curve r whose radius of curva- 
2 

ture p " R sin V, is constant. It Is therefore a circle. 

RENARK. The preceding conclusion, namely r Is a circle by virtue of the fact 
that It Is a plane curve with constant radius of curvature, as proved directly, 
also results from the fact that a curve is completely determined by Its Intrinsic 
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equations which here are 1/T =0, R = const. As a circle of radius R 
satisfies these conditions, it is the curve required. Similarly, Puiseaux's 
theorem given above, arises directly from this same proposition. 



II. THE METHOD OF THE MOVING TRIHEDRON 

This method, as applied by Ribaucour (1871) and Darboux, consists of 
assigning the elements in question to the axes tied to the Frenet-Serret trihedron. 

212. Planar envelopes related to the curve . The normal plane . 

In order for a point P to belong to the normal plane at M, it is necessary 
and sufficient to have t • MP = 0. The envelope of the normal plane is obtained 
by differentiating the equation 

t(?-f!i) = 0 (17) 

with respect to s, giving 

|(?-B)-t.| - 0 

or 

n(P-M) = r (18) 

The characteristic of the normal plane, which is called the polar line or the 
axis of curvature, is therefore, on account of (18), the perpendicular to the 
osculating plane that cuts the principal normal at the center of curvature. 
The point of contact of the polar line with its envelope, i.e., the point of the 
edge of regression of the developable surface that it engenders, situated on 
this line, is obtained by adding to equations (17) and (18) the derivative of 
(18) with respect to the parameter s. This derivative is 

taking account of (17) it reduces to 

(?.M)b = T.g (19) 

The point of contact of the polar line with its envelope is therefore defined, 
on account of (17), (13), and (19), by 

P = M + n- R+ b- T^ (20) 
We see that this is the center of the osculating sphere at M, to the curve 
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(nos. 57,205). The developable surface engendered by the polar line is called 
tJm poUar eurfaa»» 

REMARK. When the center P of the osculating sphere is fixed, tlw norml plane 
passes through this fixed point P, the tangent Is perpendicular to the vector 
PN and the curve Is spherical (no. 210). It Is traced on the (»cu1at1ng sphere 
whose radius Is fixed. For this to be the case. It Is necessary and sufficient 
that the vector (20) should be fixed, hence having a zero derivative. Thus ne 
obtain the necessary and sufficient condition 

for a curve to be spherical. If R* f 0, this condition Is equivalent to 

^ . ^ (f f - ««st. 

which states that the radius of the osculating sphere Is constant. 

THE ENVELOPE OF THE RECTIFYING PLANE 

On differentiating the equation of the plane, 

n(P-M) =• 0 

with respect to the parameter s, where P Is a varying point, we obtain 

(f-|)(f-S) - 0 

The line defined by these equations, known as the rectifying line, can be 
expressed In the form 

P = M + At + ub 

where x and y are determined by the condition 
(M)(xt.^*) . 0 

He have y *> uT, X > «i>(^, where u Is an arbitrary constant, the rectifying line 
Is parallel to the Instantaneous rotation vector n of the Frenet-Serret trihed- 
ron (no. 208). 

The locus of the rectifying line, the envelope of the rectifying plane, is 
called the rectifying 8U3pfaoe, To find the point of the line of striction of 
the rectifying surface corresponding to M, let us take the point P of the 
rectifying line 

f ' fi + wRt + wtS 
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and determine oj in order that the curve so defined is parallel to the rectifying 
lir\s. We have 

-»■ 

^ = t(l + a>'R+ R'oj) + S(a)'T + ùjT') 
whence we deduce the condition 

1 T' r;_ 

^ ~ T ' R 

The point P is at infinity if w is infinite, hence if 

T' R^ 
T " R 

where R/T = const. Under these conditions, the rectifying line engenders a 
cylinder, and makes a constant angle with the tangent. We find that the curves 
whose ratio of curvature to torsion is constant are helices. 

213. Developments . 

We seek to define the normals to the curve C admitting an envelope. A 

normal N is determined by the angle 6, which it makes with the principal 

normal, where 6 is measured in the plane Mnb in the usual positive sense, 

froip Mn to Mb. A point P of this normal is defined by 

P = M + p(cos en + sin eb) 

where p is the magnitude of the vector MP on the positive direction of the 
normal N, defined by the vector cos 9n + sin 6b. We seek to determine p 
and 6 as functions of s for which the locus of P is tangent to the normal 
N. i^e have 

^ = t + ^ (cos en + sin eb) + p( - n sin e + b cos e) ^ 
+ p (cose(| - I)- sine ^ j 
= ^ (cos en + sin eb) + (l - p ^) t 



- p 



(i.|)sineS.„(i*f)coseb 



In order for this vector and the vector n cos e + b sin e to be collinear, 

-+• 

it is necessary and sufficient that the coefficient of t is zero; hence 

p cos 6 = R (21) 
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and thât the vectors 

p |y + (cos eb - sin en) 

n cos e b sin e 
tri co111ne«r. This last condition can only bo reallzod nhon 

■ 0 (22) 

yo thtn obtain the solutions lity taking 

s 

e • - / y-* const. 

The surfaces engandarod hy the norwals so defined are the developable surfaces 

containing the curve C; any two of these surfaces intersect at a constant 
angle along C (Joachimstal's theorem). The edge of regression of any one of 
these surfaces is defined by the locus of P, where d is given by the 
relationship in (21). The point of contact of r and of the normal N, is 
therefore on the polar line. All the ounma T, enveloping the nomala of 
vhiah W0 call the d0V»l o p mn tB of C earn tituated on the polar êuefaoû, 

A PARTICULAR CASE 

In order for the principal normal to have an envelope, it is necessary 
and sufficient to have Equation (22) satisfied for 6=0, hence the torsion 
is to be zero and the curve C is planar. In this case, the development 
enveloping the principal nomis Is the developamt consldered In planar 
geometry, situated In the plane of the curve. Tlie other developwnts are 
helloes traced on the polar surface «ihich. In this case. Is a cylinder. 

REMARK. The only other cases where a line other than Mt passing throu^ N, 

and invariably tied to the Frenet-Serret trihedron, has an envelope, are: 
1) The case where C is a plane curve (the envelopes are then developments, 
and the envelopes of lines situated in the plane of the curve C and cutting 

C at a fixed angle). 2) The case where C Is a helix (the envelopes are then 
helices). 

214. Involutes . 

An involute of a curve C is a curve r of which C is a development. 
He obtain an Involute by taking a point P on the tangent at an arbitrary 
point M of C and shoMing that P describes a norMi curve to NP. He have 

P - H + xt 
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r ' : 



a function of s that is to be determined. It follows that 



= t(l + X') + X 



(22) 



This vector must be parallel to the normal plane, hence X' = - 1, X = - s + s^^ 

there corresponds an involute of which the varying point 



'0- 



This common point 



To each value of s^ 
P coincides with M when s = 

striction for the involute r, since on account of (23), dP/ds is zero at 

this point. We shall take this point as the origin and assume, to fix ideas. 



Mq is a point of 



that s is positive. If is the point of C corresponding to 
and if s < s^, we will have (Fig. 73) 



s = s^ > 0 



|MP| + arc MMj = s^ 

which gives a mechanical definition for T: we assume that a thread held on r 
and fixed at is spread out, while remaining tangential to r and we take 
the locus of its extremity P. 




Fig 



Let us take on r the positive sense defined by the displacement of P 
M describes C in the sense of s increasing. Let s^, t^, n^, be 



when 

the arc MqP of r and the vectors defining the Frenet-Serret trihedron at P 
, By the hypotheses established, the equation of the curve r is 



1 



It follows that 



whi£h yields 



dP_ 

ds. 



dP ds 
ds ds 



1 



n ds 
^ R ds, 
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s 




Taklng R. to be the radius of curvature of r, we then have 




REMARKS. I. All of the Involutes of C are on the developable surface engen- 
de red by the tangents of the curve C; these are the orthogonal trajectories of 
the generators of this surface. 

II. In order for r to be a plane curve, it Is necessary for C to be the 
development of a plane curve, hence to be a plane curve or a helix. This Is 
sufficient, since If C Is a helix, the vector n Is parallel to a plane, 
hence Is parallel to a plane; Me have t^tc * 0, k « const., hence 
0. 



III. SOME INTERESTING CURVES 

215. Bertrand' s curves . 

These are curves whose principal normal is also the principal normal of 
another curve. If C is such a curve, M one of its points and P a point of 
the principal normal at M, then we have 

P « M kn 
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Id we seek those conditions under which we can define k as a function of s in 
order for the locus of P to be a curve r admitting n as the vector of its 
principal normal. We have 



It is necessary for this vector to be normal to n, hence k' = 0 and so k 
must be a ( 
conditions 



must be a constant. If s^ is taken to be the arc of r, we have, under these 



h ds 



dP_ 
1 



\ Rjds^ 



t + k 



ds b 
dSj T 



where tj is the unit vector of the tangent to r. It is necessary for its 
derived vector with respect to s (proportional to the derivative with respect 
to s to be col linear with n. As t and b have their derivatives 
collinear with n, it is sufficient to state that the derivatives of the 
factors of t and b are zero. We then obtain the necessary and sufficient 
conditions 



const. , k ^ = const. , k = const. 



On factoring out the first two conditions, we have 

k Ic 

k = const. , ^ " R " T'*^! ♦ "^1 ^ const. 

These conditions are satisfied for circular helices, for any k, since R and 
T| are constants. Besides the circular helices, the condition will be satisfied 
if there exists a linear relationship with constant coefficients between the 
curvature and the torsion, of the form 

f + f - 1 = 0 . A 0 (24) 

and the number k = A will be completely determined. When condition (24) is 
satisfied, we obtain a pair of curves, each of which is a Bertrand curve. The 
expression for t^ shows that the osculating planes of these curves at the 
points corresponding to M and P, form a constant angle. 

I PARTICULAR CASES 

The relation occurs if R = const. We then take 8=0 and k = R. This 
particular case was considered by Monge. 
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A REMARK ON TORSION 

FolloMing the expression for t^, the angle ut of t and satisfies 
the condition 

sin w ■ k^y- 

Let us permute the roles of the ti«> curves; for taken to be the torsion of 
r» we shall have 

ds . 
± sin « - k ^ 

and on fonring the product, we see that TT^ Is constant. 

216. Curves with constant curvature and curves with constant torsion. 

For a curve with constant curvature. R Is constant. The curve Is detenrincd 
by giving the Indlcatrix of the tangents. If oTu) Is the unit vector defining 
this Indlcatrix, then we have 



t(s) 



• oTu) 



dN 



- t(s) 



do 
du 



du 



hence 





du 



(25) 



EXAMPLE, if we take the expressions 



a ■ cos u 



g > cos u sin u . 



Y 



sin u 



for the components of o(u), then the coordinates of M will be given by 
eleaentary functions In those related to y and z; x wlllbeglvenbyan 
elliptic Integral. 
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CURVES WITH CONSTANT TORSION 

Here we can give a unit vector t{u), defining the indicatrix of the 
bi normals. We then have 

db _ dT(u) _ du 
ds ~ du ' ds 

" " T 
and 

t = .1 dT"(II) . du 

" 'du ds 



t = n A b 



I follows that 



M = -ht/ (tI;) a ^) du (26) 



This expression is more straightforward than formula (25). By taking as above 

.2 



*2 



= cos U 



$2 = cos u sin u 



Y2 = sin u 



we will obtain a curve with constant torsion in terms of elementary functions. 
Moreover, it will suffice that the indicatrix of the binormals is unicursal in 
order to revert to the integration of rational fractions. Here is an example 
(due to Fabry) of a unicursal curve with constant torsion: we take as the 
components of the vector b: 

/% cos uu - cos Xu 



/k sin pu + v^y sin Xu 
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Mhere X and u art Integers. 

REIMRK. By linearly cori»1n1ng the above results (fonwla (25) and (26) Mhere 
we take o(u) s tTu)), m obtain a curve 

8 ■ a/ o(u) |o'(u)|du + b/ (o(u)aoUu)) du 

which Is a Bertrand curve, for which 

217. Extremals of /f(N)d$ 

If we take the integral in its parametric form, then the extremals of 

/f(M)ds ■ /f(x,y,2)Vx*^ + y'^ + z'^ dt 
are given by the equations of no. 202, which take the fbra 

Mhere 

/K - Vx'^ + y'^ + z'^ 

By Hiltlplylng by dt/ds and Introducing the direction cosines a, 0, y of the 
tangent» mo can write these as 
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If we denote the gradltnt of f(M) biy V(M). tlian these equations cm be 
suNwrlzed tiy a single exprisslon, naialy 



m ' ^lf(M)t) 



Giy making the operation indicated In the second neinber, we have 



Me then deduce the intrinsic equations of the extremals 



V(M) . îî - 




V(M) • b 



= 0 



(27) 



The second equation shows that the osculating plane of an extveii]al is, at each 
point orthogonal to the level surface f(M) = const, that paeeee through 

thia point. 



The curwture Is then deteralned by the first equation (27) when n Is 
knoMi* 

PARTICULAR CASES 

When the level surfeces are parallel to a fixed plene, uhlch cen be assuMd 
to be Identified with z • 0, f(x.y.z) only depends on z (since the partiel 
derivatives with respect to x and y will be Idmtlcally zero). This 
necessary condition Is clearly sufficient. The property of the osculating plane 
then lignés that the vector b 1« parallel to the plane z - 0 In such a 
w(y that either this vector Is flmd and the extrawl Is planar, or the Indlca- 
trlx of the tangents Is raduoed to a point and the extraaal Is a parallel to 
OK. The extraMi planes can be obtained ^ taking thea to be situated In the 
plane x 0. These will be the cxtranals of the Integral 




and w1]l be given by the equation 



f(z) 4^ = const. 



Thay win be datenrined hy a quadratura. 



Spaot Curvêa 



29 



THE CASE UHEKE THE LEVEL SURFACES ARE CONCENTRIC SPHERES 

taking ttw origin to b« the center of these spheres, m see as above, hy 
taking spherical coordinates, that f(M) only depends on r, the distance from 

N to 0. Conversely, this suffices for the level surfaces to be spheres of 
center 0. The osculating planes of an extremal will pass through 0; the 
extremals will be plane curves whose plane passes through 0, or lines passing 
through 0. We will obtain an extremal by assuming that it is in the plane Oxy 
and determining its equation in polar coordinates (r.e). We express the integral 
as 

Jflr)Vdr^rV = /^i»") * '"^ (f / 



the cxtreaals «111 be given by 

2 

f(r) ^ = const. (28) 



Again, these «111 be dattnrinad by a quadrature. 



I. Mwn «e 1ntro(fcice the angle V of the vector t, taken In the 
sense of e Increasing, with the direction 8, we kno« that rde ■ sin Vds 
and the equation (2S} Is written as 

f(r)r sin V = const. (29) 

Nhen we take f(N) to be an Index of refraction, then the Integral In question 
gives, to «Ithin a factor, the duration of a travelling light ray. The extroMls 
give the duration of the alnlMi distance and provide the effective trajectories 

of 11 {^t rays ftollOMing Fennt's principle. The case of spherical and concentric 
level surfaces corresponds to the propagation of light in the neighborhood of the 
earth. Fonwia (29) gives Bouguer's Iom of refraction. 

II. The plant curve, whose Intrinsic equation Is Rs ■ a (a ■ const.) and 
Mhost equations can be taken In the fom 

s s 

X ■ / cos(bs^) ds , y ■ / sln(bs^) ds 

0 

b . -ly 
2a^ 



Is also encountered In optics. Me can easily construct this curve and show that 
It has no double points. 
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IV. INPORrWiT NUMBERS RELATING TO ALGEBRAIC CURVES 

218. Stationary points . 

A skew curve r Is said to be algebraic Mhen the coordinates x, y, z of 
one of Its points M can be expressed In term of algebraic functions of a 
paraaeter u. He then have 

P(x.u) = 0 . Q(y,u) = 0 . R(z,u) = 0 (30) 

where P, Q, and R are polynoalals. When we eliminate u fron the first 
equation and the last tMO. ne obtain the equations of tw algebraic cylinders 
on which the curve Is traced. But we know that the curve r will not> In 
general, be the co^>1ete Intersection of these two cyllndera. 

In general, by ellirinatlng u fron the coufcl nations of equations (30), we 
obtain algebraic surfaces passing thraugh r. The curve r can then also be 
defined as forwlng a part of the Intersection of two algebraic surfaces. In 
certain cases, we can find a pair of algebraic surfaces of which r will be the 
coq}lete Intersection. But there do exist curves F whldi can only be the 
partial Intersection of two algebraic surfaces regardless of their choice. This 
Is the case for the space cubics. 

Among the space algebraic curves the most sinple ara the unlcursal curves, 
for which x. y. z are rational functions of u. 

STATIONARY POINTS 

A space curve may be regarded as the envelope of its tangents and as the 
line of regression of the developable surface enveloping its osculating planes. 
He know (no. 57} that the osculating plane has as its equation 

Ax + By-i-Cz^-D - 0 (31) 

where A = y'z" - z'y" and where B. C have analogous expresslwis. As for 

0, it depends on the coordinates of M and their first and second derivatives. 

The coefficients A, B, C, D are then algebraic functions of u. When given 
the osculating plane (31), the curve r is obtained by adding to equation (31) 
the equations obtained by differentiating with respect to the parameter u: 

A'x + B'y + C'z ♦ D' ■ 0 

(32) 

A-x ♦ B"y + C"z ♦ D" - 0 

and then solving with respect to x, y, z. If the values thus obtained also 

satisfy the relationship 

A"x + B*y ♦ C"2 ♦ D" • 0 (33) 

we say that the corresponding point M Is a etationcaiy point of the curve. 
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The values of u providing these points are the zeros of the algebraic function 
obtained by equating to zero th« detenilnant of the systen of equations (31), 

(32) . and (33). 

RENMUC. The points to the mtaHoneav o»eulatlng plant of no. 57 adopt the role 
of points of Inflexion of plane curves. He are going to see that tto wtaHeimy 
poùttt are. In general* pointe of •triatien. This property arises out of the 
ftol loving theorea: 

TheorM. S% gmnmral» y' • z' eon nmiltcBmomly M»ro at a êtaHoneoy point. 

In effect, to obtain x', y' , z', we can differentiate equation (31) and 
equations (32). On taking account of equations (32), m obtain 

Ax' ♦ By* ♦ Cz' ■ 0 

A'x' + B'y' + Cz' =0 

A"x' ♦ BV ♦ Cz* ♦ A^x ♦ B*y ♦ C-z ♦ D* • 0 

the equations that determine x' , y' , z' in the general case where the systeia 
(31) and (32) permits the calculation of x, y, z. The values obtained are 
not zero simultaneously if equation (33) does not hold. On the contrary, if 

(33) is satisfied, x' , y' , z' must satisfy a system of three linear, homogen- 
eous equations with nonzero determinant, and are consequently zero. 

We note that when (33) is not satisfied, x' , y', z' cannot all be zero, 
hence only the stationary points or the points corresponding to the ramification 
points of the algebraic functions A, B, C, 0 are susceptible to giving points 
of striction. 

219. Cayley's forilae. 

If ne denote by r the algebraic space curve In question, the tangMts to 
r engender a developable algebraic surface Z of degree r; r Is called the 
lonfc of r. The nurtwr n of osculating planes that can be taken to r at an 
arbitrera point. Is the oIom of r. On the other hand, we consider the nurtwr 
a of points Mhere the osculating plane Is statlonaiy, the nurtMr B of 
statlonaiy points, and the four nunbers that arc about to be defined. The 
nuriMr d of the chords of r that pass through an arbitrary point. Is the 
nwèer of MiUlple points (double points. In general) of the perspective of the 
curve r onto a plane Hhen It Is projected fro* an arbitrary point of vIom. 
The nuidier g of lines situated In an arbitrary plane through which m can take 
two osculating planes to r. The number h of points of an arbitrary plane 
through which we can take two tangents to r, the nuniMr k of planes 
bitangent to r passing through an arbitrary point. 

The Cayley formulae give relationships between these eight numbers and the 
degree of r, in the most simple cases. They arise out of the PlUcker formulae 
for plane curves. 
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PLQCKER FOmUUE 

Consldir a points curve of order u end cless v, having 6 ordlnaiy 
double points, p points of striction of the first kind (cusps), t double 
tengents end 1 points of Inflexion. Me Iuhm (no. IS) thet 

V ■ ii(u-l) - 3p. 2« (34) 

If we take the reciprocal polar, then the double points give the double tangents 

I 

and the points of striction, the points of inflexion of the transformation. We i 
also have 

u • v(v- 1) - 31 - 2t (35) 

The points of inflexion are given by the points of the curve common with the , 
Hessian (no. 12). In general, this number of common points is 3ij(p-2), but 
with respect to the origin, we see that a double point reduces this number by 
six unltsi a point of striction reduces it by eight units. We then have 

1 - 3|i(ii-2) - 66 - 8p (36) ' 

The correletlve fonwie deduced fron this Is e conèlnetlon of three others. 

CAYLLY'S FORMULAE 

If we cut the developable surface Z by an arbitrary plane it, then we 
obtain a curve y of degree r and of class n. The double points of y are 
the points of ^ through which we can take two tangents to T. The points of 
striction are the points of r situated in ir; their nueber m is the degree 
of r. Hence, on account of (34). we have 

n - r(r-l) - 2h - 3« (37) 

The nwnber of double tangents to y 1s clearly equal to g and the number of 
points of inflexion Is the nunter ^ of points where the osculating plene to 
r Is stationery* On account of (35) and (36) we therefore have 

r » n(n- 1) - 3a - 2g 

a - 3r(r-2) • 6h - ta (38) 

This is the first group of Cayley formulae. 

Let us now consider the cone having as vertex an arbitrary point S and 
passing through r. Let us intersect this cone with a plane ti' ; we obtain a 
curve y' of degree m. The class of y' Is the number of tangent planes to 
the cone that can be taken through an arbitrary point. This is the number of 
tangents to r intersecting this line; this is r. The double points of y' 
correspond to the double generators of the cone; this is the number d of 
chords passing through S. The nunber of double tangents Is k; the points of 



* Copyrighted material 



Spaom Cwntë 



33 



Inflexion arise from the osculatinq planes passing through S; there are n of 
them. The points of striction arise from the 6 stationary points. By applying 
the fonnulae (34), (35), (36), we thus obtain the second group of formulae 

r - ■(m-1) - 2d - 3B 

■ - r(r-l) - 2k - 3n 

n = 3m(in- 2) - 6<1 - 83 

Mt can apply thtM fonwlai to the cublcs, to the biquadratic Intorsectlons of 
tMo quadfics, and to the sImw curves of the fourth degree that are not biquad- 
ratic. 

220. The finite geometry and direct differential geometry . 

The C^yley fonwlae. as is the case with all of the foraulae relating to 
algebraic curves and surfaces, are only true over the complex numbers. When 
there Is a restriction to the real numbers, then It is clear that the above 
results lose their simplicity, but the elementary theory of conies indeed shows 
that interesting results can be obtainea by restricting to the ordinary real 
space. The various topological considerations that were developed in no. 6 show 
that one may arrive at some interesting ideas when one restricts attention to 
the relative position of certain geometrical elements by partly making an 
abstraction of their proper form. 

THE FINITE GEOMETRY is the study of the intersections of curves and surfaces 
when approached entirely from the real point of view. Take, for example* the 
case of plane curves; we regard these curves as being foraad froa a finite 
nuÉber of elemitory arcs: an eleamtary arc is en arc possessing a contlnuoM 
tangent and bounding along Kith the chord that Joins Its extraaltles, a convex 
doMin, It Is therefore rectlflable (t, 39). The order of a curve Is the 
■xlwa nuÉber of points In oo«nn tilth an arbitrary line. Slallarly, w view 
the tongent at a point, points of Inflexion, the class, eto. All the closed 
convex curves Mill be of the second order and of the second class. The advances 
In finite geoMtiy Mere coordinated and developed by Juel (1899-1920); questions 
relating to curvature «ère treated by Nukhopadraya. On these natters, mo refer 
to the exposition by Itontol Imautin ebm SaimmoM mathêmati^mm» 1924). 

DIRECT DIFFERENTIEL GEOHETRf. so called Boullgand, Is concerned Mith 
the Infinitesimal elements of curves and surfaces fron a «ore general point of 
vIOM and Mito regard to set theory. Let us consider, for example, a continuous 
plane curve. This is a set of points M defined by x = f(t), y = g(t), where 
f and g are continuous for 0 <_t <^ I. In order to stu4y the tangents. Me 
consider at the point NQ(tg}, the nuoters 
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g(t) - g(tQ) 




Every number m that will be the limiting value of these curves when t tends 
to tg will be the angular coefficient of a "semi -tangent". This set is 
studied at every point; it constitutes the contingent (of the semi -tangents) 
(this terminology is due to Bouligand). The most elementary result to be 
obtained was stated by Denjoy in 1910: The set of pointa M at which the 
contingent of eemi-tangente belongs to an angle with vertex M and mBoawe» 
leee than if, is demaneraile (spatially, one considers a cone). 

For a study of these questions, we refer to the book by Bouligand: Intro- 
duction à la geomtrie infiniteeimale directe. 



In this kind of geometrical study, one may discuss the notion of upper 
or lower semi-continuity (due to Baire) that was applied by Tonelli in the 
calculus of variations. We say that a real function f(M) defined on a set 
E is upper semi-continuous at a point Mq of this set when, to every 
positive number e we have a corresponding n such that the inequality 
\m^\ < n Implies f(M) < f(HQ) f e. Likewise, lower continuity is defined 
Ordinary continuity Implies upper and lower senl -continuity and vice-versa. 



SENI-CONTINUITY 
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Chapter XII! 
THE THEORY OF SURFACES - THE GENERAL THEOREMS 



The original results relating to the curvature of normal sections of 
surfaces, were due to Euler (1750). The theorem of Meusnier relating the 
study of curvatures to that of nortral sections, dates from 1776. In this same 
epoch, ftonge studied the generation of surfaces regarded as envelopes: this 
was subsequently developed in his work: Application de V Analyse a la géo- 
métrie. At the start of the 19-th century, Dupin, who is associated with the 
study (1822) of certain cycloids which bear his name and with a theore:Ti on 
triply-orthogonal systems, introduced the notion of conjugate tangents. 

In his original work, Disquisitiones générales oiraa superficies aurvas 
(1828), Gauss systematically applied curvilinear coordinates, defined total 
curvature commencing from the spherical representation, and made a study of 
geodesies. As regards the problem of geographic charts, he introduced the 
general notion of the conformai representation of one surface upon another 
(1825). In 1830, Minding utilized the idea of geodesic curvature [as denomi- 
nated by Bertrand (1848)]. In 1848, 0. Bonnet extended the theorems of Gauss 
concerning geodesies and introduced the notion of geodesic torsion. 
Joachimstal ' s theorem concerning the lines of curvature, dates from 1846. 
During the second half of the 19-th century, there were significant advances 
in the general theory of surfaces: these were mainly due to the works of 
Liouville, Ribaucour, Lie, Beltrami, Bianchi, Codazzi and Darboux. 

In this chapter we shall present the more elementary theorems which 
arise out of the theories of Euler, Meusnier, Dupin and Gauss. 

I. CURVATURE AND THE TWO FUNDAMENTAL FORMS 

221 . Various forms of the equations of a surface 

We know that a surface relative to a system of axes, which can in 
general be taken to be rectangular, can be presented in various ways. An 
equation 

z = f(x,y) (1) 

defines a continuous region of the surface, if f(x,y) is continuous in a 
domain A. There exists a tangent plane if f(x,y) is differentiable (I, 
121). The first partial derivatives of f are called p and q; the second 
partial derivatives, if they exist, are r,s,t (the notation is that of 
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Monge). If the surface is given in the form 

I *(x.y,z) = 0 , (2) 

it suffices that * and <J)^ are continuous and that <I>^(x,y,z) ^0 at a 
point satisfying (2) in order that, in the neighborhood of this point, we can 
put the equation in the form (1). We know how to calculate p,q,r,s,t once 
* possesses the properties assuring the existence of these derivatives (I, 
121). The tangent plane has as its equation 



I 



Z-z = p(X- x) + q(Y-y) 



where X,Y,Z are the varying coordinates. This holds with respect to any 

axes, but to affirm that the normal has p,q,-l as its parameters, it is 

necessary to take the axes to be rectangular. The points at which <}>' , 

X y 

■t^ are simultaneously zero, are the singular points of the surface defined 
by 2). 

THE PARAMETRIC FORM 

The surface can cal so be defined by stating the coordinates of one of 
its^points, as functions of two parameters u and v: 

= «{«(u.v) , y = \|){u,v) , z = x(u.v) , (3) 

or, which amounts to the same thing, by giving a vector field tied to a fixed 
point and whose extremity M describes the surface. Let M(u,v)' be this 
vector. As we did in no. 56, we shall denote this vector and its derivatives, 
when they exist, by the notations f^, f^^, F^;;^, P^. 

I A point of the surface (3) is said to be ordinary (nos. 42,52) when the 
three functional determinants 



I 



A - D(y'^) R - D(z.x) p . D(x,y) 



are not simultaneously zero at this point. The tangent plane then exists and 
is given by 

A(X- x) + B(Y-y) + C(Z- x) = 0 . 

In rectangular axes, the normal has as its direction cosines 



ABC 
H ♦ H • H 



= yÂ^+B^+? . (5) 



Remark . We can solve two of the equations (3) in u, v, about an ordinary 
point, and express the surface in this solvable form. About this point, there 
exists a bijective correspondence between the surface S defined by (3) and 
a region of the plane of the (u,v). Through a point of this region of S, 
there passes a unique curve u = const, and a unique curve v = const. 

Unless specified to the contrary, we will consider a surface S whose 
points are all ordinary. This does not imply that S has no singular lines, 
but it has no singular points such as conic points. 
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THE NORMAL VECTOR 

By saying that the detemilnants In (4) are simultaneously nonzero 
anounts to saying that the vector 

Is nonzero. This vector Is normal at the point M to the surface S. 
LINE COORDINATES 

Through each point of S, there passes a line u - const., and a line 
V « const.; these lines are line coordinates. He can regard S as defined by 
the lines u « const, based on a particular line Wq. or conversely by the 
lines v« const, based on u'^Oq. 

Examples . I. A surface of revolution about Oz can be defined by 

X ■ ^(u)cos V , y - ♦(u)s1n v , z • ♦(u) . (6) 

for u'Uq* const., we obtain circles parallel to the axis 02, and for 
v'Vq" const., we have the meridians situated In the planes y-xtgvp. The 
point or the points of the surface situated on Oz will be singular points 
for the representation, even If they are ordinary points of the surface written 
In another form. Through these points there passes an Infinity of meridian 
points. 

II. The developable sur face. Let us consider the surface defined by the 
tangents to a curve A. For a parameter defining a point P of A, we can 
consider the arc of the curve taken from a fixed point; let u be this arc. 
Taking t to be the unit vector ov the positive tangent, a point M of the 
surface can be defined by 

H-?+î(v-u) . (7) 

The lines u= const, are the generators and the lines v= const, are the 
involutes of A (no. 214). For u=v, the point M is a singular peint of 
the surface, since it is on the line of striction (no. 62). 

III. The ruled surface . This is a surface engendered by a line depending on 
one parameter. We can denote th e loc us of one of its points P. by P(u)', 
and a unit vector on the line, t(u), and take 

« P(u) + t(u)v' . 

IV. Surfaces of the second degree . For those of this kind of surface that 
are ruled (as Is the case of quadrlcs). we can take the generators of the two 
systems to be coordinate lines. Ne will obtain a rational parametric 
representation. For the non>ru1ed surfaces, the use of generators would lead 
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to a non-real representation. We can then proceed, as we shall do in the 
following case of the ellipsoid, by utilizing the homofocal surfaces. Consider 
the ellipsoid 



2 2 2 
abc 



a > b > c 



The, homofocal surfaces have as their equations 



k(u) 



a +u b +u 



2^ 
c +u 



-1 = 0 



2 2 2 2 

For -a < u < -b , we obtain a two-sheeted hyperboloid and for -b < v < -c , 

k(v) = 0 defines a one-sheeted hyperboloid. When u and v are varied 

between these limits, we obtain a system of curves on the ellipsoid. The 

2 2 2 

linfar equations in x , y , z , 

k(o) = 0, k(u) = 0, 
allow us to calculate these numbers. 



k(v) = 0. 
Observe that we then obtain 



2 2 
k(-t) = 4- + 4- 
a^-t b^-t 



7~x 



t(t+u)(t+v) 



(a^-t)(b^-t){c^-t) 



(8) 



hence, if we set 

I g(t) = t(t+u)(t+v). 
we can write 



h(t) = (a2-t)(b2-t)(c^-t) , 



2 

X = 



h'(a^) 



h'(b'^) 



h'(c^) 



(9) 



To a system of values u, v, there corresponds eight points of the 

2 2 2 

ellipsoid. By considering the roots of x , y , z , we will obtain represen- 
tations tenable for the eighth-parts of the ellipsoid; each of these eighths 
corresponds to the rectangle of the plane of the u,v in question. 



222^ The arc element or lin e element. Que st ions of angles . 



1 



Henceforth, we shall consider (without re-stating it) an ordinary region 



of the surface S defined parametrically, where the vector M(u,v) admits 
first and second continuous partial derivatives; it therefore admits a first 
and a second differential. We shall assume the axes to be rectangular. 



dM = du + dv , 
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. ?H - du^ + 2^1;;^ dudv + 1^;^ dv^ . 

It will be clear that, in certain cases to be discussed, in particular those 
of this section, the existence of the second partial derivatives will not be 
essential. 

THE ARC OF A CURVE DESCRIBED ON THE SURFACE S 

A curve r described on S will be defined by giving u and v is 
functions of one pamieter. He shall assume that these functions adtolt the 
necessary nunber of derivatives In order for the calculations to be meaningful. 

The differential of the arc of r Is the square root of dx^ + dy^-t^dz^; 
It Is therefore, the modulus of (A. He then have 

ds^ - d?? - du^ + afi^jfi; dudv ♦ 1^;^ dv^ . (10) 
On account of the formulae in (3), we obtain the components of H^t^: 

«• it iJfc JQL 

% • lu • lu • au • 

9v • 8V • 3v • 

du dv du dv du dV 

2 

The ds of the surface S, or the equare of the line element ^ ie given by 
the quadratic form in du, dv 

ds^ ■ Edu^ + ZFdudv ♦ Gdv^ . (11) 

IhlB i» tXw ftret fmdiamntal quadratio form. E. F. fi are functions of u 
and V. By replacing, In this expression, du and dv by their values as 
functions of parameters defining the line r. we obtain the differential of 
the arc of this line. 

A PARTICULAR CASE 

When the line coordinates are orthogonal, we have 



S;. 

hence 

E = 
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Conversely, if F=0, the system of line coordinates is orthogonal. 



Examples . I. For the surface of revolution defined by the formulae in (6), 
the system of coordinates is orthogonal, F=0. We obtain 

ds^ = [4)'(u)^ + i>'{u)^W + 4)(u)^dv^ . 

II.' For the developable surface defined by (7), the system u= const., 
v = £onst. is also orthogonal. We also have 



dM 



= dP + (v-u) - t)du + tdv 



= ^ (v-u)du + tdv 



III. In the case of the ellipsoid defined by the formulae in (9), we have, 
for example 

^2 ^ _ a^(a^u)(a^+v) 



>u)(c 



and Ve see that 

3x _ 
3u 



X 



2(aSu) 
In order to calculate 



3x 
9v 



2(a'+v) 



= * (Hif * (if 



4(a^+u)^ 



we fbllow Jacobi and apply the identity in (8); this yields 



4E 



- ^.f„^ - g'(-u)h(-u)-h-(-u)q(- u) _ g'(-u) 



h(-u)' 



Consequently, as the system of coordinates is orthogonal, we have 
(The condition of orthogonality is expressed by the equation 
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2 

X 



' " \a +u a +v/ 



THE ANGLE BETWEEN TWO CURVES 

Let us consider tMO curves of the surface passing through the point N. 
Each Is defined by giving u and v ss functions of a parameter. On the 
first curve, u and v has the differentials du and dv respectively, the 
arc element is ds and the differential of M is dfï. On the second curve, 
the differentials of u and v will be called fu and *v respectively, 
the arc element is fs and the differential of M will be oM. The angle V 
between these two curves at the point M, where each curve is directed In the 
sense of increasing values of the parameter, is defined as the geometric angle. 
Its cosine Is given by considering the scalar product of dM and ôR. We have 

|dHli6Micos V = dfefi 

- («;du+a;dv)(il;6u+H;6v) 

hence 

C V = ^ (12) 

and 

dsiv cos V • I^^du6u ^ f^K^(du6v-fdv6u)4^i|;^dv6v 
" Edufiu * F(du6v -•■ dvfiu) ->■ Gdv«v . 

which gives 

cos V - Mu*u •*• F( d u6 v^^dvgu) * Bdygy ^ j^3j 

In these fonwUe, ds end <s are positive nurtwrs, 

ds - yEdu^-»2Fdudv4«dv^ » 6s - yE6U^42F6u«v+66v^ . 

The vector product gives the sine of V. We have 

ds6s sin V- Idi^AiHl - |(ft;^du + S;dv) a (fi^6u + i^6v)| 

« |du6v • dv6u||i^AR;| . 

In particular, the angle u of the coordinate curves which correspond to 
u= const, (hence du=0 and v= const,, hence 6v*0), Is given by 



«2 
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COS Î2 = . 

Sigce the vector product '^i^^'^y has A, B, C as components, we have 



li^^A^^I = ^ sin n =VeG-F^ = H (15) 



and the formula (14) gives 



sin V = H|du5v^-^dv6u| ^ ^^gj 



Remarks . I. So far we have not assumed that the surface S is actually a 
curved surface. It could equally be a plane with respect to any system of 
curvilinear coordinates. 



cur^i 

"4 



The equality in (15) is that used in calculating the area of a curved 
surface (1,149). 



The numerator of cos V is the polar form of the first fundamental 
quadratic form. 

ORTHOGONALITY 

The condition of orthogonality of two curves is obtained by equating 
the^numerator of cos V to zero. 

' In order to obtain the orthogonal trajectories of a family of curves 
on S and depending on one parameter, we need to find the differential 
equation of these curves and then we can apply the orthogonality relation. If 
g(u,v,x) = 0 is the equation of the fanily, where A is the parameter, then 
we eliminate \ between this relation and gy6u + g^6v=0, which yields the 
differential equation 

h(u.v,|ï)=0 . 

We replace 6v/ôu in this equation by its value taken from cos V=0, namely 

|6v _ Edu + Fdv 
6u " " Fdu + Gdv * 

and }<e obtain the differential equation of the orthogonal trajectories. 

THE SPACE RELATED TO AN ARBITRARY SYSTEi-i OF COORDINATES 

Let us assume that the space is related to an arbitrary system of 
coordinates. The rectangular cartesian coordinates x, y, z will be func- 
tions of three parameters u, v, w. We will assume that these functions have 
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continuous partial derivatives and that the functional determinant 
D(u.v.w) 



Is nonzero In the donin In question. The line elenent of a curve will be 
given by 

2 2 2 2 2 2 2 

ds = dx^ + + dz'^ = du*^ + Agdv*^ + A^dw^ 



with 



-t- 2B^dvdw^2B2dMdu + 2B3dudv • 



s'lx^i' h-ml H-'mi' 



^1 '2-»?v"5w 



^2 ^ IwW 



^3 Z^ailW 



(The summation is taken over x, y, z.) By taking the square of 6» we see 
that 





«3 




•3 


h 






«1 


*3 



[cf. (I»154)]. When the coordinate surfaces u- const., v- const.* 
w" const, are palrwise orthogonal, the B's are zero; we say that the 
coordinate surfaces fom a triply-orthogonal systca. This Is the case for 
spherical and polar coordinates of the space. He can also utilize a systea 
of ellipsoids and honfocal l^rbololds: the ds^ obtained will give fbr 
w* const.! the ds^ obtained for the ellipsoid as above. 

223. The funda m ental form relative to curvatures. The second quadratic 
fundamental form. Meusnier's theorem. 

Let us consider a curve r on the surface S and let us denote by 
Î, n the unit vectors of the tangent and the principal normal respectively 
at the point H and by R. the radius of curvature of r at this point. 
He know that 



^ . d^ïl 
« ds^ 

where s Is the arc of r. Let us denote by ^ the unit vector of the 
nonnl to S at the point M« I.e. the vector defined by 



07) 
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[forwiU (15)]. Ut us take a scalar wltl plication of (17) by t. Ha obtain 



If Mt danota by X. the angle of the vectors n and ff. im see that this 
equality My be «nritten as 



H 



cos X 



(18) 



The mixed product of the numerator of the second Miber Is a sun of three 
■Ixed products and, on expanding, Mty be expressed as 

(M;,.î^;.l^u)du2 + 2{f^;,,i^.fii;;y)dudv + (fi;,.i^;.f^;y)dv^ . 

He denote by D, D' and D" the irixed products appearing In this 
expression, and we can mite the equality In (18) under the expanded fom 



Jfm quadraHe fom 



Ddu^ -<• 2D'dudv+ D"dv^ 
Edu^ + 2Fdudv + Gdv^ 



(19) 



Ddu^ -»■ D'dudv + D"dv^ 

ia the second fundamental fom. D, D' and 0" aw th» dêtMimùnmt» formà 
with the first and Moand partial dtrivabivaa of X, y* 2 vlth r*0p*at to U 
md V. Va haoa 









x' y* z' 
u ^u u 




2' y' 2' 
u ''u u 


D - 


Xy yy 

2^22 

U y y 


. D' - 


x* y' z' 
V "'v V 

x" v" z" 
uv ■'uv uv 


. 0- - 


Xy yy Zy 

2^22 
V V V 



lahoxm 0, D' md IT art tho Gaueoien dttmminmtB, 

Me also Introduce the functions C, t and M, defined by 



C- g . 



-1. 



M. 0" 



(20) 



The fomula In (19) Mill then be written as 

cos X . cdu^ + 21dudv t «dv^ 
" Edu* + 2Fdudv*Gdv^ 

The r.uinerator of the second ciember is the product 

THE CASE WHERE THE SURFACE IS TAKEN TO BE IN THE SOLVABLE PORN 

When the equation of the surface is taken to be of the form z= f(x,y), 
we have, on taking x and y as parameters. 
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ds' - dx*" + dy^ ♦ dz'^ + (pdx + qdy) 

= (1 + p^)dx^ + 2pqdxdy + (q^ + 1 )dy^ , 



Undar thtst conditions, we have. In the notation of MDnge, 

■ EG- » 1 +p^ + q^, D=r, D' = s. 



D" « t , 



S ■ 




and the fonwla in (19) becomes 



{l+p^)dx^ + 2pqdxdy + (l+p^)dy 




(21) 



CURVED SURFACES 

When S or part of S, is a plane, r,s,t are zero. Cx)nversely, if 
r,s,t are zero in a part of S, then p and q, whose differentials are zero, 
are constants and the part in question forms part of a plane. Leaving this 
case aside.the surface S Mill be a curved surface in all of its parts; we 
say tint it is a curved surface. 

The curved surfaces are such that the second fundaaental foni Is non- 
zero, for any du and dv. The points at which r,s,t are zero, are the 
flat points. 

On a curved surface r,s«t can be slaultaneously zero on lines. For 
exanple. If z>x^f^(x,y). r,s,t (and p and q) are zero for x-0. 

The first theorem on curvature . The second member of the formula in (20) 
only depends on the point M(u,v) and on the direction of the tangent to T 
at this point (I.e. on the ratio dv/du). Likewise for the first member: 



has the same value for all curves of the eurfaoe S paaeing through M and 

having the s-r^- tangent at this point. 



It follows that at a point M of S at which the second fundamental 
form is Identically zero, all of the curves of S whose osculating plane is 
not identified with the tangent plane to S at M, have an infinite radius 
of curvature. 



The radius of curvature Is given by the equation (20), which can be 
solved with respect to R. Mi hecot exawmd R ^ 0. All the curves r 



cos A 



(22) 




noMMiv. Let r be a 



(23) 
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passing through M and having the same osculating plane, have the same center 
of curvature. For the expression (22) has a same nonzero value. When 
cos X = 0, R is zero. Hence cos X ^ 0, where R is positive. The product 
n-fï has a determined value since n is in the osculating plane, hence it is 
known to within a direction. The numbers cos A and R are determined; the 
direction of the principal normal is the same for all these curves and the 
center of curvature is the same. When the expression in (23) is zero, R is 
infinite when cos X / 0. We then obtain this first result. 

I. All the curves S passing through a point M and having at this point 
the same tangent and the same osculating plane ^ have the same center of 
curvature when condition (22) is satisfied. When condition (23) is not satis- 
fied by the tangent, then all the curves passing through M and whose 
osculating plane is not tangent to S, have a zero curvature. 

Let us remark at once that condition (23) is always satisfied when the 
second form is defined at the point M, i.e. if 

ni^ - oi < 0. 

Example . Consider the surface z=xy; we haye at the origin [formula (21)] 
cos X _ 2dxdy 

The curves of the surface which are projected onto the plane Oxy along the 
2 2 

circles x +y - 2ax = 0, have as their equations 

2 2 ? 

X = 2a sin t , y = 2a sin t cost , z = 4a cos t sin t . 

Their tangent at the origin (t=0) is Oy; the condition (23) is not 
realized. The osculating plane is the plane Oxy, the radius of curva\;ure is 
a, and the center of curvature is displaced on Ox. We shall see that this a 
general fact. 

Corol lary . 2he center of curvature at M of a curve Y of Sj is the same 

as the center of curvature, at this point, of the section of S through the 

osculating plane to T at W, except when the osculating plane is tangent to 

2 2 

S and when the tangent satisfies the condition Cdu + 2Kdudv + Ndv = 0. 

Meusnier's Theorem , The axes of curvature at M of all the curves of S 
tangent at M to the same line MT, intersect the normal to % at M at the 
same point providing MT satisfies the condition (22). 

In effect, the value of the expression (22) is a nonzero constant, 1/p 
say. We have R = pcosX. If we consider the vector MI = pN. the vector 
Mr= Rn*" is the projection of mT onto the principal normal n (fig. 74). 
The line IC is seen to be perpendicular to the osculating plane TMC. 



Copyrighted material 



Theozy of Surfaces 



47 




Fis. :4. 



We can also say that the locus of the centers of curvature at H of the 
curves in question, is a circle whose center is on the noimal to S at 
which intersects MT orthogonally. 

224, The study of curvatures of nonnal sections. The indicatn'x of Dupln . 

The above two theorems reduce the study of curvatures to that of normal 
sections. In order to study these, we may take M to be the origin and 
assume that the surface is tangent at 0 to the plane Oxy. By Taylor's 
formula, its equation is then 

z = ^ (rx^ + 2sxy + ty^) + o(x^ + y^) ; 

p and q are zero at the origin and the vector N has for parameters at 
this point, the values of -p, -q, 1, hence 0,0,1, This is the unit of 
vector of Oz. Formula (21) here becomes 

2 2 
cos X _ rdx + 2sdxdy + tdy 

— R — " 2 2 

dx^ + dy 

Here, we shall consider the nonnal sections exclusively, cos A is equal to 
+1 or -1; it takes the sign of the second member, since R is positive, 
fcfe shall set ^= ±Kt by taking, + if cos X = +1 , - if cos X = "l. The 
curvature will then have a sign. If it is positive the concavity of the 
section is turned upwards (the sense of Oz positive); if it is negative, 
the concavity is turned downwards. R^^ is also the direction of the center of 
curvature of the normxl section. We shall denote by u, the angle of the 
tangent with Ox, such that 



dx 



= cos (1) 



= s1n w 



^dx^+dy^ ^dx^+dy^ 



and the formula giving the normal curvatures becomes 
1 



12 2 
= r cos u) + 2s cos wsin gj + t sin w 



(24) 
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We êan simplify this formula by rotating about the axes Oxy. The formula can 
be written as 

= ^ + S Sin 2a) + ^ cos 2to , 
and we know that we can only fix a single trignometric line; we will have 



whea we take 

cos 2e = , sin 26 = I 

setting w = e + u', we then obtain 

THE REDUCED FORMULA DUE TO EULER 

^ = r' cos^u)' + t' sin^u' . (25) 

with 

r' + 1' = r+t , r't' = rt - s' 

In tfie form (25), the discussion is immediate. We have three cases tc 
distinguish. 

I THE FIRST CASE . We have rt - s^ > 0, hence r't'>0. The second member 

of (25) always has the same sign and all the normal sections have their con- 
cavity directed in the same sense. The surface is on a side determined by the 
tangent plane [cf. (1,129)], and varies from r' to t'. We obtain the 

same curvature for the sections w' and -u' . We say that the point M is 
e I liatia. 



THE SECOND CASE. We have rt - s^ < 0, hence r't'<0. The curvature 



2 r ' 

is zero for the values Wq such that tg ojq = - p- . The surface intersects 
its tangent plane along a curve having a double point at 0 (1,128,129) and 
the lines u' =±(i)Q are the tangents at this point. For H I'^q'' 
takes the sign of r' ; when | increases from 0 to \^q\* R increases 
from l/|r'| to infinity. For Iwgl l*^' I ^ '^Z^. Rf^ takes the sigr of t' 
and R increases from l/|t'| to infinity when | decreases from tt/2 
to IwqI. The curvatures are the same for w' and -u'. The point is said 
to be. hyperbolic. 
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THE THIRD CASE. We assuine that rt - « 0, hence r't' = 0. He can 
assume that t' = 0, r' ^ 0. (If r' = t' = 0, r= s= t= 0, the discussion is 
no longer purposeful; Rj^ is infinite for all normal sections.) Rj^ always 
takes the sign of r' and R increases from l/'r'' to infinity when li'J 
increases from 0 to ir/Z. There is always the same symmetry. The point is 
said to be parcibolia. 

ASYMPTOTIC T/W6ENTS 

In the second and third cases there are one or two tangents for which 
R is infinite. They are known as asyrptotia tangents. Let us assume, as we 
may, that Ox is an asymptotic tangent. The equation of the surface is then 

z ■ ajv + by^ + o(x^ + y^) 

a curve r of the surface, tangent to this asyiaptotlc tangent. Is defined by 
Its projection onto Osyr. If me take the osculating plane to r at 3. to be 

9 

Qi^, then this projection has as Its equation y -ax'' 4... and ne then have 

3 1 

Z"aax -I-...; the center of curvature Is the point ^ of Oy, It Is 
arbitrary. 

On returning to the general case Mhere the curvatures are given by the 
fonniU (20), the above three cases correspond to the three possibilities on 
the second fundanental quadratic form: if it is defined, jû'^ - cn< 0, the 

nonml curvature Is never zero, and the point is elliptic; if it is not 

2 

define \ n; - cx > 0, the surface crosses its tancent plane, the asymptotic 
tangents are defined by 

£du^<t-2iidudvt^ldv^ - 0 . 

and «te point Ut hypetboUo. If tho form ia 9«mL-d» finit; - OIL'O, there 
exists a single asyiptotic tangent and tiM point ia pareibolio. The general 
result Mhlch has Just been given on the subject of tangent lines to an 
asyi|>tot1c tangent and Mhose osculating plane Is tangent to the surface. 
Justifies the reservation which ms nde In the (brollary of Theoren I of 
no. 223. 

MEAN CURVATURE AND TOTAL CURVATURE 

On account of formulae (24) and (2&)» tha half-am of tha algabivle 

euroaturee of two nortnl raatmgulccp aaetiona, ia tha aam for all paira of 

auoh amatione. They correspond in effect to w and w •♦• î- ; the half-sun of 

r+1 

the curvatures is -2-. He call this quantity the mm euroatura of the 
surface at the point M. 

2 

The total ."Krr 7";vf¥? is the number rt - s . This is the product of the 

2 2 
maxima and minima curvatures when rt - s >0 and when rt - s < 0, it Is the 

product of the finite maxima and minima of the curvature. 
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THE INDICATRIX OF DUPIN 



This gives a geometric interpretation of the Euler formula in no. (25). 
Again, let us consider R with its usual meaning, R>0; the formula (25) 
becomes 

I e = r'R cos^co' + t'R sin^u' , 

where e is equal to +1 when oj' gives a positive value to the second 
member and equal to -1 when the second member is negative. If we consider 
the point with polar coordinates p', w' , then the equation 

I e = (r'cos^o)' +fsin^u)')p'^ , 
which is written as 



e = r'X^ + t'Y^ 



when we take for the axes of the X the line co' = 0 and for OY the line 



I? ' represents: 
an éllipse if r ' t ' > 0 , 



2 

llipse if r't'>0, or rt-s >0, we then take er' > 0; 

2 

two conjugate hyperbolas if r't' < 0, or rt - s < 0, one of the hyperbolas 



I 



corresponds to e=l, the other to e=-l; 



2 

two parallel tinea equidistant from OY if r'^0, t' = 0, or rt - s = 0, 



f 



we then take er' > 0. 



These are the curves that constitute the indicatrix of Dupin. When the in- 
dicatrix is known, we obtain the curvature of a normal section by taking 
R=p' , where p' is the distance to 0 of one of the points of intersection 
of the tangent with the indicatrix. 

PRINCIPAL SECTIONS AND PRINCIPAL TANGENTS 

The normal sections passing through the axes of the indicatrix are 
called principal sections. The radii of curvature of these sections are the 
radii of principal curvature', the centers of curvature at 0 are the centers 
of pi^ncipal curvature. The corresponding tangents which are the axes of the 
indicatrix, are the principal tangents. They correspond to the nonzero 
relative maxima and minima of the curvature, except in the parabolic case, 
where one of the principal tangents is simultaneously an asymptotic tangent. 

I In the hyperbolic case, the asynptotes of the Dupin indicatrix are 
evidently the tangents which were called asymptotic tangents. 

I When r' = t', all the tangents are principal, the indicatrix being a 
circfe. The point 0 in question is called UMBILIC. 



APPLICATION 

I. f If two surfaces are tangent at a point 0 and intersect along a line 
r posing through 0 and admitting a tangent OT at 0, then the sections of 
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two surfaces through the normal plane passing through OT have the same 
center of curvature at the point 0. Since, on account of Meusnier's theorem, 
this center is on the axis of curvature of r at the point 0. The tangent 
OT must therefore intersect the indicatrices of the two surfaces at the same 
point. This proves that the tangents at 0 to the common curve of the two 
surfaces belong to the sheaf of lines obtained by joining the origin to the 
common points of the two indicatrices. But not all the lines of this sheaf 
are tangents to the line r. It is necessary to take into account, the sign 
of the algebraic curvatures for which the Dupin indicatrix excludes. Let us 
consider the two surfaces 

z = ^ (rx^ + 2sxy + ty^) + o(x^ + y^) 

= ^ (r^x^ + 2s^xy + t^y^) + o(x^ + y^) ; 
the projection of the common curve onto Oxy is obtained by stating that 

After multiplying by 2, we obtain 

(r- r^)x2 + 2(s- s^)xy+ (t- t^)y^ + o(x2+y^) = 0 . (26) 

In cartesian coordinates x,y, the indicatrices are 

2 2 2 2 

e = rx +2sy + ty , = r^x +2s^xy + t^y , 

where e and are equal to +1 or to -1. When c and z-^ have the 
same sign, the central chords common to the conies (27) are obtained by sub- 
tracting the equations in (27) and provide the tangents at the origin of the 

curve (26) when the origin is a double point. But if = -1, the common 

2 2 
central chords will be given by (r+r^)x + 2(s + s-j )xy + (t + t-j )y = 0 and 

are not tangent to the curve (26). 

We must therefore be careful in applying this method. For example, if 

the two surfaces admit the point 0 in question as an elliptic or parabolic 

point and are on the same side of the tangent plane in the neighborhood of 0, 

then the common central chords effectively give the tangents required. 

II. If two surfaces are tangential along a line r, then their Dupin in- 
dicatrices taken at the various points of r, are bitangent. When one of the 
surfaces is a plane, then all of the points of r will then be parabolic on 
the second surface. 

Remark . Let S and Z be two surfaces which have a line r in common and 
let M be a point of r at which the normals to S and Z are distinct. 
The tangent at M to r is the intersection of the tangent planes to S and 
I at M. Let C and C be the centers of curvature at M of the sections 
of S and Z through the normal planes passing through MT. Following 
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Meusnier's theorem, the osculating plane to r at M, is perpendicular to the 
line CC. 

Remark . If we intersect the surface 

z = J (rx^ + 2s;^y + ty^) + o(x^+y^) 

by a plane z = |- n^, e = ±1, and if we project the curve so obtained onto the 
plane z = ^ , where the center of projection is the origin, then we obtain the 
curve 

€ = rx +2sxy + ty' + o(n X +n y )/n . 
When n tends to zero, we obtain the Dupin indicatrix. 

225. The calculation of the radii of principal curvature in the general case 

The curvature of a normal section is generally given by the forr.iula in 

(20), in which cos X = n.K = ±1. If we again take the radius of curvature 

with a sign, where R^^ represents the magnitude of the vector Rn in the 

direction ^ (i.e. the abscissa on the normal N from the center of curva- 
ture of the section in question), then we have 

and R|^ is given by 

J_ ^ £du^ + 2ndudv Ndv^ 
% Edu^ + 2Fdudv+ Gdv^ 



The radii of principal curvature ccrrespond to the finite maxima and minima of 
R|^, when 
minima of 

1 _ C+2nin+Nr 

T 



R|^, when ^ is varied. When we set ^ " we have to find the maxima and 
1 _ £•*• 2ntn+ Rm^ 



"N E + 2Fm+Gm" 

These values correspond to the values of m annihilating the deriva- 
tive: for these values m^ and m2, the function of the second member will 
be equal to the ratio of the derivatives of the numerator and the denominator; 
we will have 



J_ m+Nm _ mdu + Ndv 



F + Gm Fdu + Gdv 



dv _ / \ 

^ - m iin=m^,m2) 

Similarly, by setting ^ = n, we will obtain 
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1 , Cn -HE Cdu + adv 
1Ç En + F ' Edu+Fdv • 

du 1 / \ 

3v * " " i l""" ""^ • 

It folloMS that the values of and the values corresponding values of ^ 
are given by the equality 

1 _ Idu -t- Ndv _ £du + idv 
1Ç Fdu4-Gdv " Edu+Fdv * 

The required values of Mill be obtained by eliminating m from 
the equations 

■i(F-lR,|) + E - £1^ - 0 , 

«(G - NR^) + F - BR^ = 0 , 
dv 

Mhlch gives Hhm aquation of the radii, of principal curvatta^ 

(F-mR^)^ - (E-CR^)(G-NR^) = 0 . (28) 

It 1s effectively of the second degree when 9? -tMf 0. The nean curvature 

and the total curvature are the half-sum and the product of the inverse roots 
of the equation. Denote by and R2 the radii of principal curvature; 
these are positive Or negative nuÉbers since they are values of R||. the roots 
of (28). Ue have 

Z VR, Rg' 2(ES-F^) 

'^1'^ EG - F^ 
or* by Introducing Gauss detemlnants, 

1 _ DD"-D'^ 



R 



l"^ (EG-F^)' 



THE PARTICULAR CASE WHERE x AKD y ARE PARAMETERS 

In this case, we can apply the preceding formulae. But our calculation 
of the radii of principal curvatures, will be somewhat different. Following 
(21), we now have 



Copyrighted material 



54 



Theory of Surfaces 



= r + 2sm + tm^ m = ^ 

•^N 1 + p^ + 2pgin+ (iV)ni^ ' 

Let us denote the first member of this equality by ^" . The values of 
m giving the maximum and minimum of p are the values for which the equation 
in m, obtained by regarding p as fixed and m as a variable, has a double 
root. This equation is 

The equation in ^ is therefore 
or 



We have 




226. 



The Gauss theorem on total curvature 



Gauss showed that the total curvature depends only on E,F6 and on 

their first and second partial derivatives with respect to u and v. In 

order to establish the theorem, it suffices, following the formulae in (30), 

2 

to prove that DD" - D' can be expressed in terms of E,F,G and their 
derivatives. D,D' ,D" are the given determinants; let us take the square of 
D' by multiplying lines by lines. We obtain 

1 3E 



,.2 . 



2 9v 

1 ^ 

2 3u 



1 3E 
? 3V 



1 3G 
I 3u 



3ii 



..2 
uv 



Likewise, let us form the product DD", line by line. We obtain 
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DO" 



1 ÔE. 

? du 



I „ll 



V 



1 3G 
? 3V 



u V 



In order to prove the theorem, we see that it suffices to show that the three 
expressions 

...2 



V u " u V 



are calculable In terms of the derivatives of E»F,G. Now we have 
8F 



1^ =Lx,x;;2^i:x,x;^^ 



V 

,x.',x." 



hence 



til - Vv' v" - ' 

Mu"w - Z-^u^'^a " 3v " ? 3ÏÏ • 
and likewise 

M'M" - V^y'y" - 3F 1 

"v uu " *-*v*y2 " 3u ■ ? 3V • 

There remains the expression t. We have 



1 d b 

2 ~T 

2 

J?L 

3u3v 



\" 2 
u v 



Ex" +Zx:x"' o . 

" uv 



^x"2x"2 E^u^ " 2 E^v^ 2 * 2*uv » 
u v uv u v 



hence 



2 2 ? 

^ . 1 9 G . 1 O 

2 ^ 2 3^2 - 3uav • 

Renfiaric . l«'e have assumed the existence of the third derivatives of x.y.z. 

227. Conjugate directions. Conjugate lines. Lines of curvature. 
AsYBptotic lines . 

We say that the two directions ttr, Mr' of the tangent plane at a point 
\\ of a surface, are conjugate when they are conjugate with respect to the 



1 
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Dupin Indlcatrix at tht point N. Th«y are then conjugate with respect to the 
asj^totes of this Indlcatrix, I.e. with respect to the real or Inaglnary 
asy^»tot1c tangents. He also say that each of the directions Nr, Mr' Is the 

conjugate of the other direction. The asymptotic tangents are given In the 
general case by the equation 

Ddu^ LL'duav + D"dv^ = 0 , (31) 

which states that the normal curvature is zero. We express the fact that the 
directions defined by du, dv on one hand, and by 6u, 6v on the other, are 
conjugate, by writing 

Ddudu ••■ D*(du6v4dv6u) D'dvfiv - 0 , (32) 

I.e., by annihilating the polar fora of the second fundanental quadratic forn. 
As the equation (3T) Is also written as (no. 223) 



(ï^A»ï;)d2«- («;,H;.d2il) - o 



the condition for the directions defined by dM and ôM to be conjugate Is 
also 

(M;,AR;)d6fï » 0 (33) 

with 

d6ii = J^liuduôu + M;;^(du6v + dv<Su) + M;;^dv6v . 

In equation (33), we can replace the vector product, which Is a norMi vector 
to S at M, by any normal vector, t say, and write 

ildfiili - 0 . (34) 
Now we have ItdA « 0, hence on diffèrentlating in the direction 6^, we have 

«ildf^ + U&k ' 0 . ^^^^ 

Th§ aonditian of aonjugoHon am thêffor» te 9qually etatêd in th» form (32)^ 
(33), (84) OP (3S) 

6îidfî = 0 (or (ààA = 0) . 

In particular, an osyn^otic tangmt, which Is also called an cwynptotia 
dUrtatian, Is its proper conjugate. A principal tangent, which is also called 
a principal direc* '-^, is perpendicular to the conjugate direction. When the 
point Is parabolic, the double asymptotic direction fbmis a pair of conjugate 
directions with every other direction. 

A SYSTEM OF CONJUGATE LINES 

Given a line r traced on the surface S , we see that at each of its 
points M, we can define a direction A which Is conjugate to the direction of 
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the tangent MT to F at the point M. A is well defined, except at flat 
points and parabolic points, at which MT is the asymptotic direction. A is 
determined via the conjugation relationship. 

If we consider a sheaf of curves T such that, through each point M 
of S, or on a part of S, there passes one and only one curve r, then in 
general, there exists a conjugate sheaf fonred by curves r' such that, 
through each point M of S, there passes one and only one curve r' whose 
tangent at M is the conjugate direction of the tangent at M to the curve 
r which passes through this point. The determination of this conjugate sheaf 
is obtained by integrating a differential equation. The relation (32) yields 



of the curves r, we obtain the differential equation of the curves T' . 
The curves r,r' constitute a eyatem of conjugate linea. 

PARTICULAR CASES OF DEVELOPABLE SURFACES 

2 

We know (1,127) that, when rt - s =0, the tangent plane to the sur- 
face only depends on one parameter. The surface is the envelope of a plane 

depending on one parameter; it is a developable surface. Conversely, for every 

2 

developable surface, we have rt - s =0 (no. 62). Thus: the condition 
2 2 

■ - CN = 0, or D' - DD" = 0, or which ia équivalent^ the fact that all the 
pointa are parabolic, oharaaterizea the developable surfaces. 

In this case, the consideration of the conjugate systems is not so 
interesting; the rectilinear generators form a conjugate system with any 
system of curves depending on one parameter. In effect, at each point M, the 
generator is the intersection of the surface and the tangent plane; it is a 
double asymptotic direction and it is a conjugate direction of every tangent 
at M. 

THE CONDITION FOR THE COORDINATE CURVES TO FORM A CONJUGATE SYSTEM 

In order for the lines u= const., and v= const., to form a conjugate 

system, it ia necessary and sufficient for the condition (32) to be satisfied 
for du = 0 and 6v = 0, hence for D' = 0. 

When X and y are parameters, the conjugation relationship becomes 



6v , 
ôu 



D'dv Ddu 
D"dv+ D'du 



and, on taking this value into the differential equation 




rdxôx + s(dx6y + dyôx) + tdyôy = 0 



(36) 



which can be written as 



dpôx + dqôy = 0 
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[Mhlch also arises out of the equation (35)]. The condition for the sections 
through the planes x« const, and y- const, to fom a conjugate systea. Is 
therefore s e o. It folloi» that z Is of the fom z* 9(x)-*-h(y}. The 
sections through the planes x- const, are all equal curves and the surface 

can be engendered by the transformation of these curves; it is a Bwifem of 
trcMÎatian, It is one of two different types. 

ASYMPTOTIC LINES 

These are lines of the surface which, at each of their points ^., are 
tangent to one of the asynptotic tangents at this point. They have as their 
differential equation 

Mm^ + 20'dudv + D"dv^ - 0 . 

an equation solvable ^o** ^ |y * He obtain. In general, two sheaves of 
curves. 

Each of these sheaves Is Its proper conjugate. Following (35), the 
equation of the asy^)totes Is 

' 0 ; 

when X and y are paraneters, we have 

dpdx + dqdy = 0 

In the case of a developable surface, the two systems of dsyin)totic lines are 
identified; the asymptotic lines are the generators. 

LINES OF CURVATURE 

These are lines, which at each of their points, are tangent to one of 
the principal directions at this point. Following the calculation of no. 225, 
they are given by the equation 

■du + gdv , tdu + Mv 

Fdu + Gdv Edu + Fdv * 

or, on replacing £, B, K by the proportional numbers D, D' , 0", by 

(D'du+D"dv)(Edu+Fdv) - (Ddu-i-D'dv)(Fdu-fGdv) - 0 . (37) 

They fom a conjugate siystem, since the principal directions are conjugate. 
(It is always assuMd that. In the case of a developable surface, we assign a 
different role to the two systens: one is foraed by rectilinear generators 
and the other by their orthogonal trajectories; the generators alone are con- 
jugate to their orthogonal trajectories.) They are rectangular. iXmm tuo 
propëvtiéa ekaraabmriM» tkm» 

Remark. It is presupposed that we do not have 

0.0' D" 
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throuqhout. This is a case in which, given that every point is umbilic, every 
line of S is a line of curvature. 

In order for the coordinate lines to be Vines of ouzvature, it is necessary and 
sufficient that they should be orthogonal, F= 0, and the conjugates D' = 0. 

228. The geometric definition of the conjugate lines. The theorem of Koenigs . 
The geometric definition of the asymptotic lines and the lines of 
curvature . 

Let us consider a line r of the surface S. The tangent planes to S 
at the points M of r depend on a parameter; they have a developable sur- 
face as an envelope. The generator of this surface, that passes throuçh M, 
has an envelope that is the edge of regression C of the developable surface; 
it is tangent to the curve C at a point P. Conversely, if to each point M 
of r there corresponds a tangent MP which has an envelope C when M 
varies, then the developable surface engendered by these tangents MP, contain 
r and is circumscriptive to S along this curve. Let us call dM the 
differential of when the point M describes r and let us take at M, a 
second tangent 

6fi = + fi^6v . 

We intend to determine the ratio |^ as a function of the parameter on 
which M depends, in such a way that this second tangent has an envelope. It 
must be possible to determine k, in order that the curve defined by 

? = + kôfî 

admits MP as a tangent at P. We must have 

d? = d^^ + kd6f^ + 6f^dk = A6fi , 

hence on scalar multiplying a normal vector to S at the point M by fî, 
which is such that fîôfi = 0, tîdf^ = 0, we see that it is necessary and 
sufficient that 

fîdôfi = 0 

(k will then be determined by the condition kdâfï = -dîï + X'ô^i). The resulting 
condition is the condition (34) which asserts that the directions df^ and 
are conjugate. Consequently: 

The Theorem of Dupin . In order for the directions df^ and 6fï to be can- 
jugate, it is necessary and sufficient that 6^ is to be taken by the generator 
of a developable surface circumscriptive to the surface S along a curve V 
tangent at Vi to the direction df^. The curve T is arbitrary. 

From the point of view of applications, a very useful result may be 
deduced from this theorem: 
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Theorem of Koenigs . Consider a surface S and a line A. Consider also 
the contact curves F of the cones circumscriptive to S whose vertices are 
the points of the line A and the curve sections F' of the surface S 
through the planes passing through A. The curves T and F' form a con- 
jugàte system. 

I In effect, if M is a point of a curve F' , then the tangent to F' 
at Tl intersects A at a point C; the cone with vertex C tangent to S 
is circumscriptive to S along a curve F which passes through M. The line 
CM is a generator of a developable surface circumscriptive to S; it is con- 
jugate to the tangent to F at the point M. 
The line A could be at infinity. 

THE GEOMETRIC DEFINITION OF THE ASYMPTOTIC LINES 

Let F be an arc of an asymptotic line along which the curvature is 
nonzero. At a point M of r, the curvature of the section of the surface S 
through the normal plane to S, tangent to F, is zero. The osculating plane 
to F at M is therefore tangent to S, otherwise, the curvature of F at 
the Doint M would be zero on account of the first theorem of no. 223. 

I Conversely, let us assume that, alone an ordinary curve F of S, the 
osculating plane to F is constantly tangent to S. F will be an asymptotic 
line. For it is impossible that throughout an arc of F, the tangent to F 
is not one of the asymptotic tangents. In effect, if such an arc were to 
exist, then Meusnier's theorem would show that R, the radius of curvature of 
F, would be zero throughout this arc, which cannot be the case. F will there- 
fore be tangent at each point to an asymptotic tangent, with respect to the 
continuity. Thus: 

The asymptotic lines are the lines along which the osculating plane 
is constantly tangent to the surface. 

THE GEOMETRIC DEFINITION OF THE LINES OF CURVATURE 

Let F be a line of curvature. At each point M of F, the conjugate 
direction of the tangent to F is a normal to F. On account of the Dupin 
theorem, these normals to F engender a developable surface; similarly for 
the case of the normals to S along F, following the property of the 
developments of a skew curve (no. 213). Conversely, if the normals to the 
surface S at the points M of a curve F have an envelope, then the 
tangents to S which are normal to F at its various points M also have ar. 
envelope and they engender a developable. At each point M, the tangent to F 
has for a conjugate, the direction which is perpendicular to it. The tangent 
to r is therefore a principal direction; F is a line of curvature. 
Consequently: 

The lines of curvature of a surface S are the lines along which the 
normal to the surface has an envelope. 
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229. Properties of the lines of curvature. Normalities. The theorem of 
Joachimstal. Umbilics. Triply orthogonal systems . 

Let r be a line of curvature, M one of its points, MT the tangent 
to r at M and MN the normal to S at the point M. The section of the 
Surface through the plane MTN, normal to S at the point M, has at this 
point, a center of curvature I which Is found on the axis of curvature of 
r, by virtue of Meusnier's theorem. Given that the point of contact of the 
normal MN with its envelope y is also on the axis of curvature, following 
the properties of the developments (no. 213), it coincides with I. Hence: 

If r is a line of curvature, the points of contact of the normals to 
S at the points M o/ F with their envelope y, are the centers of 
principal curvature of S, relative to the points M and to the normal sec- 
tions of S tangent to V. 

Let Y be the envelope of the normals to S along r. When r is 
displaced continuously, the lines y engender a surface I being the locus 
of one of the centers of principal curvature to the various points of S; the 
normals are tangent to 1. If r' is the second line of curvature passing 
through M (there is only one of them, apart from r, if M is not umbilic), 
then the normals to S along r' have an envelope y' (fig- 75), where the 
point of contact of MN with y' is distinct from I. When r' is varied 
continuously, y' 9 engenders a surface Z' , to which the normals at S are 



also tangents. The normals to S which depend on two parameters form a 
congruence of lines. The surfaces I and V are called the sheets of the 
focal surface of this congruence, they constitute the surface of the centers. 
The developable surfaces engendered by the normals to S along the lines r 
or r' are called the nomalities', they are tangent to the surfaces I and 
Z' , respectively. The planes tangent at the points !' and I to V and 
E, pass through the tangents MT and MT' respectively to r and r' at 
the point M; they are therefore rectangular. In effect, the tangent plane 
to Z at the point I, is determined by M and by the tangent to the curve 
described by I when M is displaced on the line r' , it is therefore the 
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tangent plane to I to the normality defined by r'. The tangent plane to 
V at r will likewise, be the tangent plane to the normality defined by 
r. Now these tangent planes are rectangular. Similarly, this is the case if, 
when Y or y' reduce to a point, I or V is a curve. 

Later (no. 253), we shall see that these properties characterize the 
congruences of normals to a surface. They are true only when M is displaced 
an a part of S not containing an umbilic. At an umbilic, the differential 
equation of the lines of curvature presents a singularity which we have not 
studied as yet, but in simple cases, the disposition of the lines of curva- 
ture ending at such a point, will result from a direct study or by continuity 
considerations. 

AN EXAMPLE OF SURFACES OF REVOLUTION 

Let us consider the case of a surface of revolution S. At a point M 
which is not on the axis A, where the plane MA is a plane of symmetry, the 
indicatrix is symmetric with respect to this plane and the tangent to the 
parallel and the tangent to the meridian, are certainly principal tancents. 
The meridians r and the parallels r' are lines of curvature. If P is 
the projection of M onto the axis A and I' the point where the normal 
to r at M intersects A, then I' is the center of curvature at M of 
the normal section containing the tangent to T' . This is a consequence of 
either Meusnier's theorem, or from the fact that the normals to S along r, 
intersect the axis at the same point, as we can see (fig. 76). 




Flf 7t. 



Here y' reduces to the point I'. The corresponding sheet I' of the 
focal surface, is a part of the axis A. As for the second center of prin- 
cipal curvature I at M, this is the center of curvature at M of the 
meridian F; y is the developed plane of r and Z is the surface of 
revolution engendered by y. turning about A. The plane AI'M is perpen- 
dicular to the tangent plane to E at the point I. 

If at a point M' of F, not situated on A, the tangent is parallel 
to A and if, moreover, the center of curvature of T at M' is seen to be 
identified with P' , the projection of M' on A, then M' is an umbilic. 
In all, we will obtain a parallel whose points will be umbilics and through 
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each point of this parallel, there will pass only one other line of curvature 
if M' is an isolated point having the indicated property. 

The points of inflexion of r provide parallels whose points are para- 
bolic points; it is the same for the points of r at which the tangent is 
perpendicular to A. A point of inflexion M" of r at which the tangent is 
perpendicular to A provides a parallel for which every point is a flat point; 
through each point of this parallel, there passes two lines of curvature, r 
and r'. 

If r intersects the axis A at an ordinary point Mq and if the 
tangent is perpendicular to A at this point Mq, then Mq is an umbilic, 
the lines of curvature r end at Mq and the lines r' encircle this point. 

The Theorem of Joachimstal . Tuo surfaces S and S' having in common a line 
of curvature Ï, intersect at a constant angle along Y. Conversely, if S 
and S' intersect at a constant angle along a curve T which is a line of 
curvature for then T is also a line of curvature for S'. 

This is a consequence of the theorem relating to the developments of a 
curve r: any two developable surfaces engendered by the normals to F inter- 
sect at a constant angle along r (no. 213). If S and S' have a line of 
curvature I" in common, then the normals MN and MN' to S and S' at 
any point M of r, make a constant angle. Conversely, if F is a line 
common to S, and S' is a line of curvature of S, then MN engenders a 
developable surface. If the NMN' is constant, MN' also engenders a 
developable surface, and f is a line of curvature of S'. 

EXAMPLES 

I. If a surface S is intersected at a constant angle by a plane ir 
along a line T, çhen V is a line of curvature of S. For this can be 
regarded as a line of curvature of tt (the normals to tt along r form a 
cyl inder) . 

II. If a. surface S is intersected at a constant angle by a sphere along 
a curve V, then T is a line of curvature of S. For it is the line of 
curvature of the sphere; every line of a sphere is in effect a line of curva- 
ture since the normals to the sphere along this line form a cone. 

AN APPLICATION TO THE STUDY OF UMBILICS 

Let us assume that all the points of a part S of a surface (con- 
stitutinr a two-dimensional domain) are umbilical points. If Mq is a point 
of S and MqNq the normal at this point, then apply plane passing through 
MqNq intersects S along a line of curvature, and hence at a constant angle, 
following Joachimstal' s theorem. This is a right-angle since it is so at 
Mq. Therefore, the normals to S at the points of the plane section in 
question are in the plane of this section. The normals to S intersect 
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MqI y They will also intersect the normal to S at another point , i.e. 
they will pass through the point of intersection of MqNq and M-jN^. Let C 
be this point at a finite or infinite distance. The sections of S through 
the planes passing through C, are the arcs of a circle of center C since 
their normals tend to the point C, unless C happens to be at infinity; this 
is the case where we would obtain a straight line. S is part of a sphere or 
part of a plane. Thus: Uhen all the points of a part of S constituting a 
dornain, are umbilics without being flat points ^ then this part is spherical. 
If tne of these points is a flat point, then this part of S is planar. 

Remark . When S is analytic, the fact that a piece of S is a plane or a 
sphere implies that S is a plane or a sphere. But if S is not analytic, 
it is clear that one piece of S could be part of a plane, another that of a 
sphere, without S being entirely deprived of the properties of derivation 
whtfh are assumed. 

TRIPLY ORTHOGONAL SYSTEMS. THE THEOREM OF DUPIN 

Let us assume that in a domain A of the space, we have defined a 
system of three sheaves of surfaces S^(X), S2(y), S^lv) depending on the 
parameters X,y,v respectively, such that through each point M of A, there 
passes one and only one from each sheaf and that these surfaces intersect 
orthogonally in pairs, fcfe say that such a system is a triply orthogonal 
System, 

I The orthogonality conditions imply that the surfaces intersect in pairs 
along curves which themselves form a triply orthogonal system. By restricting 
A, if needs be, we can assume that, to a system of values X,y,v, there 
corresponds a single point of intersection of S^,S2,S2, M say. The vector 
'^(A,u>v) allows us to define the surfaces S^,S2,S2 by assuming A, or y, 
or|v to be constant, and their curves of intersection: of S-j and $2 
(A and y constant), Cj of S2 and S^ (y= const., v= const.), C2 of 
$2 and S^ (v= const., X= const.). 

I At the point fi, the normal to S^ is defined by f?^ , the tangents to 
the curves and C2 are given by f^^ and 1^'^ ; these two tangents are 

ortihogonal. We are going to show that they are conjugate. In order to verify 
this, we need to prove (no. 227) that 



J 



= 0 . (38) 

X yv ^ ' 



Now we have 

I M;^' H 0. !^;f^' = 0, f*'f^' = 0 , 

I Ay A V y V ' 

by differentiating the first identity with respect to v, the second with 

respect to y and the third with respect to A. We obtain 
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M'M" s -M" M' 
'A 'pv ' Ay" 'v * 




On combining these three identities, we obtain the equation in (38). Thus, 
the lines and C2 situated on are orthogonal and are conjucate; 
these are the lines of curvature. From this we deduce Dupin's theorem: 

The surfaces of a triply orthogonal system intersect along their lines of 
curvature. 

Example . An ellipsoid belongs to a triply orthogonal system formed by the 
ellipsoids and hyperboloids with one and two sheets which are homofocal to 
it; its lines of curvature are therefore curves of intersection with the homo- 
focal hyperboloids. These are the biquadrics defined by the equations (9) of 



We shall discuss some other applications of Dupin's theorem, at a later 
stage. Let us remark here, that the lines of curvature of the paraboloids 
which are not those of revolution, are also obtained from a triply orthogonal 
system defined by 



230. Spherical representation . 

If S is part of an ordinary surface, H^O, then at each point 
M(u,v), we can define the unit vector of the normal by 



(no. 223). If, through a fixed point 0 (which can be assumed to be the origin 
of the axes), we take a vector equipollent to N, then the extremity y of 
this vector remains on the sphere o of radius 1 and center 0. If the 
surface S is developable, then the point y describes a curve which is the 
indicatrix of the binormals of the edge of regression. We shall put this 
case aside. 

When M describes a curve r on S, y, in general, describes a curve 
Y of the sphere o. This curve y is the spherical image of V. If M 
describes a small closed curve r on S, then y, in general, describes a 
small closed curve y on a and, if r remains sufficiently near to a point 
MiQ, there exists a bijective correspondence between the points of S inside 
r and the points of 0 inside y. interior of V is represented 

bijectively on the interior of y. It is clear that, to the corresponding 
points M, y, the tangent planes to S and a are parallel. In the 
particular case where S is a convex surface, the correspondence between the 



no. 221. 



2 2 



-f-^ + ;fY - 2z + A = 0 
p-A q-A 



(P ^ q) 
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points M and the points p of the spherical representation, is bijective 
on all the surface S. 

Remark . If S is tangent to a plane along a line (the case of extrerre 
parallels in a torus), then to this line, there corresponds only one point in 
the spherical representation. We have 

dy = dK = iî'du + fî'dv . 
u V 

The vector fï being unitary, and ïî^ are perpendicular to it; they are 
parallel to the tangent plane S at the point M, and hence are of the form 

K = "^K * • % ' "^'K * ""'K ^^^^ 

where m, n, m' , n' are calculated by scalar multiplication by ff^ and 

mE + nF = iî'ïï' , mF + nG = fî'f^' ; 

u U U V 

m'E + n'F = fï'F^' , m'F + n'G = . 

vu V V 

Now we have 

- 0. K% - - - " H 

= - c . 

and similar equalities. Hence 

mE = nF = -C , mF + nG = -B 

m'E + n'F = -1, m' F + n'G = -N . 

These relations yield m, n, m' , n'. We have 

mH^ = OIF - CG , nH^ = CF - El j ; 

m'H^ = NF - fflG , n'H^ = IF - EN ) . 

It follows that 



(40) 



(iwi' -m'n)H^ = CN- 1^ . (41) 



The Gauss formula . The element of area on the surface S is 
dS = Hdudv , H = I^I^Aff^l 

On the sphere o, the corresponding element of area is 

ào = Irï^jAÎÎ^Idudv . 

In the second member, we have, on account of (39), 
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fî;^Atî; = (mn' -ni'n)f^;^Af^; . (42) 
It follows that 

Tç - mn - m n - , 

**5 EG - 

and, on applying formula (29) which gives the total curvature, we obtain the 
Gauss formula 



do 
dS 



1 



^1^2 



(43) 



The total curvature at a point M of a surface is the limit of the ratio of 
the area of the spherical representation of the interior of a small closed 
curve r about t o the area of the interior of when T tends toward 
H. 

Following the equality in (42), the normal vectors to S and o at 
the points M and u, 

f^' Af^' , A (44) 

U V ' U V ^ ' 

are of the same or opposite sense cepending on whether mn' - m'n is positive 

or negative respectively, i.e. whether the total curvature is positive or 

negative respectively [for on account of (41) and (29), we have 

R^R2(mn' - m'n) = 1]. 

If the vectors (44) are of the same sense, then about the normals to 

the points M and m, the sense of rotation of towards f?^ on one hand, 

and that of ^' towards fî' , on the other, are the same. Under these condi- 
u V 

tions, when a point describes a small closed curve about M in the sense of 
fi^ towards then the corresponding point will turn about \i in the same 
sense. The senses of rotation about M and y, when a point of S describes 
a closed curve about M and the spherical image undergoes the corresponding 
displacement, are therefore the same when the total curvature is positive. 
They are opposite if the total curvature is negative. 

THE CORRESPONDENCE BETWEEN THE DIRECTIONS ON S AND ON a 

On account of the relationships in (39), the relation between a direc- 
tion passing through M on S and the corresponding direction passing through 
y, is homographie. In order to study this relation, it suffices to observe 
that to the direction dfn of S, there corresponds on a, the direction dN. Now, 
given that 6pi is the conjugate direction of df^, we know that dfîôfi=0 [formula 
(35)]. Hence: To a given direction df[ at the point M, the spherical represen- 
tation assigns the perpendicular direction to the conjugate direction 6^. 
It follows that: 
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A principal direction is parallel to its spherical representation. 

An asynptotia direction is perpendicular to its spherical representation. 



II. GEODESIC CURVATURE AND TORSION 
GEODESICS - ISOMETRIC SURFACES 



23 



by 



The trihedron of Darboux-Ri baucour. Geodesic torsion and curvature. 



Let us consider an ordinary point M (H ^ 0) on a surface S defined 
fi(u,v). The unit normal is always defined by 

Given a curve r on S, passing through M and admitting this point 

as an ordinary point, the trihedron of Darboux-Ribaucour relative to S and 

T is the trihedron defined by the unit vector t of the tangent to r at 
M, a unit vector g such that 

g = fÎAÎ , 

and the vector îî. The trihedron t, g, fï is a direct trihedron. We shall 
always denote by n and S respectively the unit vectors of the principal 
normal and of the binormal of r. In figure 77, g, ^, n, B are in the plane 
of the figure; t normal to this plane, is foremost. One passes from the 











3 









Fig. :7. 

Frenet-Serret trihedron to that of Darboux-Ribaucour by a rotation about t. 
It is deduced from 6, which is the measure in the plane g, K (or n, ^) 
of the angle through which n must be turned, in order to position it on fï. 
Following the well-known trigonometric formulae, we therefore have 



and 



N = n cos e + b sin e 



g = ]^aÎ = cos e + n sin 6 . 
Similarly, since the angle n makes with g, is j - 6, we have 

n = gsin e + îïcos 6 , & = -g cos 6 + îîsin e 



The 



PonrLilae of Frenet-Serret, then become 
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d? _ n _ sin e . cos e * 

D 9 D N ' 



ds R 



g = (Ssin e + ÏÎCOS e) - f cos e + ^ sin 8 



(-ffsine + ^cose) ^ + gsin6+^cos 9 



= -f g-^ine.(M)cose=-(i.g)g 
We have the transformed formulae 



^ COS 8 



As 



ds 



dt 


sin 


ds 


R 


do . 


t 


ds 


R 


di$ 


t 


ds 


R 


t, g. 


only 


cos 8 




R 


• 



(45) 



cos e 



1 . de 
T * ds 



are the same for all curves of S having the same tangent at M. We know 

this already for the first quantity; this is Meusnier's theorem; ^ is 

1 

the curvature of the normal section, , where R.^, has a sion. 

The geodesic curvature of V at the point W, is the quantity 

J_ sin 9 

Rg - R • 

and the geodesic torsion of T at M is the number 

1 _ 1 0. de 
- T^d? • 

By introducing these numbers, the formulae in (45) are written 
d? - 1 + J_ da _ 1 + X 
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The calculation of the geodesic torsion. Bonnet's fonnula . 
Enneper's formula . 



The geodesic torsion is obtained by scalar multiplication of the second 
formula in (46) by fï, or the third formula by g. We have 



X 

T. 



and, since g = ÏÎAt, 



ds 



1: diï 

■9 d? 



(47) 



But, on account of the property of the double vector product, we can also 
write 

I Hg = (fi;Afîi;)At = (?f5i;)fî; - 

and, as 



I 



we obtain 



Ï 



tds = dM = M'du + M'dv 
u V 



Hgds = (Edu+Fdv)M^ - (Fdu+Sdv)M^ 



On tte other hand. 



Î 



dN = N'du + N'dv 
u V 



(48) 



(49) 



and, we have seen (no. 230), that 



u V vu 

the lyoduct of (48) and (49) therefore yields 
gdfÏHds = (Fdu+ Gdv)(Cdu + n!dv) 

- (Edu + Fdv)(ffidu + Ndv) . 
It follows that 



1 



j(Edu+ Fdv)(Edu + Ndv) - (Fdu + Gdv)(£du + flldv)j . (50) 



Hds 



Remark . This formula shows that the sign of Tg does not depend on the 
sense of direction chosen for the curve in question. 

Bonnet's formula . If we take the point M to be the origin 0 and if for 

Ox, Oy, we take the principal tangents and for Oz the positive normal, then 

by assuming that the parameters are x and y, we will have: 

E=G=1, F = in=0, H=l, C=r, N=t, 



Copyrighted material 



Theory of Surfaces 



71 



and 

_L - (t-r)dxdy 

T " .2 • 

g ds 

On setting dy=tga)dx, we see from no. 224 that the normal curvature is 

then given by the Euler formula, 

1 2 .2 

p- = r cos (jj + t sin u) . 

N 

The geodesic torsion is 

J- = (t-r)sin 0) cos (jj = (J — J- ) sin co cos u , (51 ) 

where and are the radii of principal curvature corresponding to the 

sections a)= 0 and oj = J. THIS IS BONNET'S FORMULA. 

THE CASE OF ASYMPTOTIC LINES 

In order for a line r to be asymptotic, the osculating plane is 
tangent to the surface S. We can assume that the sense of direction is 
chosen in such a way that the trihedron t, n, fï is direct; then the Frenet- 
Serret trihedron coincides with that of Darboux-Ribaucour and we have 9 « ^ . 
The geodesic torsion is equal to the torsion of V: the geodesic curvature is 
equal to the curvature of V. The torsion of an asymptotic line is therefore 
given by 



0) 



with 



.2 r 



«2 



tga)=-:^=-^ , tgcu 



We therefore have 



!2 . I. 
R^ «2 



The torsions of two aaymptotic lines passing through M (the case of one 
hyperbolic point) are opposite. We have 



T = ±yj^^ . 

THIS IS ENNEPER'S FORMULA. 
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Geodesic curvature and t he ce nter of oeodesic curvature. Bonnet's 
theorem. 



The calculation of the geodesic curvature evolves from the scalar multi- 
plication of the first formula (46) by g. We have 



1 



sin e 



9 d? 



where g is given by the formula (48). On the other hand, by assuming that 
we hjive taken the arc of the curve r as parameter, we have 

t = f^'u + f^'v' , 

U V 

$ = f^" u'^ + 2r^" u'v' + ^" v'^ + f^'u" + f^'v" . 
ds uu uv vv u V 

On tiking the product of this last equality and the two members of (48) and 

takinq account of the values of M'^" and f^'f^" calculated in the course 

u vv V uu 

of the proof of the Gauss theorem of no. 226, we immediately obtain 



_H_ 
R_ 



H^(u'v" - u"v' ) + 



(52) 



Eu' + Fv' i e;^u'2 + e;.u'v' (f; - 1 gJv 
Fu' + 6v' (f;^ - \ e;)u'2 + g;^u'v' + 1 g;v' 



We see that the geodesic curvature, as in the case of the total curva- 
ture, only depends on E,F,G and their derivatives, and also on the elements 
of ^ This is a veritable geodesic element (see no. 236). 

THE CENTER OF GEODESIC CURVATURE 

The center of geodesic curvature of the curve r at the point M, is 
the pbint of intersection of the axis of curvature of r at the point M, 
with the tangent plane to S at M. It is therefore situated on the axis 
taken by g, its distance to M is R^. 

Bonnet's Theorem . Let us ooneider a simply aonneated region of an ordinary 
surface S, bounded by a single closed curve T. If R^ and R2 are the 
radii of principal curvature at a point M 0/ S, dS the element of area 
at tl^s point and the radius of geodesic curvature at a point of T, then 

we hc^/e 

f/i" '''f(42 ■ 
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where the integral ie taken on T in the direct eenee with respect to the 
positive nomal defined on S. 

We shall first of all prove the theorem by taking a sufficiently small 
domain on A in order that it corresponds bijectively to its spherical repre- 
sentation. When M describes r, then the vector g is directed towards the 
interior of r. The first member of the equality in (53) is 



0 dt 



When M describes r, then the point u of the spherical representation 
describes a closed curve y. We assume that the interior of y corresponds 
bijectively to A. This implies that the total curvature is of constant sign 
in A. In effect, if, on both sides of a line r' of S, the total curvature 
is of opposite sign, then the correspondence between S and the sphere o is 
of a different sense; direct on one side and inverse on the other (no. 230): 
the spherical representation is recovered where y has a double point (the 
case of the torus) (fig. 78). 






Fig. 78 

If the total curvature is positive^ y follows T in the direct sense with 
respect to if the total curvature is negative^ then y passes in the 
inverse sense. 

Let us take two unit, rectangular vectors x p in the tangent plane to 
o at the point u; these are derivable functions of the position of u, i.e. 
of s, such that x, p, IN form a direct trihedron. We have 

t = T COS (i) + psin u) , g = - T sin w + pcos to , 

where the angle oj is di fferentiable with respect to s. It follows that 

-*• ->• -> -> 

g dt = doj + p dx , 

and we have 



r g dt = /* dcj + r p dx 
•'r y 



(54) 



where the sense of direction on y is direct if R^R2>0, inverse if R^R2<0, 
with respect to the normal Op. 
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When u describes y, the angle co varies and re-attains its initial 
value at a multiple of 2ti since the vectors t and t recover their 
initial position. The first integral in (54) is equal to Zirm, where m is 
an integer. Let us consider the second by assuming, for example, R^R2>0. 
Let 

corresponds to 



V]q be a point outside of the domain 6 of the sphere 



We can assume 



to be on Oz 



a which 
and we can take, on the 



sphere, spherical coordinates: <^ the angle of the plane uOz with Ox and 
1// the angle of Op with Oz (fig. 79). We may allow ourselves to take 



T = -1 sin ()) + J cos $ , 
where T, j, t are unit vectors along the axes Ox, Oy, Oz. 



Since 



we have 




Fig. ?». 



iï = Op = Tcos (J) sin + J sin <|) sin + ic cos 1/» , 



p = fÏAT = -Tcos ((I cos \li - Tsin ((»cos + Ksin if) , 



hence, since we also have 

dT = - (T cos (() + J sin (j))d(() , 



Now 



pdx = cos ^ d<p 



f 



cos 11x14) 



can be transformed by the Riemann formula into the plane (t^,<))). In this 
plane, the origin <p=0, ii'=0 is the image of Uq', it is outside the curve 
Yi corresponding to y and is taken in the direct sense. For y 
can be assumed to be near to Uq and \l) takes the role of a radius vector 
and <J) that of a polar angle. We therefore have 



y cos \l)d^ = - IJ" sin \i) d(()dij» = - JJ" do 



(55) 



where da is the element of area of the sphere. Now we know that, on account 
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of the Gauss formula, we have, since R, R^>0, 

i c 

do = . (56) 

If R^R2<0, Y is taken in the inverse sense, it is necessary to change the 
sign of the second and third member of (55), and that of (56). By means of the 
hypotheses established, we then have in both cases 

ft - A ^ 



When we vary r continuously, the integrals of both members of this formula, 
vary continuously, hence m remains fixed. Now, if r is a section of S 
through a cylinder of revolution whose axis is the normal to S at Mq and 
the radius e, we have on taking as the axes MqX, Mpy and MqZ, identified 
with the normal , x=ecosu, y = £sinu, 

2 

e 2 2 

z = -J- (r cos u + 2s sin u cos u + t sin u) + • • • 

and we can say that the osculating plane at every point of this section tends 
towards the tangent plane at Mq when e tends towards zero. The ratio of 
the radius of geodesic curvature to £ tends towards 1, the length of the 
curve is Z-nz to within a factor which tends towards 1, and the first member 
of (57) is near to 2tt when the integral of the second member tends towards 
zero. Hence m = 1 . 

Bonnet's theorem is thus established under the following conditions: 
A corresponds bijeatively to its spherical representation and the total 
cxATVature has a constant sign in A. 

In order to complete the proof, it would perhaps help to see the state- 
ment is modified if r has angular points between which it is an ordinary 
curve. To an angular point of r, there corresponds an angular point of y 
and at such a point u, the angle w which appears in (54), has a discontinuity, 
and the above argument no longer applies. But let us consider a curve r pre- 
senting an angular point at Mq and elsewhere satisfying the other conditions 
mentioned above. Let a be the angle of the tangents at Mq taken in the 
sense of motion on r (fig. 80). 




We can trace a cylinder of revolution of radius z whose axis is parallel to 
the normal to S at Mq, tangent to at two points M-j and M2 situated 
on both sides of Mq, and replace r, between M^ and M2, by the section 
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of the surface S by this cylinder. Formula (53) applies to the curve 



r thus modified, r' say, and to the domain A' which it bounds, and, when 
e tends towards zero, the integral of the second member taken in A' , tends 
towards the integral taken in A. 

In the first member, we must replace the integral of p- taken on the 



The last integral tends towards zero with e. The preceding one, in 

whicff the ratio of R„ to e tends towards 1 following the remark made 

g s 

above, whilst the arc of integration is equivalent to ae, tends towards a. 
The formula (53) holds true which the condition of including a in the first 
member. The calculation also goes through if a is negative (the angle of 
reentrance). If there are several angular points, we must add the correspond- 
ing angles to the first member. 

Let us assume then, that given the total curvature has a constant sign 
in Û, A does not correspond bijectively to its spherical representation 
(the conditions of the statement of the theorem having been satisfied). We 
will assume that it is possible to partition A into a finite number of 
domains corresponding bijectively to their spherical representation, by con- 
structing lines which will introduce the angular points. We apply the formula 
to each partial domain and add up. For example, if there are four domains 
(fig. 81), we will have in the first member of the formula, the integrals 
relative to the geodesic curvature which will yield the integral taken on F; 
the others are removed pairwise. The angles 1, 2, 3, 4 will all give a sum 
4ir and the angle 5 will give Zir, We can indeed see that the formula (53) 
holds true. 



We proceed in a similar way if the normal curvature is zero on 
changing sign on certain lines. 

The theorem is thus established and we see that we can add the 
following corollary: 

Corollary . The Bonnet formula (S3) remains true if T presents n angular 
pointa, with the condition of adding m - to the first member, where 

the ttj are the angles of T at the angular points measured in the interior 
of A. 



arc 



M^jM^ of r' by the integral taken on MiMqM2; we have 
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2 34 . Applications of geodesic torsion 

Following the Bonnet formula (51) of no. 232, a line whose geocesic 
torsion is zero at every point is tangent at each point to a principal tangent 
it is a line of curvature. Consequently: The lines of curvature are lines 
whose geodesic torsion is constantly zero (a necessary and sufficient 
condition). 

Let us assume that we consider lines r of the surface S such that 
the normals to S along one of these lines r engender a developable sur- 
face. If M is a point of such a line r, then a point of the normal at M 
is defined by 

and we must seek those conditions in order for the point P to describe a 
curve whose tangent is MP, and hence of the form yiî. We have 

_ + dX jï . , d^ 
ds ' ds ds ^ ds ' 

and, on taking account of the third formula (45), 



f=Î.^R.>(.icose)-,,(l.f)î 



or 



d^./i , cos e U Jl.deW.dX 



We must then have 

T ds " ' CCS e ' 

and this is sufficient. 

The curve is defined by the first condition; geodesic torsion zero; 
this is a line of curvature. The second condition gives the characteristic 
point of the normal; this is the center of normal curvature. We thus recover 
the results of nos. 228 and 229. 

Likewise, we recover the theorem of Joachimstal in no. 229. I' S 
and intersect along r at a constant angle and if T is the torsion of 

r at M, e and the angles of the osculating plane at K with the 
tangent planes to S and S-] at M, then we will have 9^ = 9 + const., 
hence 

1 + de - 1 + ^ 
T ds ' T ds 

and if one of the members is zero, the other is also. We indeed deduce the 
statement of Joachimstal ' s theorem, and likewise the converse. 
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Dupin's theorem on triply-orthogonal systems (no. 229) can be obtained 
without calculations. Taking the notation of no. 229, we initially see that 
the geodesic torsion of C^, for example, is the same, whether is con- 
sidered on S-j or on this results from what has just been said concerning 
Joachimstal ' s theorem. Let then, , T2 and be the geodesic torsions 
of C-j , C2 and respectively on the surfaces on which they are found. As 

and C2 are orthogonal on S^, the Bonnet formula (51) shows that their 
geodesic torsions are opposite; we will therefore have 

+ = 0 , "^2 "^3 ^ ° ' "^3 "^1 ° ' 

which Implies "^i ~ "^^2 * ^3 " ^' ^l ' ^2 ^^'^ ^3 lines of curvature on 
their respective surfaces. Q.E.D. 

235. Geodesic lines. The Gauss theorem. 



2 

In no. 202, we called the geodesies of a surface S given by its ds , 
the lines of the surface which minimize the integral /ds. We have seen that 
the lines obtained, as defined by the Euler equations, give at least a weak 
minimum between two neighboring points. If, instead of taking the parametric 
representation, we take the parameter u as variable, then the extremals, 
which correspond to 

B 



E+2Fv'+Gv'^ du 



A 

are given by 



^ Ve+2Fv'+Gv'^ - 4- = 0 • (58) 

dV ' du I 5- 

Ve+2Fv'+Gv' 



This is a second order differential equation in v; the coefficient of 
v" is never zero. Within a small domain, we can define a sheaf of extremals 
(hence, of geodesies), for example, orthogonal to a given curve, and such that 
through each point of the domain there passes one and only one. In the domain 
in question, we will take these geodesies as coordinate lines, which will be 
the lines v= const., and their orthogonal trajectories. Under these condi- 
tions we have F=0 and the equation (58) must be satisfied for v' = 0, hence 
we have 

^ = 0. /r= x(u) . 

When we change the parameter on the geodesic by taking: 
U = fx(yi) du . 

2 

the ds will take the form: 
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ds^ = uU^ + G^(v,U) dv^ . 

Hence, if we oBBwne a part of the surface is referred to a sheaf of geodesies 
and to their orthogonal trajectories, and if the parameter on the geodesies 
is the arc of these curves, we have 

ds^ = du^ + Gdv^ . (59) 

The formula (52), which gives the geodesic curvature, then shows that for 
u' = 1 , v' = v" = 0, this curvature is rero. The geodesies have a zero geodesic 
curvature. Conversely, the lines whose geodesic curvature is constantly zero, 
are obtained by equating the second member of the equation (52) to zero. They 
are given by a second order differential equation when u is taken to be the 
variable and v as the unknown function. There exists one and only one of 
these curves which passes through a point and which is tangent to a given 
direction at this point. It therefore coincides with the geodesic passing 
through this point. Consequently: 

The geodesies are lines with zero geodesic curvature. 

Remark . Starting from equation (59), we can verify directly that the lines 
v= const, have their osculating plane normal to the surface S at each of 
their points. Let t and n be the unit vectors of the tangent and of the 
principal normal at the point M of the geodesic v= const. We have ds = du, 
hence: 

u R uu 



Now - 0 gives, on differentiating with respect to u, 

-♦• 
n 

1? V " uv 



u V 



and since 



rï'^ = 1 , fi'f^" = t f^" =0 , 

U U UV UV * 



we have; 



The vector n is hence normal to S. 
CONCLUSION 

Since the curves with constant zero geodesic curvature are the curves 
with osculating plane constantly normal to the surface, since sin 6=0, 
6=0 or IT, and conversely, we see that 

The geodesies are the curves whose osculating plane at H is con- 
stantly noxmal to the surfaae at the point H. 
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At each point N, the geodesic torsion of a geodesic Is equal to Its torsion 
(de«0). It follows that: 

îht gêodÊHo toreian of eny aurm T at eaty ent of its point» is ths 
torsion of ths gsodssio uHtidh is tengsnt to T at this point* 

Theorem. If we aonsidey a i-eaular sheaf of gedesics f c:rui their orthogonal 
trajectories F' in a dariain, then the area interseoted by two curves F' on 
the geodesies V are all equal. 

To say that the sheaf is regular, is to say that through a point of the 

domain there passes one and only one geodesic of the sheaf. We have a field 

2 

of extremals (no. 196). Then the ds can be put into the form (59), which 

2 

we call the geodesic for^. of : he ds . The arc of the geodesic taken between 
two curves T' , u=Uq, u=u, is 



/ 



du ■ u^ - Uq 



Uq Q.E.D. 

The curves r' are geodesioally parallel. 

The condition of transversal ity Is therefore a condition of orthogonality 
In this case. 

RBwarks. I. When ne Join two points AB of S by a geodesic arc taken froa 
a regular sheaf* then the ds'' can be put Into the fom (59). The ere AB 
Is equal to u^ - Uq; an arc of a neighboring curve has as Its length 



B "l 

/^du^+Gdv^ > j du 
U/i 



(Uq^ u^) 



since 6>0. Me have a strict mlnlnun on the arc AB with respect to the 
curves of the field. This proof Is due to Derboux. 

II. In particular, we can consider the geodesies passing through a point 

and their orthogonal trajectories near to this point. These trajectories 
are closed curves; they define the curves that play the role of circles. (He 
can define then by taking on each geodesic, froM 1^. an arc of a given 
length. ) 

The Theorem of Gauss. The total curvature 



ds 



of a singly connected rsgion à of the surface bomdsd by a gsodssio 
polygon famed by a finits mâétsr n of geodBsie eeeos, is sqml to ths sm 
of its intsrior esiglss Isss (n-2)Tt. 
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In effect, this total curvature Is given by 




on account of the Bonnet theorerii of no. 223, where the otj are the Interior 
angles of the polygon r, and the integral on r Is zero since the geodesic 
curvature is zero on the geodesies. 

Remarks . The Gauss theorem (1827) long preceded Bonnet's formula (53) (1848). 
When there exists a closed geodesic line bounding a simply-connected domain, 
the total curvature of the Interior of this line (the integral of the total 
curvature of the interior points) Is 2ir. 

GEOMETRY ON A SURFACE 

If we retain the usual significance of the angles and allow the geo- 
desies to play the role of lines on the Euclidean plane, then we obtain a non- 
Euclidean geometry on the surface S. The sum of the angles of a triangle (a 
geodesic triangle, n«3) is 

A ' ^ 

2 

For a surface with constant positive curvature, a * R^R2>0 throughout S, 
we have an analogous geometry to that obtained on a sphere. This Is a 
Rlemannian geometry; the sum of the angles of a triangle is greater than k. 
If the surface has constant negative total curvature, with -a ' R^R2<0 
throughout S, then the sum of the angles of a triangle is less th«i ir; we 
have a Lobatchewskian geometry which was firstly studied by Beltrami; It Is 
similar to the Poincaré geometry (1,166). 

236. Isometric surfaces 

Given two surfaces S and every pair of parametric representations 
of these surfaces establishes a point correspondence between the points of 
these surfaces. For, if M(u,v) is a point of S defined in terms of two 
parameters u, v, then the assignment of this representation of S establishes 
a correspondence between the points of S and the points mCu,y} of the plane 
of the (u,v). 

If M^(ui,v^) is a point of , it corresponds to a point m^lupV^) 
of tha plane of the (u^,v^). We may assume that the planes (u,v) and 
(u^,v^) are identified (u^ = u, v^-v), or establish a correspondence between 
their points; we will have defined a correspondence between the points M anc 

of S and . We shall always consider matters in these regions of S 
and , restricted if necessary, in which these correspondences are bijective. 
This has always been the case up to now, in order to obtain the correspondence 
between M(u,v) and m(u,v). 
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Definitio n. We aay that S and S-j are isometric to each other when it is 
possible to eatablieh a correspondence between their points M and such 
th^t every curve arc described on S, there corresponds an arc of the same 
lerigth described on and conversely. 

I For this to be so, it is necessary and sufficient that, for M(u,v) 
taken on S and M^(u,v) to be the corresponding point of , we have 



ds. 



ds 



with 



ds 



^Edu 



^+2dudv+Gdv^ 



ds^ = 



du^+2F^dudv+G^dv^ 



If we assume A (hence A^ ) to be fixed and B (hence B^ ) to be variable 
on a given curve and v a function of u on this curve, then the equality of 
the integrals (60) implies the equality of their derivatives with respect to 
u. We must then have: 



+ 2F^v' + G^v 



.2 



an( 



E + 2Fv' + Gv" 
is arbitrary; it is necessary then that 



El HE. 



1 



F. 



G^ = G 



(61) 



These necessary conditions are actually sufficient. Consequently: 

In order for a surface S-j to be isometric to a surface it is 



ne^^Beary and sufficient to be able to find parametric representations of 

th3ee surfaces as functions of the same parameters u,v such that the 

2 

id^tities in (61) are obtained, i.e. such that the ds are the same. 

In short it is necessary and sufficient for the surfaces to have a 
2 



'■J 

îame ds** 
f To 



see that two surfaces defined by M(u,v) and Mi(ui,Vi) are iso- 



metric, it is necessary to determine u^ 
such that we have 



and 



as functions of u and v 



2 2 
E^du^ + ZF^du^dv^ + G^dv^ 



Edu^ + 2Fdudv + Gdv^ 



which yields three equations with partial derivatives such that 

2 



■iV 3u/ 



+ 2F, 



3Ui 3Vi 



These equations, which contain only two unknown functions u-j and v^ , must 
be compatible, which will not be the case if S and are arbitrary. 
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ELEMENTS PRESERVED IN THE ISOMETRY 

2 

If S and are isometric hence have a same ds and a saire first 

fundamental form; then all the geometric elements only depending on E,F,G, 
their derivatives, and the derivatives of u and v with respect to a para- 
meter, and corresponding, will be the same on S and S-j . Consequently: 

The cnglea of two curves at their points of intersection are the same 
aa the angles of their homologues (following no. 222). 

The total curvatures of S and S-j at two homologous points M,M^ 
are the same (no. 226). 

The geodesic curvature at H of a curve T of S is equal to the 
geodesic curvature of the curve homologue T of at the point the 

homologue of M (no. 233). In particular: 

The curve on S^ corresponding to a geodesic of S is a geodesic of 
S^. The geometries on two surfaces isometric to each other, are the same. 

Remark . The geodesic torsion of two corresponding curves on two isometric 
surfaces, is not generally the same at two corresponding points. 

A SURFACE ISOMETRIC TO ITSELF 

In particular, a surface can be isometric to itself without the 
correspondence being an identity. A surface of revolution is isometric to 
itself in an infinity of ways; it suffices to consider a rotation about the 
axis. Every surface isometric to a surface of revolution will be isometric 
to itself, where the map depends continuously on one parameter. 

The sphere is isometric to itself in an infinity of ways; to a point 
and a direction at this point, we can assign a given point and a given direc- 
tion, where the maps in question depend on three parameters. This will be 
the case for every surface isometric to the sphere. In order for a surface 
to be isometric to itself in such a way that we may choose the point 
corresponding to a given point M^, arbitrarily, it is necessary for the total 
curvature to be constant. We shall see in no. 237 that this is sufficient. 

THE DEFORMATION OF A SURFACE 

We say that we can deform a surface S when it is replaced by another 
surface S-j isometric to S. This may be realized in material terms when 
the surface is a thin metallic plate susceptible to curvature without it being 
bended. The deformation is then continuous. We have not demonstrated the 
possibility of such an operation. 

237. Example s. Bour's theorem. Surfaces with total constant curvature . 

In the equations (6) of a surface of revolution, we can evidently set 
<(>(u) = u. The surface 

X = u cos V , y = usinv , z = ^{[x) 



84 Theory of Surfaces 

has then for its ds^ (no. 222) 

ds^ = [1 + i;;'(u)^]du^ + u^dv^ . (62) 

2 

This ds can be reduced to the geodesic form: the meridians are geocesics 
and the parallels are orthogonal trajectories. 

Bour's Theorem . Every helicoid is isometria to a surface of revolution. 

In cylindrical coordinates, a helicoid of which Oz is the axis, has as its 
equations 

X = r cos 0) , y = r sin u) , z = ato + x{i^) . 

2 

where a is a constant. Its ds is 

ds^ = [1 + x'^(r)]dr^ + 2ax'(r)drdcj + (r^ + a^)du)^ . 

We can decompose this expression in such a way as to allow a substitution of 
the term in r and dr. We have 



ds^ = (r^ + a^) 



J\ ^W|''(0 dr^ 



L 



^ - , 2 - 

r +a a +r 



If we define u and v by 



irX 



-f dr , 

' J r''+a 

we obtain 



u -a 



This expression takes the form of (62); in order to establish the identity, 
it suffices to take 



u -a 



i{)(u) will be given by a quadrature (the constant of integration corresponds 
to a translation along Oz, the axis of the surface of revolution; we can take 
it to be arbitrary). 

In particular, the right helicoid. with a direction plane corresponds to 
x(r) H 0, we have v = w, and 
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7 . I* = a /* « a arg ch J . 



M -a- 



adif 



The surface of revolution to which this helicoid is isometric, is generated by 
the rotation of a pole-chain about its base; we call it a catenoid. The recti- 
linear generators of the helicoid, tij= const., correspond to the meridians 
v= const, (these are indeed geodesies). 

Remark . 21m dtvelqpoibU hmliooid engendered by the tangents to a circular 
helix, correspond to 



x(r) = a 



-àrc tg ♦ 



Mhere b Is a constant. Here, we have 
♦(u) - I u . 

The surface of revolution is a cone in tliis case; this is an immediate 
consequence of the fact that, given the surface is developable, it can only be 
isometric to a developable surface. 

SURFACES MITH CONSTANT TOTAL CURVATURE 

9 

Let one such surface and Its ds In the geodesic fonii 

ds^ - du^ + Gdv^ . 

Ue M^y assuae that the sheaf of geodesies utilized Is formed by geodesies 
CMnatIng fron a point obtained for u-0, hence G(u)sO. Furthermore, 
bjy changing the paraneter v, we can also assune that ^ (0»v) hi. in 

2 2 2 

effect, by replacing v by X(v), 6dv becomes 6(u,\(v))A'(v} dv . and we 
take 

A' ^ (0.X) £ 1 . 

In order to state that the total curvature given by (30), Is constant, we must 
write 

2 

DD" - 0'^ - - k6^ , 

2 

where k is a constant. The value of DD" - D' is given by the Gauss 

2 

theorem of no. 226. The determinants 0' and DD" here reduce to 
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OD" • 62 



A 5 A p 

U V 



and Me obtain 



DD" - D 



au' 



6 Is the solution of the diffterentlal equation 

J G'^ - ^ G6" - k6^ = 0 , 
where the derivatives are tkane with respect to u. This equation Is written 

+ k 1^ » 0 ; 

this a second order equation with constant coefficients In Me seek the 
solution for which 6(0,v) * 0, ^ (O.v) - 1. He obtain 



G - u' 



if k = 0 



6 - "7 $1n^(ua) . If k - ♦a^ 



1 2 
6 = sh (au) , 



if k = -a* 



The ds of a surface with total constant curvature can then be taken in the 
form 



du^ + u^dv^ . 



du^ + \ sin^(ua)dv^ , 



du^ + \ sh^(au)dv^ . 



according to whether the total curvature Is zero, positive and equal to a , 

2 2 

or negative and equal to -a • respectively. The first of these ds Is the 

2 2 
ds of a plane In polar coordinates (u,v); the second Is the ds of a 

sphere of radius j . In effect, by substituting u for au, we obtain the 

expression 

\ (du^ + sin^udv^) 

8 

2 2 
for du , which is the form obtained in no. 222 for the ds of a surface of 

revolution defined bty the formulae (6). We can take 



^(u) = ^ sin u , 
^(u) > cos u . 



ip'(u) ■ - J- sin u , 



which yields the parametric equations of a sphere of radius - . 
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On substituting u for au and br for v, where b is a constant 

2 

less than 1, then the third ds takes the fortn 

"Y (du^ + b^sh^udv^) ; 
a 

it corresponds to the surface of revolution defined by the formulae (6), with 

())(u) = ^ sh u , K;'(u) = \ ^l-b^ch^u , 

i>{ ) = ]-/yi-b^ch^u du 

The form of the meridian can be easily obtained. This surface V 
intersects the axis of revolution at the point corresponding to u=0. 

It is this point A that corresponds to the point Mq of the given 
surface S. But I' is also isometric to itself, and the neighborhood of a 
point B corresponds to the neighborhood of A. Moreover, as the neighbor- 
hood of A is isometric to itself under an arbitrary rotation about the axis, 
we see that a surface with total negative curvature -a can be mapped onto 
V , where the point Mq and a given direction at this point correspond to an 
arbitrary point B of V and to an arbitrary direction at this point, 
respectively. We can replace V by another surface of revolution with total 
negative curvature -a . Besides the surfaces I' (which depend on b), 
there exists another family depending on one parameter and also the surface 
1 engendered by the rotation about Oz of a tractrix whose tangents, taken 

between the point of contact and Oz , have a length equal to This 

a 

surface, named a pseudosphere by Darboux, is the most simple of surfaces of 

2 

revolution with total negative curvature -a . We can replace V by E, 

we shall say that \ is the radius of the pseudosphere. 

a 

We also have the following statements: 
Every surface with total curvature zero, is isometric to a plane. 
Every surface with constant positive total curvature, is isometric to a sphere. 
Every surface with constant negative total curvature, is isometric to a 
pseudosphere. 

Remark. It follows from above that a surface with total constant curvature 
is isometric to itself continuously, and that the translations on the surface 
depend on three parameters, which give rise to the geometry of the transla- 
tions on the surface. 



These results can be easily obtained; in particular, the known property of 
the center of curvature of the tractrix shows at once that I has a 
constant total curvature. 



238. 
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Surfaces is ometric to the p lane are developable surfaces . 

This proposition is contained in the above discussions for nos. 226 and 



In order for a Burfaoe to be isometric to a plane, it is necessary for 
the total curvature to be zero at every point of the surface since the total 
curvature of a plane is zero. Now the total curvature is 



W7 

when'the surface is taken to be of the solvable form z=f(x,y). It is there- 

2 

fore necessary for rt - s =0 and we know that this implies that the surface 
is developable. 

I Conversely, the total oiavature of a developable surface is zero, hence, 
the surface is isometric to a plane on account of what we have just proved. 
Thus I 

I In order for a surface to be isometric to a plane, it is necessary and 
sufficient for it to be a developable surface. 



Remarks . I. The above statement clearly assumes that the surface is ordinary; 
the coordinates of a point is expressed in terms of functions of two para- 
meters (u,v) with continuous first and second derivatives. Moreover, we 
rely on the fact that the total curvature is a geodesic element which is 
preserved under the isometry; this is a consequence of the Gauss theorem of 
no. 226 which assumes the existence of the third derivatices. Bonnet gave a 
direct proof which only involves the second derivatives of the coordinates. 
But when we no longer assume the existence of these derivatives, the theorem 
collapses. 

Lebesgue proved the existence of non-ruled surfaces which are isometric 



i 



to tm plane. 

II. I The second part of the proof arises from no. 237. We are going to give 
a direct proof of this converse, independent of the geodesic ds^. 

Theorem . Uhen two curves A and A-] have the same expression for the 
radius of curvatures as a function of the arc, then the developable surfaces 
engendered by their tangents are isometric in such a way that A and A^ 
correêpond and the rectilinear generators correspond. 



1 

7) of 1 



In effect, the surface S corresponding to A is defined by equation 



(7) of no. 221, and its ds^ is (no. 222) 
^ du^ . dv2 . 

where u is the arc of A and R(u) is the radius of curvature. We will 
obtain the same expression for A^ , which proves the proposition: to each 
point P of r there corresponds the point of A^ with the same u; 
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to M defined by the equality in (7), there corresponds defined by 

where t^ is the unit vector of the tangent to at the point . The 
generators correspond, along with their orthogonal trajectories. 

Corollary . The surface S engendered by the tangents to the points P of a 
space curve A is isometna to the plane, in the follaiHng way. We consider 
the plane curve A-j whose radius of curvature at the point P-j is eqidal to 
the radius of curvature of h at the point P. To a point M of S, 
situated on the tangent to h at the point P, there corresponds the point 

of the plane of situated on the tangent to A^ at the point P^ and 
such that 

Vl mp" 

The curve is defined to within a translation, by its intrinsic equation 

= R(u), where R(u) is the radius of curvature of A at the point with 
curvilinear abscissa u. For example, the developable helicoid corresponds 
to a circle and to its tangents. 

Remarks . I. In the case of a cone, P is fixed, and the isometry onto the 
plane is the operation of development; likewise for the case of a cylinder. 

II. In the same way, we see that a space curve is obtained by twisting a 
plane curve with the same curvature as a function of the arc. This deforma- 
tion of the curve, along with its tangents, gives the developable surface. 



III. THE CONFORMAI REPRESENTATION 
GEOGRAPHIC CHARTS 

239. The conformai representation of a surface onto another surface and 
onto a plane 

A point correspondence between a point M of a surface S and a point 
of a surface is said to be conformai if the angle between two curves 

, r| of S^ corresponding to two curves F and r' of S respectively, 
is the angle between these curves r, r' , for any such choice. 

We can always assume that, for the point M(u,v) of S and the 
corresponding point M^ depending on (u,v), the elements of S-j have been 
defined in terms of these parameters. Two homologous curves on S and S^ 
are defined by taking u and v as functions of a parameter. 

The angle between two curves is defined by the formula (13). If 
E, , G, , F, are the coefficients of the square of the arc element on S, , 
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ds^ = E^du^ + 2F^dudv + G^dv^ 



then for any u, v, du, dv, 6u, 6v, we must have 



Edu6u^F(du6v-Hdv6u)^Gdv6v , E^dudu^F^ (du6v-^dv5u)^G^dv5v 



ds6s 



ds^6s^ 



On setting dv = mdu, 6v = m'6u, we obtain: 



E■ ^F(m^^m' )-* - Gnwi ' 



E^+F^ (m+m' )+G^niii' 



VE+2Fm+Gni^ VE+2Fm'+Gm'^ VE^+2F^m+G^m^ VE^+2F^ni'+G^m'^ 

This equality must hold for all m and m' (and all u,v). Let us take 
m' = 0. On squaring we have: 



(E.Fm)^ __ (^l^'^l"') ^ 
E(E+2Fm+Gm^) E^ (E^+2F^m+G^m^ ) 

and, .on subtracting 1 from each side. 



(EG-F^)m^ 



(E^G^-F^)m^ 



E(E+2Fm+Gm ) E^ (E^+2F^m+G^m^ ) 
By writing these in the form 



— ^fE^+2Fl+G) = — f E, 4 + 2F 1 + G,") . 
EG-F^ V / "1 / E^G^-F^ V 1 ^ ^ V 



we see that it is necessary to have 



■1 



•^1 . ^1 



This necessary condition can be seen to be sufficient. By taking 0(u,v) 
to denote the common value of the ratios in (63), we see that: 
In on^r for the aorreapondenoe establiahed between S and to be con- 

formai, it is necessary and sufficient to have 

ds^ = 0Cu,y)CEdu^ + 2Fdudy + Gcv^) , 

where the parametria representations are defined by the same parameters u,V, 
2 

and the ds are proportional. 

I We see that this condition implies that, in the neighborhood of two 
corresponding points, the ratio of the lengths of two small corresponding 
arcs, only depends on u and y; the transformation will be analogous to a 
similitude [cf. (1,162)]. 
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If the surface S corresponds conformai ly to and if the surface 
corresponds conformai ly to $2, then the correspondence between S and 
$2 is also conformai. Therefore, in order to study the conformai correspond- 
ences, we reduce matters to the case where S-j is a given particular surface. 
We will take a plane. When S and correspond to each other conformai ly, 
we say that S is conformai ly represented on (or conversely, S-j on S). 

Matters are reduced to studying the conformai representations of a given 
surface onto a plan. 



Theorem . Every analytic surface S can be con formally represented onto a 
plane. 

Let us assume the surface to be analytic. The functions E,F,6 will 

be analytic functions of u and v and it will be possible for us to assign 

2 

complex values to u and v. We can decompose ds into a product of 
factors 



du + - 



F+i VeG-F^ dv 



)(du . 



F-i VeG-F^ dv 



). 



E /V"" E 

\ - ^ . 

Following the theory of analytic differential equations (no. 46), the 
expression 



du 



. F+i VeG-F ^ dv 
E 



admits an integrating factor fî(u,v) which is an analytic function of u and 

2 

v. The second differential expression appearing in the ds admits the 
conjugate imaginary integrating factor since it is deduced from the first on 
changing i to -i. We obtain 



n(u.v) 



n(u,v) 



du + 



F+i \EG-F" dv 



du 



^ F-i \EG-F^ dv 



= dU(u,v) 



= d'J(u,v) , 



where the functions U and D, Q and fi are imaginary conjugates (u,v 
real ). It fol lows that 



Inl^ds^ = EdUdU , 



ds^ = dUdU 



Now 



U = X(u,v) + iY(u,v) 
dUdîJ = dX^ + dY^ , 



such that 
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shows that S is conformally represented onto the plane OXY (rectangular 

2 2 

axe^i since the square of the line element of the plane is dX + dY . 



Remarks. I. It suffices to put the ds of any surface in the form 



T 



fi(u,v)/{du^ + dv^) 



(64) 



In order for it to define a conformai representation of S onto the plane 
with rectangular coordinates (u,v). 

II. ( When we have made a conformai representation of a surface S onto a 
plane, we can deduce all others by considering the conformai representations 
of the plane onto itself. These conformai representations are given by 
analytic transformations and by these transformations composed with a-symmetry 
(1.162). 

I 2 

III. I It suffices to put the ds into the form 

fi(u.v)[a)(u)du^ + t^(v)dv^] , (65) 
in oirder for it to be readily stated in the form (64) by setting 

//IiruT du = dU . yki^TvT dv = dV . 

Under these forms, (64) or (65), the system of coordinate curves is orthogonal 

and isothermal (we may also say isometric). In (64), for any Ug anc Vq, 

the curves u=Uq, u=Ug + 6, v-Vg, v=Vg + ô, where 6 is given to be 
infinitely small, form a small square on the surface. 



240. 



form 



Examples. Geographic charts . 
2 

The ds of the ellipsoid given in no. 222 can be explicated in the 



ds^ = \ (v-u) 



-udu 

(a^+u)(b^+u)(c^+u) 



vdv 



(a^+v)(b^+v)(c^+v) 



The system of curves obtained by intersecting the ellipsoid with homo- 
focaKhyperbol loids is an isothermal systeir.. By setting 



(a^+u)(b^u)(c^+u) J 



du 



.1/2 



(a^+v)(b^+v)(c^+v) 



dv 
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we achieve the conformai representation of the ellipsoid onto the plane, where 
the system in question gives the parallels to the axes. The eigth of the 
ellipsoid is represented onto a rectangle. 

GEOGRAPHIC CHARTS 

They correspond to the representation of the sphere onto a plane. The 
conformai charts are deduced from the stereographic projection (which is an 
inversion, and hence preserves the angles) by an analytic transformation. The 
Hercator projection provides a conformai chart In which the meridians and 
parallels are mapped onto (straight) lines. They are hence obtained froM the 
stereographic projection In which the nerldlans have as their iMges the 
concurrent lines, and the parallels, the circles centered at this point of 
concurrence, via a logarlthiric transfomatlon (1,172). 

Let us detenrine the Mercator projection explicitly by taking the 
sphere to be In the fora 



we see that we can obtain a chart In which the nerldlans 4* const., and the 
parallels 6" const., determine lines, by taking the point 



to be the point corresponding to the point 6, ^, where k is a constant. 
The preceding result Is recovered by these direct means. 

NON- CONFORMAI GEOGRAPHIC CHARTS 

Hi have considered charts where the areas of the homologous domains are 

in a fixed ratio. If E,F,G are the coefficients of the first fundamental 
form of a surface S and if at the point M of S we assign the point 
M.|(X.Y) of the plane OXY, where X,Y are functions of u and v, then the 
ratio of the areas will be preserved if 



X = R sin e cos $ , 



y = R sin 6 sin 



z = R cos e . 



The ds^ Is R^(de^4-s1n^ed^^). and on writing 





j7«<»Y 'ff^ dudv - KjfjfVS:? dudv , 



where K Is a constant. It Is necessary and sufficient to have 



we can take X to be arbitrary and Y will be given by a partial differential 
equation whose solution will contain an arbitrary function. 
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For exaivle, for a surface of revolution S given by the formulae In 
(6), Me have 

EG - = $^((1)'^ + *'^) . 

Let us assume that ne require the parallels u= const., to be represented by 
circles with center 0 in the plane of the X,Y, where areas are preserved. By 
taking the polar coordinates R, e In the plane of the X.Y, we will obtain 
the condition 

Mhere R depends only on u. He will have 

e will be a linear function of v, with coefficients depending on u. If we 
take 6"kv» k* const.* R will be determined by a quadrature. For a sphere, 
we will have f-aslnu, i^-acosu, hence, for example 

= 2 ^ a^(l - cos u) . 



Chapter XIV 
THE THEORY OF SURFACES - APPLICATIONS 



In this second chapter on the theory of surfaces, we shall commence by 
discussing the applications of the general theorems to the study of asymptotic 
and curvature lines. In particular, we present a brief discussion of the 
cycloids of Dupin and moulding surfaces; this Is followed by a study of ruled, 
non-developable surfaces. 

The properties of families of tw parameter curves, knoun as congruences 
In the PlUcker terminology, which will subsequently be stated, have been 
related to the theroy of singular Integrals of differential systems. The 
condition for a line congruence to be a congruence of nonials, was known to 
Dupin and Hsius (1817)* but this was completed by Bertrand as late as 1844. 
To this exposition of the properties of congruences, we have Included a dis- 
cussion on ruled surfaces belonging to a complex. 

The study of minimal surfaces which then follows, was taken up by 
Lagrange (1760), Neusnler (1776), Nonge (1784) and Legendre. An Independent 
problem to that posed by Lagrange, which consisted of passing a surface of 
minimal area through a given contour, was solved in later years by Bonnet 
(1853), Riemann (1861). Weierstrass (1666), Schwarz (1867) and Lie (1877). Ue 
shall confine ourselves to stating the general formulae defining a minimal 
surface and discussing the simplest examples of such surfaces, as given by 
Meusnier, Catalan and Enneper (196'4). 

For the solutions of the main problem as given by Garnier and Douglas, 
we refer to the papers of these authors (see no. 260). Finally, we state the 
Codazzi formulae (1859) and comment upon the problem of the determination of a 
surface by its two fundamental quadratic forms. 



I. ASYMPTOTIC LINES AND LINES OF CURVATURE OF SURFACES 



241. 




1. The surfaces of the form 



studied by Janet, are written, on setting y«ux, as 



X ■ 




uF(2) 
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He have 



pF'(z) = f(u) - ur(u) . 



qF'(z) = f'(u) . 



The asyn^totlc lines are given (no. 227} by dpdx dq4y = 0: 



Hitters are reduced to tMO quadratures 



du 



Enterinq into this case are the surfaces with equation x y = 1 , where 
m, n, p are constants (we can always reduce matters to p=l), a case in 
which the quadratures can be quite easily effected, and also the tetrahedral 
surfaces defined by 



where a, b, c are constants. A homographie transformation reduces it to the 
canonical form x^^ + y*" = 1 - z"*. It can be seen that the integrations are 
possible. When m is rational, the asymptotic lines of the tetrahedral sur- 
face are algebraic. 

Remarks . I. The definition of the asymptotic lines in terms of the property 
of the osculating plane Is manifestly projective; the hamographi.' transforma- 
tions preserve the aeymptotic lines, signifying that to an asymptotic line of 
a surface there corresponds an asymptotic line on the transformed surface. 
More aenerallv, two coniuqate systems ' and ' on S qive two conjugate 
systems on the transformed surface, since the developable surface circum- 
scriptive to S along r, gives a developable surface circumscriptive to S-j 
along the transformation of r, where the generators of these developables 
correspond to each other under the transformation. 

II. In a similar way, a transformation by duality induces a correspondence 
between two conjugate directions of a surface S and two conjugate directions 
of the transformed surface S^, since to a line r of S there corresponds 

a developable surface y cIrcuMScrlptive to S<|. and to a tangent of r 

there corresponds a generator of y. 

Again, there is a preservation of the set of asymptotic lines. This 
occurs, in particular, in the case of a Legendre transformation (I. 134). 

III. Tlie conoids of the fèni z - f(J) belong to the general category of 
ruled surfaces (rectilinear generators z • const. ). and the discussion of 
these surfaces shoM that the asy^>tot1c lines «ist be obtained by a 
quadrature. Let us detemrine these directly. Biy setting y-vx. ue have 




* 



X • u 



y ■ uv , 



2 • f(v) . 
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The asymptotic lines are given by (M^, M^, d M) = 0: 



1 V 0 

0 u r(v) 

0 2dudv f"(v)dv^ 



= 0 



We therefore have dv*0 which yields the rectilinear generators v> const., 
and 

2du . f"(v)dv 
u f IvJ • 

giving u » Cf (v). The projections of the asymptotic lines of the second 
system onto the plane ^ are defined by 

Mhere C Is an arbitrary constant. 

IV. For a helicoid 

X > u cos v , y » u sin v , z « av + ^(u) » 

where a Is a constant, a similar calculation to the one before gives the 
equation 

uij;"(u)du^ - 2adudv + ij;'(u)u^dv^ = 0 , 

which can be integrated by quadratures. In the particular case of the sur- 
faces of revolution, a ' 0, we have 



du + const. 



In the case of a torus, we recover an elliptic integral. 

242. Lines of curvature. The formulae of Rodrlgues. Inversion preserving 
the lines of curvature . 

In no. 227, we gave the equation for the lines of curvature (formula 
37). But we can obtain this equation directly by taking, along such a line, 
the normal to an envelope (no. 228), as was the case in no. 234 by utilizing 
the geodesic curvature. We proceed directly as follows. A is taken to be 
the vector which defines the surface, the unit vector of the nonml; a point 
P of the normal, defined by ^ » ft + xiï, must describe a curve tangent to 
MP. Hence 

dp = dî^ + Xdïï + dXN = kiî . 

As the vectors di^ and dl$ are normal to 1^, it is necessary and sufficient 
that 

dfi + Adîï - 0 . 
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THIS RELATIONSHIP IS DUE TO R00RI6UES 

It Indicates the dirtctlon of principal tangents and the radii of 
principal curvature which «111 be the values of X. On denoting by R this 
redlus of curvature Measured on f • «le nist have 

<fl^ + RdK = 0 . (1) 
More explicitly, m have 

fi^du + ^ày + R(^^du + îî^dv) = 0 

and. on Multiplying by then 1^, no obtain 

Edu + Fdv - R(Cdu * Idv) • 0 

Fdu + Gdv - R(idu Ndv) » 0 . 

On ellMlnatIng R» «fe recover equation (37) of no. 227; on ellalnating dv/du. 
Me obtain the aquation of the radii of principal curvature. 

The relation (1) of Rodrlgues can also be stated by projecting onto the 

axes 

dx4-Rda-0» dy + M0-O. dz-i-RtfY*0, (2) 

where a, B, y are the projections of H onto the aites. She foxmiUm in (2) 
are the fomulae of Bodriguea (2826). 

THE CASE OF A SURFACE z - f(x,y) 
The normal has as Its equations 

X - -p2 + (X4p) . Y • -qZ ♦ (y^qz) 

(In the notation of Monge). It mgenders a developable surface when 

(no. 61), which states that the contribution of the characteristic point 
provided by the derived equations 

dp • ^ dq • 

Is the same. Equation (3) can be simplified and reduces to 

dx+sÉL . <tr*q<fe . (4) 

dp dq 

From this, we deduce the coordinates of the corresponding center of curvature, 
Mhere Z-z Is the commi value of the ratios In (4): the redlus of 
curvature will be 
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(Z-2) . 



ExMPle . Consider an ellipsoid with respect to Its axes 




ne have 



e x ♦ a p2 ■ 0 , 



c y + b qz ■ 0 . 



(5) 



Equation {k) therefore becomes 



a^(b^ - c^)dpdy + b^(c^ - a^)dqdx - 0 



The equations In (5) yield 



a z dp = c (xdz - zdx) , 



b^z^'dq = c^(ydz-zdy) 



and the equation of the lines of curvature becooes 



(b^ - c^)(xdz - zdx)<<y + (c^ - a^)(ydz - zdy)dx = 0 . 



On nultlplying by z and taking account of the equation of the ellipsoid 
Mhlch also gives zdz, we obtain the equation of the lines of curvature onto 
the plane Qxy» 



This Is the equation as studied by Nonge. and was integrated in no. 73. 
PARALLEL SURFACES 

Given a surface S, let us take on each normal MN, starting from M, 
a vector MF^ = kN, where k is a constant. We obtain a surface S(k) which 
we call a surface parallel to S. If I" is a line of curvature of S, and 
A the edge of regression of the normality formed by the normals to S along 
r, then r is an involute of A. The points of S(k) situated on this 
nomllty are points P such that k](, they are on another Involute of 
A, r(k) say. Slnllarly, the normality foraed by the nomals of S along a 
line of curvature r* of the second system Intersects S(k) along a curve 
r'(k) which Is an Involute of the edge of regression A' of this normllty. 
Through the point P there passes a curve r(k) and a curve r' (k) these 
being nonals to MP. It follows that: 

Iht nomal VP of S iê alao normal to S(k) at tim point ?; tfm nomaU^ 
tiëê of S eatd S(k) oiw th* aam* A aurfaaa S md its panxlUl aurfaaêa 



a^(b^ - c^)xyy'^ +y' [a^(c^ - b^)/ + b^ia^ - c^)x^ - aV(a^ - b^)] 

-b2(a^-c^);v - 0 . 
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S(k), where k is aibitrary, fom^ along with the normalities of S, a triply- 
orthogonal system. 

Theorem . Inversion preserves the lines of curvature. Otherwise said, if we 
transform by inversion a surface S to a surface Sp then the lines of 
curvature of S-j are the transformations, under this inversion, of the lines 
of curvature of S. 

In effect, let us regard S as belonging to a triply-orthogonal 
system formed by the surfaces S(k) parallel to S and the two systems I 
and Z' of normalities of S. The lines of curvature of S are the sections 
of S through the surfaces 1 and E'. In the inversion, which preserves 
the angles, the surfaces S(k), I and Z' are transformed into s(k), o 
and o' which again constitute a triply-orthogonal system. The lines of 
curvature of s are the intersections of s and of the surfaces by virtue 
of Dupin's theorem (no. 229); they are indeed the inverses of the intersec- 
tions of S with I and V. 

Remark . It is possible to give a larce variety of proofs of the above 
theorem. For example, we might remark that, if S is a developable surface, 
then its lines of curvature are its rectilinear generators G and their 
orthogonal trajectories r and that the generators G are the characteristics 
of the tangent planes it. An inversion transforms S into a surface s, an 
envelope of spheres 1 inverse to the planes n. The characteristics of 
these spheres are the circles g inverse to the generators G; these are the 
lines of curvature of s, hence also are their orthogonal trajectories y 
which are the inverse curves of r. The theorem is therefore true for a 
developable surface. If S is arbitrary, it is orthogonal to the normality 
corresponding to a line of curvature r. The transformation of S under 
inversion, is orthogonal along the transformation y of r, to the inverse 
surface of the normality, where y is a line of curvature on this last sur- 
face, as it is also on the transformation of S by virtue of Joachimstal ' s 
theorem. 

Another proof will arise out of a later discussion concerning the sur- 
face envelopes of spheres. 

243. Surfaces with lines of circular curvature. Envelopes of spheres . 
The cycloids of Dupin . 

Let us consider, firstly, a family of spheres 1 depending on one 
parameter. Following the general theory (no. 59, example II), the 
characteristics are circles. If A is taken to be the center of the sphere 
Z, R its radius, then the characteristics circle is a plane perpendicular 
to the tangent to A at the locus of the center. 
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On confining our attention to the real nuiabers, as is the case here* 
M find that three cases are possible. 

First case . The characteristic circle of C is a true circle, with real 
radius nonzero, for the points A belonging to an arc r of the locus of the 
center. C Is a line of curvature of the envelope surface S, and the nonnals 
to S along C fora a cone of revolution with vertex A whose axis Is the 
tangent to the curve r at the point A. The sheet of the focal surface of 
the nomis to S corresponding to the nornalitles relative to the circles 
C, Is reduced to the curve r. The second systen of lines of curvature of S 
Is forwd by the orthogonal trajectories of the circles C. 

Second case . The characteristic circle C reduces to a point for any A on 
an arc r of the locus of the centers A. The real part of the envelope 
reduces to the curve described by this characteristic point B. This curve 
A admits r as a development. 

This situation arises when we consider a surface S', a line of curva- 
ture A' of S' and the edge of regression r' of the nonr,ality correspond- 
ing to A': the spheres having their centers on r' and tangent to S' along 
A' admit A' as the only real envelope. The system formed by S' and these 
spheres £' are transformed Into an analogous system, by Inversion, which 
provides another proof of the theorea on the Inversion of the lines of cur- 
vature. 

Third case. The circles C are not real; the spheres E do not have an 
envelope from the real-geoMtrIc point of view. 

CONVERSES. A SURFACE OF WHICH ONE SHEET OF THE SURFACE OF THE CENTERS 
REDUCES TO A CURVE OR SURFACE OF WHICH ONE SYSTEM OF LINES OF CURVA- 
TURE IS CIRCULAR 

Let us consider a surface S of which one of the systems of lines of 
curvature is formed by circles C. Following the geometric definition of the 
lines of curvature, the normals to S along C form a developable surface, 
and therefore are tangent to a development of C, a development which reduces 
to a point. The normality relative to C is a cone of revolution with vertex 
A; the sphere ï. of center A passing through C is tangent to S along 
C. The surface S is an envelope of spheres Z; the sheet of the surface of 
the cmters relative to the circles c is the locus r of the point a. 

Let us consider a surface S and establish, a priori» the hypothesis 
that one of the sheets of the surface of the centers, relative to one of the 
systeas of lines of curvature, C, reduces to a curve r. The noraals to S 
along one of the lines C Intersect r. They Intersect It at the sane point 
A. Fior, on the contrary, they would be tangent to r along an arc £, and 
when C Is displaced, this arc r would engender a surface. The noraals to 
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S along C are therefore concurrent at a point A of T; the curve C 
admits a development at the point A. C is a spherical curve described on a 
sphere l of center A, which is tangent to S along C. S is an envelope 
of spheres with one parameter. 



CANAL SURFACE 



S of spheres of 
The characteristic 



As we mentioned in no. 59, this is the envelope 
constant radius whose centers A describe a curve r. 
circle C is in the normal plane to r at A; its radius is constant. All 
lines of curvature C are therefore equal circles. The lines of curvature 
of the second system are the orthogonal trajectories of these circles C. If 
r' is one of these lines, then the normals to S along r' intersect r 
orthogonally and r' is an involute of r. 

I Canal surfaces enter into the case of moulding surfaces which are to 
be djscussed in no. 244. 

Remark. 

the square of the radius of C is R^(l 
all cases where this radius is constant. 



When the radius R of I is a function of the arc s of r, then 

2 

R ) (no. 59); from this we deduce 



CYCLOIDS OF DUPIN 

A surface S whose surface of the centers is reduced to two curves has, 
foil wing the above discussion, two systems of lines of curvature 
and vice-versa. It has two different kinds of envelopes of spheres depending 
on one parameter; let I and I' be these two families. If Z^, ^3 
are three of the spheres Z, then every sphere I' is tangent to these three 
spheres. The curve r', the locus of the centers of the spheres Z' is a 
conic. In effect, the locus of the centers of the spheres tangent to Z, 



'1 



and 



Zg is formed by two quadrics; r' is on one of these quadrics Q^2' 



this is a quadric engendered by the rotation of a conic having as its foci 
the centers of l■^ and Z2. Likewise r' belongs to a quadric Q-j^- A 
point P of Qio can be defined in terms of the center A, of Y.^ and the 



'12 



'1 



1 



corresponding direction plane tt^^- Taking Pi2 to be the projection of P 
onto TT^2» we have IPP12I ' '^12 1 ' "^^'"^ '^12 ^ constant. Likewise, 
we have | Pp-j ^ | = k^^lPA-j'l , which shows that I^P]2^I'^-|3 " '^12 ' ^^1 3I ' ^ 
is in a plane, r' is the intersection of Q^2 ^ plane; this a conic. 
Similarly, the locus of the centers of the spheres Z is a conic r. The 
normals of S are the cones of revolution whose vertices are on r and 
which contain r' and the cones of revolution whose vertices are on r' and 
which pass through r. i^en T reduoes to a line^ F' is therefore a circle 
admitting V as an axis. S is the envelope of spheres centered on r' and 
tangent to a sphere centered on T; this is a torus. We see this as a true 
torus when the characteristic circles of the spheres I' do not intersect r. 
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and it is regarded as a surface engendered by circles equally tangent to a 
fixed line at a fixed point, or by equal circles passing through two points in 
the other case. Putting this case aside, r and r' are true conies: r is 
an ellipse and r' a hyperbola situated in two rectangular planes, with each 
of the curves passing through the foci of the other. Or r and r' are two 
parabolas situated in two rectangular planes, each passing through the focus of 
the other. These are focal conies. 

These surfaces S are the cycloids of Dupin. The inverse of a cycloid 
of Dupin, is generally a cycloid of Dupin. However, when the spheres 

for example, have a real point in common, then all the spheres Z pass 
through this point 0. Now when we effect an inversion of which 0 is the 
pole, then the characteristic circles of the spheres Z all of which pass 
through 0 and through a second point 0', or which are tangent to the same line 
at 0, have as their inverses, the lines passing through a fixed point at a 
finite or infinite distance, and the inverse surface is a cone or a cylinder 
of revolution. These are the reduced figures corresponding to the cyoloids of 
Dupin having two conical real double points or a real singular point of the 
second kind envisaged. Generally, by inverting with respect to a point 0 of 
the orthogonal circle common to I-] , i^, ^ obtain a torus, since the 
spheres corresponding to these three spheres will have their centers aligned. 
This torus will be either a true torus or a torus of the type described above. 
The true torus will be the reduced figure corresponding to the cycloids of 
Dupin without real singular points. 

The reduced figures can serve to provide a study of all the properties 
which remain invariant under an inversion. For example, given a true torus, 
we refer to the circle orthogonal to all of the spheres inscribed along the 
meridinal circles as the principal circle of the torus. There exists an 
infinity of tori which admit a given axis r and a given principal circle r' 
(r is the axis of r'). These tori form a triply-orthogonal system with the 
planes passing through r and the spheres passing through r'. Such a systeir 
is preserved by an inversion. By inversion, we thus obtain all of the cycloids 
of Dupin without double points. We obtain analogous systems for the two other 
types of cycloids of Dupin. For example, we might consider the cones of 
revolution having a given vertex and a given axis, where the planes pass 
through the axis and the spheres have their center at the vertex. 

All of the definitions and properties of the torus only involving 
circles spheres and angles, will extend to the cycloids. The planes on spheres 
bitangent to a cycloid of Dupin, intersect this cycloid along two circles 
corresponding to the Vi 11 arceau circles of the torus. We thus have two new 
families of circles on a cycloid without double points. Two circles belonging 
to one or another of these families are said to be 'paratactic' circles; every 
sphere passing through one, intersects the other at a constant angle. [See 
Géométrie by Hadamard (3rd edition).] 
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Remark . The inverse surface of a cone or cylinder of the second degree is a 
surface S which is an envelope of spheres I, corresponding to the tangent 
planes of the cone or of the cylinder. These are spheres passing through two 
fixed points or are tangent at a point to a line. The lines of curvature of 
the second system of S correspond to nonrecti 1 inear lines of curvature of the 
cone or of the cylinder which are spherical in the case of the cone and planar 
in the case of the cylinder. These are, therefore, spherical curves. On S 
we find two families of circles corresponding to the circles of the cone or 
of the cylinder. 

244. Moulding Surfaces 

Consider a skew curve r described by a point M; let s be the arc 
computed from the point Mq, and let t, n, B, R and T be the usual 
quantities. When the developable surface engendered by the tangents of r is 
mapped onto a plane tt, the curve r is mapped onto a curve y; Mq is mapped 
to mQ, M to m, the arc mp is equal to s, the vectors Î and n happen 
to coincide with the unit vectors t and m of y at the point m, and the 
radius of curvature of y at m is equal to R. Let us consider a curve A 
of the plane tt invariably tied to y. Let us map the plane tt onto the 
osculating plane to r at the point M in such a way that the vectors t 
and Z of Y coincide with t and n; the curve A will take a position 
A. When M describes F, the curve A describes a surface S which is 
called a moulding surface. We also say that the curve y is forced to roll, 
without sliding, on r, in such a way that its plane constantly coincides with 
the osculating plane of r. 

Theorem. Each paint ? of K deacribea a aurve whose tangent is constantly 
perpendicular to the osculating plane. 



In effect, let p be the point of y corresponding to P. We have 



^ = + k? + k'n , 



p = m + kT + ky 



On differentiating with respect to s, we obtain 



d^ _ /, ^ dk k'\^ ^/k ^ dk'\ - ^ Sk' 



and 
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nence 



ds ' T ° • Q.E.D. 



Remark . Conversely, every point P of the osculating plane which describes 
a curve whose tangents are constantly normal to the plane, is invariably tied 

to Y- 

Corol 1 ary ■ The lines of curvature of the moulding surface S are the 
generating curves A and the trajectories of their points P. 

In effect, the plane curve A whose plane intersects S at a right 
angle is a line of curvature, and the trajectories of the points P are the 
orthogonal trajectories of these curves. 

Remark . The curves A are the geodesies of S since their plane is 
orthogonal to S. 

CONVERSE 

If the lines of curvature of a system belonging to a surface S, are 
geodesies, then S is a moulding surface. Let A be one of the lines of 
curvature which are the geodesies. The normals to S along A are the 
principal normals of A; these normals having an envelope, A is a plane 
curve (no. 213). 

The plane of A is orthooonal to S and for its envelope it has a 
developable surface; let r be the edge of regression of this surface. If 
P is a point of A which describes a line of curvature of the second system, 
when A is displaced, then the trajectory of the point P situated in the 
osculating plane to r is constantly normal to this osculating plane. 

Following the remark to the above theorem, P is invariably tied to 
Y- A is therefore invariably tied to y, and the surface S is a moulding 
surface. 

LIKITING CASES 

If the curve r is reduced to a point, then the developable surface 
attached to r reduces to a cone having this point A as its vertex^ y 
reduces to a point a, and the plane n rolls along the cone without sliding. 
The lines of curvature of the second system, the trajectories of the points of 
A, are spherical curves. 

When the point A is at infinity, the developable surface is a 
cylinder, and the plane tt rolls without sliding on this cylinder. The lines 
of curvature of the second system are olane curves, which are the involutes 
of the line segments of this cylinder. I'hen the cylinder is reduced to a line, 
t!ien the TOulding surface is reduced to a surface of revolution. 
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Rewark. A surface S for Mhlch the lines of curvature of one of the systeas, 
are planar and are situated In the parallel planes v' between them. Is a 
Moulding surface. Since, fo11ow1n£ Koenigs theoren (no. 228), the lines of 
curvature of tte second systcn are the contact curves of the cylinders clrcun- 
scrlbed by S and parallel to the various directions of the planes v*. mo 
deduce that thay are planar and there are, *n fact, geodesies; Indeed, this Is 
the case where the planes ir of these curves have a cylinder as their 
envelope. 

245. Various problems relating to curves on a surface . 

I. Trajectories of curves of a surface at a constant angle V 

He proceed as In no. 222 In the case of orthogonal trajectories. 
H(u,v) is a point of the surface S and 



If 



the differential equation of the curves fron^ which the trajectories at the 
angle V are determined, then on eliminating ^ from this equation, the 
condition 



2 



gives the differential equation of the curves in question. 

In particular, if the given curves are one of a family of coordinate 
curves, e.g. u- const., then the equation simplifies to 



(f * G = cos2vg[e . 2f ^ * G(|^f] . 



Example . If z= f(x,y) is the equation of S, then the lines intersecting the 
curves 2= const, at angle V correspond to 

p6x * q6y ' 0 , 

and we obtain 



(q - p ^) = COS^V (1 V) - 2pq ^ . ^^*^')(^) 



This lends itself to a straightf criard calculation, in which the direction 
parameters are 



q, -p, 0; dx, dy* pdx-i-qdy . 
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For V = ^, we obtain the gradient lines of S, where Oxy is assumed to be 
horizontal . 

1 1 . The condition for the lines u= const., v= const., to be conjugate 

We have seen (no. 227) that this condition is D' =0. Now we know that 
for a determinant to be zero, it is necessary and sufficient that there should 
exist an equal linear and homogeneous relation between the elements of the 
lines or columns. The coordinates x,y,z of a point of the surface, c.s 
functions of u,v, will therefore iiappen to satisfy a similar relation of the 
form 

+ A(u.v) B(u,v) IS -= 0 , (w=x,y.z) . 



9u9v 9u 9v 

In particular, if we take A(u,v) h B(u,v) = 0, we obtain the solutions 

X = (l)(u) + ()).,(v) , y = ip(u) + ^(y^(v) , z = x(u) + Xi(v) , 

The surface thus defined is a surface of translation (cf. no. 227). It is of 
two types: the displacement of the curve x=(()(u), y=4'(u), z = x(u), or the 
displacement of x=({)^(v), y=4^i(v), z = Xi(v). 



II. NON-DEVELOPABLE RULED SURFACES 

246. Various forms of the equations. The spherical indicatrix and spherical 
curves . 

A ruled surface is the locus of a line depending on a parameter. We 
assume that this line does not have an envelope, hence the surface is non- 
developable. However, the following will apply to a developable surface which 
is not a cylinder. 

In Cartesian coordinates, a ruled surface S will be given by 

X = az + p , y = oz + q , (6) 

where a,b,p,q are functions of a parameter u, when the generators (under- 
stood to be rectilinear) are not parallel to Oxy; otherwise, we could take 
z = q, y=mx + p, where q,m and o are functions of one parameter. We have 
seen (no. 61) that the surface defined by the equations (6) is only developable 
if a'q' - b'q' e 0. 

In the parametric form, the generators correspond to v= const., we can 

take 

X = Ç + au , y = n + 6u , z = c + yu , (7) 

where Ç,n,ç,a,B and y are functions of v alone. a,6,Y are the direction 
parameters of the generator; Ç,n,C are the coordinates of a point K of a 
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curve traced on the surface, which will be known as the directrix aurve. The 
equations (6) enter into the general case (7). The vectorial expression con- 
densing the formulae in (7) is 

? = + UÎ , (8) 
where Î is the vector with components a.B.y. 

THE DIRECTION CONE AND THE SPHERICAL INDICATRIX 

If through a fixed point, that could be taken to be the origin, we take 
parallels to the generators of the surface S, then these parallels will 
engender a cone (since S is not a cylinder). This is the direction cone of 
the surface, having 0 as the vertex. The assignment of this cone and a direc- 
tion curve as a function of v, defines S. 

Let us take through 0, a unit vector equipollent to the unit vector of 
the generator with the direction of t. The extremity m of this vector 
describes a spherical curve A on the unit sphere I. This aurve A is the 
epheriaal indiaatrix of the surface S. It chances to a symmetric curve when 
the positive direction is changed on the generators. The direction cone is 
the cone with vertex 0 and directrix A. 

In order to study S, it will be convenient to assume that the vector 
î is a unit vector; then oiiT = 1 and the parameter v is the arc of A. 
Under the form (7), we will have a^ + B^+Y^ = l, a'^ + 6'^+Y'^ = l. 
The indicatrix will be defined by 

dî 



Oiri = it , |î| = 1 . 



dv 



= 1 . (9) 



THE FRENET-SERRET FORMULAE FOR A SPHERICAL CURVE 

Let A be a spherical curve defined by the conditions in (9). The 
trihedron of Darboux-Ribaucour at the point m is defined by the vector t 
of the tangent, the vector t nortral to the sphere and g such that 
Î » ^Ag (no. 231). Since we already have 

t ^ 
" dv 

the third equation (46) of no. 231 yields 

The fact that the geodesic torsion is zero, relates to the fact that every 
spherical curve is a line of curvature of the sphere, Rfj=-1 translates, for 
the sphere of radius 1, into Meusnier's theorem. The formulae (46) of no. 
231 are then written, on setting R^ = P. as 
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37 p * • dv p ' dv ^ * 

where the first two equations are the Frenet-Serret formulae for a spherical 
curve. 

247. The line element. The variation of the tangent plane. The central 
point. The line of striction . 

Formula (8) yields 

dt'dP. + Uu* utdv 

Let us decompose the vector HfT on the axes of the Oarboux-Rlbaucour 
tlhedron at the point m, by writing 

^ - -ct+ k|+ XÎ . (11) 

where c, k and X are functions of v. The condition X = 0 would 1^>1y 
that the directrix curve Is constantly orthogonal to the generators. He then 
have 

dp - pjjdu + r^dv 

» Î . " (u-c)? + kg + XÎ . (12) 

The line element is given by 

ds^ - dP^ = C(u-c)^+k^]dv^ + (du+Xdv)^ . 
When X = 0, the curves u« const, are all orthogonal to the generators and 

2 

the ds takes the geodesic form. 

The variation of the tangent plane. The theorem of Chasles . 

The tangent plane at the point P is defined by the vectors (12); Its 
trace onto the tangent plane at m to the sphere £ Is defined by 

(u-c)t + kg . (13) 

If k = 0, this plane Is the same along the generators; this Is the plane 

tt Henoe, if k H 0, the tangent plane is the sane along each aeneivctori 
it only depends an v and the surface is developable. This Sufficient 
condition is also necessary. When 0, the tangent plane turns about the 
generator and the surface is not developable. 

If k is not identically zero, we could have k=0 for certain 
values of v. The tangent nlanp is the same along a generator corresponding 
to such a value. We refer to it as a stationary generator. 
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Let us assume k^O. For u=c, the tanaent plane is the plane p, it. 
For u^c, the tangent plane makes an angle oj with the plane g, Î and we 
have, following (13), by taking this angle positively from g towards t, 

k = y cos 0) , u-c = psinu) , 

hence 

tgoj = ^ . (14) 

THIS IS THE FORMULA OF CHASLES which shows that, when u varies from -<» to 
+«0, the tangent plane turns through tt about the Generator. At the point at 
infinity, the tangent plane is the plane Î, t; it is perpendicular to the 
tangent plane at the point of the generator which corresponds to u=c. 
iTiis point is the CENTRAL POINT. The relation between a point P of the 
generator and the tangent plane at this point is a homographie relationship 
ideally defined by the equality in (14). The number 1/k is called the 
PARAMETER OF THE DISTRIBUTION (understcod to be the tangent planes), the 
tangent plane at the central point is THE CENTRAL PLANE; the tangent plane at 
the point at infinity is the asymptotia plane. 

When k>0, the tangent plane turns from the left to the right of an 
observer situated on the generator and movec from head to toe through the 
vector Î when the point of contact is taken in that opposite direction. This 
does not change when we replace the vector Î by the opposite vector (since 
g is then invariant and t is replaced by in (11) and k does not 

change). Similarly, changing v to -v does not change k. 

LINE OF STRICTION 

The line described by the central points is known as the line of 
striction. 

THE CALCULATION OF c AND k 

The formula (11) multiplied scalar-wise by t and g yields 

dfi ? u - - 

c=-j— t, k=j— g. 

dv dv ^ 

Now g = Îa?, and t is given by the third formula in (10), hence 

, _ ûMt ^, _ (fc.dî,dM) 

c - 2~ » ^ ~ 2 ' 

dv dv 

If the surface is given by the fonrulae in (7), where v is not necessarily 

2 2 2 

the arc of the curve, but Î is a unit vector, a +6 + y =1. then we 
will have 
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THE CALCULATION OF 1/p 

The geodesic curvature of the spherical indicatrix is given by the 
first formula (10). We have 

i,5|.,t.î)^ - = . (16, 

Remarks. I. If the surface is developable (without being a cylinder), k5 0, 
then the point is the point of the generator where the tangent plane is 

indeterminate; this is the characteristic point of the generator. 

II, If the surface is taken to be of the form in (6), then the formulae 
(15) yield 

k = (a'q' -b'p')(a^b^l) 
(a'^+b'^)+(ab'-ba' )^ 



^ ^ _ a'p'-t-b'q'-t-(ab'-ba' )(aq'-bp' ) 
^ (a'^+b'^)+(ab'-ba' )^ 

where denotes the central point. 

Theorem . The central point of a generator A ie the limiting position of the 
foot of the perpendicular on A, common to A and to a neighboring generator 
A', when A' tends towards A. 

Let P and P' be the feet of this common perpendicular on L and 
A' . We have 

= + u£ , ^' = + d!^ + u(I+dî) + Î6u , 

where u and v are the coordinates of P and u + ôu, v + 6v those of P'. 
Hence 

- ^ = PP^ = dVr+ udî+ Î6U = [(u-c)t + kg + xt]dv + it6u . (17) 

and we obtain the conditions 

?Wl = 0, PP^(î+d£) = PP^(î+tdv) = 0 ; 

the second condition yields, on account of the first, 

PP^t = 0 . 

Or. replacing PP' by its value, we see that we must have 
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Xdv + 6u - 0 . (u-c)dv « 0 , (18) 

Mhlch 1^»11es u-c and so proves tiM theorem. 

THE PARTICULAR CASE OF SURFACES WIIM A DIRECTION PLANE 

In this case, Mhere the generators are parallel to a fixed plane MhIcK 
M(y be taken to be the plane Oxjt («there Oxyz Is tr1-reaangu1ar), tJm 
orthogonal projoabion of thm Un» of Btriotion onto tht pltm* 0)^ i« tht 
mimîap» of thê projoation of thê gmimratorB onto thU plam. Since, given 
two neighboring generators with 6 and 6' their projections onto 0]<y, 
then the c o w w n perpendicular to à and A' Is parallel to Oz passing 
through the comon point of 6 and Hhen A' tends toNard A, 6' 
tends towards a, and the canon point of 6 and 6' has as Its Halt, the 
point of contact of 6 with Its envelope. 

He can also say that the line of striction Is the locus of points of 
the surface where the tangent plane Is perpendicular to the plane Oxjf, which 

also results frm the fact that the asjnptotlc plane Is parallel to Oxy, i 

I 

Remark . On taking account of the equations in (18), we see that (17) can be 
written as | 

pF • kgdv . I 
wid we have therefore 



248. Asymptotic lines 

One of the system of asymptotic lines of a ruled surface is formed by 
generators. The equation of the asymptotic lines must contain dv as a 
factor, and the determinant D must be zero. On account of the formulae in 
(12), we have, in fact, 

D • [î,{u-c)î ♦ kg ♦ XÎ.O] - 0 . 

since 1 does not depend on u. Consequently, we have 

D' = {Uu-c)t + kg, . 

D" = (it,(u-c)t + kg. P^) , 

where the tern xt has been suppressed In these alxed products. On account 
of the fbraula In (10), we have 

0' « (î,(u-c)t + kg.i) « -î((u-c)î + kg) » -k . 



I 
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vv 



-»• jV 

-c't + k'g + X't + (u-c)(^ - ^)+ t(A ^ ^) i 



D" = ({u-c)g - kt)^"^ = (u-c)[k' + (u^c) i]+ k(c' + ^ - a) , 
The differential equation of the second syston of asymptotic lines Is 



21c 



du 
37 



» ^ (u-c)2 + k'{u-c) + k(c' - a) , 



which is a Rioaati equation in the general case where - is nonzero. We can 
only Integrate it, in general, when we know a solution. Following the property 
of the solutions of the Riccati equations (no. 67), we see that if we take 
four solutions u^ , U2, u^, u^ corresponding to four values Cj. Cg. C^, 
of the constant of integration, then the bi-ratio (UpU2.U2.u^) will be 
constant and equal to the bi-ratio of these values of the constant. Tne 
corresponding lines L-j , L^, will intersect a generator A in four 
points P.| , Pp, P^, P4 whose bi-ratio is that of the values * u^i U3, u^. 
It is, therefore, the same, whatever the generator A. 

THE CASE VfflERE THE SURFACE IS GIVEN BY THE EQUATIONS (6) 

In this case, the axes can be taken to be arbitrary, and the equation 
of the asynptotic lines, other than the generators, is provided at once by 



where 



a'z + p' 



(a"z+p")+2a' ^ 



dz 



b 

b'z + q' 



(b"z+q")+2b' ^ 0 



0 . 



2(a'q'-b'p') (a"z+p")(b'z+q') - (b"z+q")(a'z+p' ) - 0 . (20) 



PARTICULAR CASES 

I. If ^ is zero, then equation (19) becomes a linear equation and Is 
Integrated by quadratures. This corresponds to the case where the spherical 
Indlcatrix Is a geodesic of the sphere, hence a great circle, and the surface 
admits a direction plane. We arrive at the same conclusion on coonenclng from 
equation (20) which becraes linear when a*'b* -a'b" > 0, which yields a**hb'» 
»;here h Is a constant, and then a«hb-*-h*, where h' Is another constant. 
This Indeed expresses the fact that the lines In (6) are parallel to a plane, 

II. under the guise of (.20), we see that the equation reduces to a Bemoullll 
equation of p"q" - p*q" » 0, hence p'«Cq', p«Cq+C', where C and V 
are constants. The section of the surface through the plane z>0. Is a line. 
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Thvs line is an asymptotic line, and equation (20) happens to be satisfied 
foj 2 = 0 and reduces to quadratures. 

The analogous situation to equation (19) arises when 



k'c + k(c' + - - x) = 



(19) 



This condition does not imply that the directrix curve u=0 is a line, but 
only the fact that, at each point M of the directrix curve r, the vector 
t is situated in the osculating plane of r. 



When the above two situations arise simultaneously, then matters are 
reduced to a linear homogeneous equation, which is, in fact, 

2k ^ = k'u 

and can be integrated at once. We have 

I u^ = Ck . 

(cf. the result obtained for the conoids in no. 241). 

III. CURVES AND SURFACES ASSOCIATED 
TO CONGRUENCES OF CURVES AND LINES 

24^. Curve congruences. The focal surface . 



of 



By a congruence of curves in three-dimensional space, we mean a family 
turves depending on two parameters X,vi, such that, in terms of a three- 
dimensional domain of the space, tiiere exists at least one curve of the family 
passing through an arbitrary point. We can also say that it is to be assumed 
that these curves are not situated on one surface. 

These curves will be defined by ï^(u,A,u) and we assume that this 
vector possesses the necessary derivatives for the calculations in question. 
For X and y fixed, the point M will describe a curve r(X,y) of the 
corigruence. In cartesian coordinates, we will have 



X = f(u,X,y) , 



y = g(u,X,vi) , 



h(u,X,u) 



(21) 



and we assume that we do not have 
D( 



D(x.y.z) 

D(u,X,p) 



0 



(22) 



Tola system of values u, X, y, there corresponds a point M(x,y,z), which is 
unique, when we consider a domain of the u, X,y space where f, g, h are 
uniform. If, for this system of values, the functional determinant of the 
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first rerv-ber of (22) is nonzero, then one and only one curve r(X,y) will 
pass through the neighboring points of M. This curve corresponds to the 
values of X, y and u, near to those defining M. Within a small domain, 
we have a regular congruence of curves without common points which cannot be 
tangential to a curve or to a surface. We can associate these curves to font 
surfaces by assuming that X and m are subjected to some relation, 
k(X,y) = 0, where the function k admits partial derivatives. 

The singular points of the conçiruence are the points M given by the 
values X, y and u for which the above discussion no longer applies. In 
particular, they are points such that 




These singular points could constitute lines or surfaces, or even be isolated. 
They might also correspond to either a finite or infinite number of values of 
X and y. 

THE CONGRUENCES DEFINED BY THE INTERSECTIONS OF SURFACES 

We shall regard the congruence as defined by the intersection of two 
surfaces depending on two parameters, as a preferential viewpoint in our 
theoretical study: 

*(x,y,z,X,y) = 0 , 4'(x,y,z,X,y) = 0 ; (24) 

the functional determinant 




is not identically zero for the systems of values satisfying the equations 
(24). 

If x,y,z,X,y Is a system of numbers which satisfy the equations in 
(24) and for which the determinant (25) is nonzero, then we may solve the 
system in (24) in X and y in the neighborhood of these values and restate 
it in the equivalent form 

K(x,y,z) = X , L(x,y,z) = y . (26) 

We obtain a regular congruence in the neighborhood of the point 
M(x,y,z) when it is assumed that the surfaces (24) effectively intersect 
along curves. This happens to be the case when the functional determinants 
of ♦ and y with respect to x,y or to y,z or to z,x are not all 
three simultaneously zero at the point K. 

The singular points correspond to the case where the equations (24) 
are satisfied^ where the functional deteiminant (25) is zero. There cannot 
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exilt any singular point at a finite distance; this is the case for the con- 
gruence of lines parallel to one line. There cannot exist any singular point 
at which the curves of the congruence are ordinary; this is the case for the 
congruence defined by 

z = X , log(x^+y^) - arc tg ^ - p = 0 

which is formed by logarithmic spirals. 

THE FOCAL SURFACE IN THE GENERAL CASE 

Let us consider the following case, which is the general case when * 
and 4* are polynomials with respect to the five variables occurring, and the 
elements are taken to be either real or complex. On eliminating X and u 
be-hteen the relations (24) and 



(27) 



we obtain a single relation between x, y, z. This amounts to saying that in 
terms of X and v. we can solve the syste:n formed by the equation (27) and 
by one of the equations (24). On taking the values so obtained into the other 
equation (24) we obtain the relation in question 



R(x,y,z) = 0 



(28) 



which represents a surface E. More precisely, taking A to denote the 
functional determinant of the first member of (27), we assume that, e.g., we 
have 



i 0 





iX.yl 







This implies that one of the partial derivatives of «t, e.g. that reUtive to 
X, is nonzero. By considering a small domain, we could write the first 
equation (24) on solving with respect to A, and replace X by this value 
in t^e second equation. The system (24), (27) can be written in the form 



X = $(x,y,z,u) 



^(x.y.z.y) = 0 , 



8p 



= 0 



(29) 



aioi^ with the hypothesis that the functional determinant of the first and 
lasÛ equation is nonzero, hence that 



2 

3 4- 

17 



i 0 



The equation (28) of the surface Z is obtained by eliminating u between 
the last two equations (29). If we assume that one of the functional deter- 
rriinants of these last two equations with respect to x,y, or y,z, or z,x 
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is nonzero, then the surface I is an envelope of the surfaces y= 0 (no. 
59). The curves r of the congruence, which are on H'= 0, are tangeit to 
E. Thus, on returning to the system (24), (27): 

// the equations (24) and (27) permit the regular elimination of X 

a* 

for example, wzth -rr- nonzero, and if the two equations 




are solvable with respect to two of the variables x,y,z, with nonzero 
functional determinant , then the surface 1 defined by the system is an 
envelope of the curves of the congruence. We say that Z is a focal surface. 
Its points are called foci or focal points. 

Let us take the system to be of the form (29). 

Through each point M of E there passes a curve r whose tangent 
is the intersection of the tangent plane to Z (which coincides with the 
tangent plane to 't=0) and of the tangent plane to the surface * = X. We 
thus define at each point M of Z a direction T(M), namely, a continuous 
differentiable function of the position of M. There exists on I a family 
of parameter curves, tangent at each point of M to the direction T(M), and 
hence to the curve of the congruence passing through M. Thus 

The focal surface Z is also the locus of the enveloping curves of 
the curves of the congruence when suitably chosen. 

A DIRECT STUDY OF THE ENVELOPING CU.'RVES OF THE CONGRUENCE 

If we take the curves to be of the general form (24), then we will 
obtain a family of curves of the congruence depending on a single parameter 
by assuming that u is a function of X. These 1-parameter curves will have 
an envelope when the system of equations obtained by adding to the equations 
in (24) their derived equations with respect to A, i.e. 

3A*3i;3x-°' 3X*3i:dX"° ' 

is compatible for any X (no. 61). It is therefore necessary for x,y,z,X 
to satisfy, at once, the equations (24) and the equation (27) obtained by 
eliminating ^ from the equations (30). The points of contact of the 
curves V with their envelopes can only be singular points. 

The system of equations (24) and (30) is equivalent to the system 
obtained by replacing one of the equations (30) by the equation (27); when 
1^ is nonzero, we will consider the system 
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(If and happened to be identically zero, then <t> and y would only 
depend on X, and we would not get a congruence). Elimination of x,y,z from 
the equations (31) then leads to the differential equation 

o(x.y. %) - 0 (32) 

defining the functions y of X for which the curves of the congruence 
admit an envelope. In the case where * and 4* are polynomials, this eli- 
mination can be regarded as algebraic and equation (32) will be algebraic. In 
the general case, where the existence of a focal surface is assumedt we can 
take the equations of the congruence and the focal surface in the reduced form 
(29); it is sufficient to include the condition 

' 3p dX • ^-^-^^ 
along with these equations. 

Remarks . I. If we consider the direction T(M) as defined above, then we 
see that it is given by 

f dx*f .,.|| dz = 0 , (34) 

where x,y,2 is a point of I and X and y satisfy the equations in (29). 
The relation between A and y defining T(M) is obtained by differentiating 
the first equation (29). On taking account of (34), we recover the relation 
(33). 

II. Every curve r of the congruence containing a focal point can, in 
general, be associated to other curves of the congruence to constitute a 
family admitting an envelope. This is a consequence of the above discussion 
concerning the existence of a focal surface. We shall consider the degenerate 
case in no. 250. 

FOCAL POINTS SITUATED ON A CURVE OF THE CONGRUENCE 

A curve r could contain several focal points which are ordinary points 
of r. Let such points be denoted by M, ,M, ,...,M . At each M. , the curve 
r will be, in the general case, tangent to a focal surface (or to a sheet of 
a focal surface) E . , and to a curve envelope C. . The tangent curves to C. , 

J J J 

which comprise r, form a surface S-, whicn in general, admits C. as a 

J J 

singular line. The surfaces S-, are distinct, in general ; the curves of the 
congruence tangent to Cj are not tangent to Cj^, k ^ j. It follows that the 
surface Sj will be tangent to 1^ along a curve intersecting Cj^ and 
whose points will be ordinary points of S- (fig. 82). At the point of con- 



tact lY,, of r and Z. , the tangent plane of S. is identified with 

i\ K J 



the 
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Fi(. t:. 



tangent plane to Z. , whilst at the point of contact M. of r with I., the 

J J 

tangent plane to S- and the tangent plane to i.- will not be identified, in 

J J 

general . 

A REMARK ON THE ANALYTIC CASE 

In this case, the elimination to equation (28) will, in general, lead 
to a single analytic function R(x,y,z). The various portions of the focal 
surfaces will be sheets of a single surface. This, in particular, arises in 
the algebraic case. In the nonanalytic case, there does not exist any relation 
between the portions of the focal surfaces without common points. 

250. The degenerate case . T he case of parametric equat i ons. 

Let us consider the case whereby elimination of A and u from equa- 
tions (24) and (27) yield two relations between x,y,z. We may again cssume 
that, e.g., -|f is nonzero on the curve thus obtained, since <I> and 

OA 

cannot be independent of A and p on this curve. Vie could then consider 
the equations in the form (29), but these equations must be satisfied cn a 
curve. Here, we have 

2 

— 2" - 0 . 
dp 

for the focal pointa in question, and the equation 
|1 = 0 

has a first member independent of y. Moreover, on account of this equation, 
the first member of the equation H' = 0 must also be independent of p. We 
will obtain a line of focal points and for a point x,y,z on this line, the 
equations of the curves r at this point, reduce to 

X = <I>(x,y,z,y) , 4'^(x,y,z) = 0 . 

There exists an infinity of curves F, depending on one parameter^ passing 
through each point of this focal curve., 
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Example . Consider the congruence 
I y - yx = 0 , 



z - X + *(x,y,z,y) = 0 , 



with the condition 4>(0,0,X,y) = 0. Equation (27) reduces to x=0, which 
gives y=0. For the curves intersecting the axis Oz , p is arbitrary and 
X = Zq, where Zq denotes the point of intersection. 

Remark . In the degenerate case, finding curves r admitting an envelope, 
via the equations (29), will lend to equation (33). On letting <I>i(z,y) 
denote the function <I>(x,y ,z .y) when x and y are replaced by their ex- 
pressions as functions of z along the focal curve, then we have 



The differential equation obtained by eliminating z from these two equations, 
is the differential equation of the curves X = *^(z,u). Thus the only way of 
associating curves r which admit an envelope belonging to the focal curve is 
to consider those curves r passing through the various points of this curve, 
where the relation between X and y is X = <I>^(z,y). 

THE CASE OF ISOLATED FOCAL POINTS 

In this case, all of the curves r pass throuoh a fixed point. Every 
one parameter family formed by the curves r, can be considered as admitting 
this fixed point as an envelope. 

Examples . I. The circles r tangent to a sphere I and which are orthogonal 
to a line D, form a congruence which admits E as a focal surface and D as 
a focal line. On E, the envelopes of the circles r are the sections of I 
by the planes passing through D. 

II. I The lines r which intersect a line D and which are tangent to a 
spher* Z form a congruence for which D is a focal line and Z a focal 
surface. The envelopes of the lines r on Z, are circular sections of Z 
through the planes passing through D; the lines r which pass througli a point 
of D constitute a cone of revolution. A polar inversion A outside of D 
and Z transforms this congruence intc a congruence of circles admitting a 
focal surface, a focal curve and a focal point, namely the point A. 

THE CASE OF PARAMETRIC EQUATIONS 

When the congruence is taken to be of the form (21), the singular 
points are obtained by eliminating X,y and u from equations (21) and (23). 
We may thus obtain the sheets of the focal surface, the curves and the points. 
In order to obtain the envelopes of the curves r(X,y) of the congruence, we 
must consider y as a function of X in such a way that the curve defined by 



I 



1 - 




with 



X = <l>,(z,y) 
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»i(u,A,y(A)) 
has M envelope. He will have (no. 61) 

On scalar Miltlpllcatlon by »^ mb recover condition (23) under the form 

On account of this condition, equation (35) will reduce to one of the two 
I equations 

3À ay. dX _ 3A 9n dX ^ 3X 3p dX 

3f ■ a£ ^ 

du du 3U 

251. The comarlson with the theory of singular integrals of differential 
sy stews. 

I When we considered a system of two first order differential equations 

of the form 

P(x,y,2.y',2') - 0 , Q(x,y.z,y'.z') - 0 . (36) 

as studied in no. 149, we saw that the singular integrals, if they exist, are 
the envelopes of general integral curves which depend on two parameters and 
that these singular integral curves are situated on surfaces. We see that 
these surfaces are focal surfaces of the congruence formed by the integral 

I curves. In no. 149, we confined ourselves to the most elementary examples; 

this is why we had not questioned the case whereby the congruence admits a 
focal curve. In this case of a focal curve, the system of equations is incte- 
termlnate at each point of this curve when y' and z' are regarded as 
unknoHns. On the other hand. In no. 149» we discovered that the surface on 
which the Cauchy theorea does not apply* Is In general a locus of turning 

I points of Integral curves; In contrast. In the above discussion, we confined 

I ourselves to the case where the focal points are ordinary points of the curves 

of the congruence. 

The two points of view are coaplete. The situation encounterec In 

I no. 149 can arise for a congruence given a priori ; the system of differential 

equations Miy admit higher order singularities for which there Is Indetenil- 
nation. 



I 
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Line congruences 



In the case of line congruences, we may, having chosen the axes 
suitably, assume that these lines are not parallel to the plane Oxy in general 
The equations can be written in the form 



az + p , 



y = bz + q , 



where a,b,p,q are functions of two parameters which we will hereby cenote as 
u and V. The singular points will satisfy these equations and the condition 



a'z + p' 

u 



a'z + p' 



b'z + q' b'z + q' 



= 0 



The relation between u and v for which the corresponding lines have an 
envelope is given by 



(39) 



a'z + p' + (a'z + p' ) 4^ = 0 
u ^ V ^v' du • 

b'z + q' + (b'z + q' ) ^ = 0 
u ^ V ^v' du 

When we eliminate 4^ from these equations, we obtain condition (38). When 

dv 

this condition is satisfied, ^ is given by the relation obtained on eli- 
minating z from the equations (39), which yields the differential equation 



a;du + a;dv 



p^du + p^dv 



b^du + b^dv 



= 0 



(40) 



or, in short, 

dadp - dbdp = 0 , (41) 

On account of (38), a line of the congruence (corresponding to a pair u,v) 
contains in general two singular points, which are in general foci. Their 
denotations z are the roots of the second degree equation (38); the values 
of X and y are given by the equalities (37). For certain values of u 
and V, equation (38) in z could have an infinite root, roots identified, 
or could be satisfied for any z. 



Example. Let us consider the lines which intersect the two circles (rectangul 
axes assumed). 



? 2 2 
z = h , x^ + y^ - a^ = 0 ; 



z = -h. x^ + y^- b^ = 0 , 



where a ^ b and h are nonzero constants. These lines have as their 
equations 
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2h(x- acos u) + (z- h)(bcos V- acos u) « 0 . 
2h(y-as1nu} + (z - h)(b sin v- asin u) « 0 . 
Equation (38) 1$ here 

(z-h)(z4^h}s1n(u- v) - 0 . (42) 

For z=h and z = -h, we obtain the points of the two circles; we have arrived 
at the degenerate case (no. 250). For u=v, the equations of the convergence 
are satisfied and yield the lines 

xsin u - yco$ u - 0, 2hx- cos u(a(z-Hi) -b(z-h)) ■ 0 . 

These are the generators of one of the cones of revolution which pass through 
the two given circles. The other cone corresponds to u=v + it. All of the 
points of these cones are singular (but are not focal points): the regular 
solution of the system of equation (42) and one of the equations of the con- 
gruence is impossible. 

THE DEVELOPABLE SURFACES OF THE CONGRUENCE 

Mhen condition (38) Is realized, mo take u to be a solution of 
equation (41). We obtain a one paraaieter ftteily of lines of the congruence 
Nhlch adarit an envelope. These lines engender a developable surface. Me sey 
that It Is a dtwlopcbU 9upfao» of tha aongnmtat. On account of the general 
result of nos. 249 and 250, the edge of regression of this surface, on the 
vertex of the cone If It reduces to a cone, belong to the locus of the aingular 
points. In general they will belong to a focal surface or to a focal curve In 
the case of a cone, but It nay also be the case that It does not belong to a 
focal surface nor to a focal curve nor Identified with a focal point. 
Following the teralnology of Julia (see his Course de gioiiitrle) we sey that 
we have aingulew âBVtlapctU of the congruence. The lines belonging to this 
developable are aingulap Unut I.e. Hk» loci of aingulop point». This was 
the case In the ebove exa^>1e for cones passing through the two circles. If, 
In this example, we replace one of the circles by an ellipse, we will obtain 
two singular developables, not reducible to cones. We have analogous results 
for all congruences formed by the coNBon tangents to two surfaces or by lines 
Intersecting two curves. 

THE DEVELOPLABLES OF THE CONGRUENCE PASSING THROUGH AN ORDINARY LINE 

An ordinary line of the congruence is a line containing two distinct 
foci. Elimination of u and v from equations (37) and (38) can be made by 
the usual means and shows (no. 249) that the line D is tanqent to two curves 
situated on two sheets of the focal surface, in the general case where there 



Copyrighted material 



124 



Applications 



is no degeneracy. There exists two developable surfaces of the congruence 
which contain D. One has its edge of regression A-j passing through the 
foci ; the other edge of regression A2 is tangent to D at the second 
focus Mg. The first developable engendered by the tangents to which 
are tangents to the focal surface passing through is tancent to 
whereas the second developable surface $2 is tangent at M-j to the focal 
surface passing through M^. The tangent planes to S-j and $2 along 
D are called focal planes, they are tangent planes to the focal surfaces at 
the points M2 and . 

The focal planes can be obtained by deterrr.ining the planes passing 
through D that D admit D as a characteristic. A plane passing through 
D has an equation of the fonr 

X-aZ-p = p(Y-bZ-q) , CtB) 

where p is a function of u and v is a function of u. we require the 
envelope of this plane. The characteristic is defined by equation (43) and 

fay 

-daZ- dp = do{Y- bZ- q) - p(dbZ + dq) . 

This equation must be satisfied for any Z when Y-bZ-q = 0; we therefore 
obtain 

da - pdb = 0 , dp - pdq = 0 . 

The compatibility condition is equation (41) and we have 

. . a' + a'v' p' + p' v' 
da _ d£ ^ u vu _ "^u ^v u 

^ ■ dE " dq " b' + b'v" " q' +q'v' 

^ U V U ^U V u 

2 

We shall replace v' by the roots of equation (40) (divided by du ) and on 
taking this into (43) we shall obtain the two focal planes. Also, in terms of 
the equations in (39), we can state the contribution of the focal point in the 
expression for p. 

VECTORIAL NOTATION 

If we take the congruence to be of the form 
u 

where 1^ (of fixed origin 0) and t are functions of two parameters a and 
6, then the ruled surfaces beloncinc tc the congruence will be obtained by 
taking B to be a function of a. Such a surface will be developable if we 
can choose u to be a function of a in such a way that di^ a Î = 0, or 

d(^ A Î + udî A Î = 0 . (44) 

On scalar multiplication by dt, we obtain the condition 
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or 

a second degree differential equation In The corresponding values of u 
are given by (44); they provide the foci situated on the line in question. 
This equation In u can be obtained directly; equation (44) Is also written 
as 

(?;*ut;M?^*ul^)g) AÎ-0 . 

He ellnlnate the tern In ^ by scalar multiplication by Us coefficient, 
which yields 

253. The condition for a line congruence to be a nonaal congruence 

He have seen In no. 229 that the congruence of normals of a surface S. 
has the following property: the normalities. I.e. the developable surfaces of 
the congruence, which pass through the same normal. Intersect orthogonally 
along this line. Otherwise said, the focal planes at the two points H^, H^* 
where the normal Is tangent to the twc sheets of the surface of the centers 
(namely planes which are tangent planes to this surface of the centers at 
and Hj), are rectangular. This property still holds true when the surface 
of centers decomposes. We are going to that, conversely: 

If along each line of a oongrunu», the focal planes are reatangularg 
then thie oongmenoe ie the oongnmnoe of normale to a family of parallel 
surface?:. 

This statement implies that the focal points are distinct, in general, and 
that the focal curves or surfaces exist. In order to establish the proposi- 
tion, let us assume first of all, that one of the sheets of the focal surface 
does not reduce to a curve; let 1 denote this sheet of the focal surface. 
The lines D of the congruence are tangent to r, they admit as envelopes, 
a sheaf of curves C of I. lie can define a point P on Z by taking as 
coordinate curves on £, the curves C, 3 ■ const, and curves a ■ const, 
which will be, for example, their conjugate lines (these are then the contact 
curves of E and of the second system of developable surfaces of the con- 
gruence}. The lines D of the ccngruence are defined by 

ft - ? ♦ îu , 

where t Is the unit vector of the tangent to the curve C passing through 
P. 1^ and t are functions of a and 0. £«t ue determine v ae a fmo" 
tion of a end $ euoh that the aupfaoe deecaeibed By the point N thm 
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obterifud, adnitB D as a nomal. Tha vtetore f^' and 1^1 
gonal to 0. Hm 

a a a a 

The scalar product of these vectors and Î, must be zero. As t Is a unit 
vector, and tt^ are zero, and there reimlns the conditions 

(?;î)j - (?^î); , (46) 

and, if this condition is realized, u(a,6) will be defined Dy quadrates, to 
within an additive constant. As anticipated, we will obtain a family of 
parallel surfaces satisfying the denand. On explicating equation (46), we 
obtain 

'^o'^B Bo • 

Now 

and eventually we obtain 

• 0 . (47) 

t is the unit vector of the tangent to the curve C at the point P when s 
is the arc of this curve 

*o *s da ■ R da * 

where n Is the unit vector of the principal noraal. Eqautlon (47) can be 
stated as 

n » 0 . 

It follows that, for equation (47) to occur, it is necessary and sufficient 
that the osculating planes of the curves C are normal at each point P to 
£. These osculating planes are the tangent planes to the developlables foiwd 
by the tangents to the curves C. These are the focal tangent planes to the 
second sheet of the focal surface or to the focal curve If there Is degeneracy. 
The focal planes relative to the sane line of the congruence are rectangular, 
and this suffices. 

The theorem stated has therefore been proved In the case where the two 
sheets of the focal surface do not simultaneously reduce to curves. Lets look 
at this last situation. Let A and A' denote the two curves. The 
developables of the congruence are cones whose vertices P are on A and 
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which have A* as their di rectrix, and for the cones whose vertices P' are 
on A*, the directrix Is A. The condition of orthogonality implies, given 
that PT Is the tangent to A at the point P, the plane PTP' Is orthogonal 
to the tangent plane à% the cone with vertex P along PP*. The cme of 
vertex P is a cone of revolution. The curve A' is amnn to five cones 
of the second degree; it is a conic. A an<;l A' are two focal conlcs; the 
congruence is the congruence of normals of a cycloid of Dupin. The proposition 
is proved for all cases. 

Remarks . I. The statement omits the case where the envisaged congruence 
would be a congruence of normals of a surface with umbilics forming two- 
dimensional domains. This is a case which only arises for the congruence of 
lines passing through a fixed point when we restrict our attention to analytic 
congruences. In this case, the congruence is the congruence of normals to 
concentric spheres. 

II. The curves C of whose osculating planes are normal to Z, are 
geodesies of E. 

i 54. Applications. The theorem of Mai us . 

I. A given surface S can, in many ways, be a focal surface cf a 
congruence of normals. It suffices to take on S, a sheaf of geodesies, the 
tangents to which form a congruence whose focal planes are rectangular. If 
S is a sphere, the geodesies are great circles. 

II. An arbitrary surface is not in general the complete focal surface of a 
congruence of normals. For the congruence of the bitangent lines (which only 
exists when the degree is at least four, in the algebraic case) does not, in 
general, possess the property of orthogonality of the focal planes. 

THE TRAJECTORIES OF LIGHT RAYS 

Me mentioned in no. 217 that following the Fermât principle, the 
trajectories of light rays within a medium of index of refraction f(M), are 
the extremals of Jf{M) ds. When f(M) is constant, these trajectories are 
lines. In the case when we pass from one medium of refraction 1n(tex n^ to 
another of index separated by a surface S, then the trajectory of 
minimum duration in going from A to B (fig. 83) is taken along a broken 
line AMB, such that 

n^AM + ngMB 

is a minimum, where M is on S. 

If we give M a displacement ô(^, then the variation of the above 
quality is 

niîiôf^ - n«î,6^ , 
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Mhere and 1^ are unit vectors on M and MB In the sense of A 
tending tomrds B. It mst be zero, for aiv dN orthogonal to the unit 
vector t of the noraal to S at the point M. Hence n^t^ - n^t^ "MSt be 
along It. or 

n^î^ - n^î^ • . (48) 

This 1q»11es that D, and 1^ nust be coplanar and that if and I2 
are taken to be the angles of AM and t6 with the nonwl II. n.|Sln I.| 
■ njsin These are the Iws of Descartes. 

In the case of a reflection of light rays on the surface S. we like- 
wise obtain the law of Descartes by assuming that the Index Is replaced 
by -n^ after the reflection. Fomila (48) holds true on replacing by 

-"r 

The Theorem of Mai us . Uhen the rcya of a aongvuenae of nomale mdergo a 
reflection or a refraatian, then they form a oongruenoe of normale follouing 
thie rtfleotion or refraetian. 

The congruence taking the refraction (the reflection reduces to a re- 
fraction on account of the above discussion) can be defined by 

1^ + î^u , 

where t'< is on the llinlt surface S. ^ depends on two paraneters a and 
0, as does î^. In order for the congruence to be a congruence of normals. 
It is necessary and sufficient to be able to take for u, a function of a and 
8 such that df^ + £^du + dî^ u Is orthogonal to hence that the product with 
Î Is zeroi we niust then have 

du ■ «t^dM 

It Is necessary and sufficient for the second menber of this equality to be a 
total differential. Now, on account of (48). we have 

Uhen the first member is an exact differential, then so too is the second 
member, and this proves the theorem. 
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2S5 . Curves whose tancjents belon g to a line complex 

A complex of curves is a collection of curves dtpending on 3 paraaeters. 
Through an arbitrary point of the space, there passes an Infinity of curves. 
In particular* the lines 

X " az p. y » bz + (j (49) 

fom a coaplex when the coefficients a,b,p.q alone are subjected to satisfy 
a relation 

F(a.b.p.q) - 0 . (50) 

The lines of the complex that pass through a point ^\)(xQ*yQtZQ} are 
the qenerators of a cone known as the oone of the complex. Its equation is 
obtained by stating that the line x-Xq » a(z-Zg), y-yQ ■ b(z-ZQ) belongs 
to the coBplex. which in turn gives 

Fx-Xq y-yjj x-Xq y-yQ 1 

•^[z=zj •riJ*^)-zlzjV^O-z=zJ^oJ'0 • t^li 

When F is a polynomial in a»b»p,q, the degree of the cone of the complex 
defines the order of the oomplex. The lines of the complex which are situated 

in a plane have as their envelope, a curve known as the cumv of the oaiplêx. 
If Ax+By+Cz+D= 0 is the equation of the plane in question and 
ux + vy + w = 0 is the projection onto the plane Oxy of a line of this plane, 
then by stating that this line belongs to the complex, we obtain the tangential 
equation of the projection onto Cxy of the curve of the complex 

r [ Cv -Cu Dv-Bw /W-Du 1 . « 

In the algebraic case, we see that the class of this curve is equal to the 
order of the complex. 

LINEAR COMPLEXES 

The complexes of order one are said to be linear. The cone of such a 
Ga^»1ex Is a plane. The plane corresponding to N will be called th» polar 
plm» of N« The class being 1. the lines of the coaplex situated In a plane 
pass through a fixed point of this plane, which we call the pols or foouê of 
this plane. 

^ linear coiplex Induces a correspondence between every point K and 
a plane which Is the polar plane of K, and to every plane a point which 
Is the pole of Mien a plane turns about a line à, the pole of this 
plane describes a line A*. In effect. If p^ and P2 are two positions of 

the pl ane, P-j and their respective poles, and M an arbitrary point of 
A, then the lines MP, and MP, belong to the conplex. If P Is taken to 
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be arbitrary on the line A' joining P, and P^, the plane A' M has M 
as its pole, hence the line MP belongs to the corr.plex; as M 



is arbitrary, 

P is the pole of the plane AP. The lines A and A' are said to be 
ocn^igate lines with respect to the complex. 

I The equation of a linear complex is obtained by observing that, if p 
andf q are given, then a and b must satisfy a linear relationship between 
a and b. Similarly, if a and b are given, p and q satisfy a linear 
relationship. The function F must be bilinear in a,b; p,q, and as 
equation (51) must represent a plane, we see that there are no terms in ap 
and in bq, and that aq - bq is the only term of the second degree. The 
equation is of the form 

Aa + Bb+ Cp+ Dq + E(aq - bp) + G = 0 , 

where A,..., G are constants. 

We can simplify this equation by means of a suitable choice of axes. 
If we take as the axis Oz, the conjugate line of the line at infinity of the 
plane, a plane taken to be the xy plane, then the polar plane of any point 
of Oz will be parallel to Oxy. Following equation (51), this plane is 
given by 

Ax+ By + CZqX- Dz^y + 6{z-Zq) = 0 . 

We must have A=B=C=D=0 and the equation of the complex is 

aq - bp = H = const, f Q . (52) 
The'polar plane of the point Xq, yp, Zq has as its equation 

CURVES WHOSE TANGENTS BELONG TC A LINE COMPLEX 

By taking the complex in the reduced form (52), we see that the tangent 
at the point Xq, yQ, Zq must be in the plane (53); we must then have 

I Vo - "o'^yo - "^^0 = ° • 
The e curves then satisfy the equation 

ydx -xdy = Hdz . (54) 



are defined when their projection onto Oxy is given. If y = '(x) 



is the equation of this projection, we have 

Hz = J (f - xf )dx = 2 yf(x)dx- xf(x) 



Copyrighted material 



Applioatitm» 



131 



tte can take these curves to be of the fom 

y = y'(x) , z = i L2g(x)-xg'(x)] . 

Nhere g(x) Is an arbitrary differentlable function, a primitive of f(x). 
FolloMing the equation In (54), we have at a point MQ(xQ>yQ.ZQ) of such a 
curve. 

The osculating plane then has as Its equation 

-yoU-XQ^ + V^-yo) + h(2-2q) » o ; 

this is the plane given by (53). We thus obtain a theorem due to Appell; 

when the tangents of a skew aui've belong to a line aomplex, then the osculating 

plane at each point ie the polar plane of this point. 

Remark. The reduced equation (52) was taken for any axei. But the conjugate 
lines of the lines of the plane at infinity, all pass through the polar of 
this plane; they are parallel. There exists therefore, a direction of parallel 
planes which are perpendicular to the line A, the locus of their foci. By 
taking one of these planes as the xy plane and L for Oz, with Ox and 
Oiy rectangular, then we obtain the reduced equation (52) In rectangular 
axes. 

RULED SURFACES BELONGING TO A LINE COMPLEX 

Uhen the generators of a ruled surface S belong to a line coirolex, 
then there exists on each generator G, two points P and Q at which the 
tangent plane to S is the polar plane of this point P, Q. For if tt is a 
variable plane passing through G, its pole M is a point of G and the 

correspondence between M and tt, is homographie (a bijective algebraic 
correspondence). The correspondence between M and the tangent plane Q to 
S at a point M, is also homographie (the 'heorem of Chasles, no. 247). The 
correspondence between and i is also homographie. There exists two 
points P and Q whose polar plane is the plane tangent to S; they 
correspond to the double elements of this homography. The points P and Q 
describe two curves r and A whose tangents belong to the complex. At P, 
the osculating plane of A is the polar plane of the complex following 
Appel r s theorem; It Is the tangent plane of S and the line r Is an 
asynpotic line; likewise for At We know two asymptotic lines (non-rectl- 
llnear) of S; tha cthgr aajfiiptotiû Hmb ovb dat^mined by a single 
quadHxtuxv (no. 243). 
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IV. MINIMAL ANALYTIC SURFACES 

256. Minimal surfaces of revolution and minimal ruled surfaces 

On account of the result of no. 201, the surface S of minimum area 
passing through a given closed curve C , satisfies the Lagrange equation 

r(l +q^) - 2pqs + t{l + p') = 0 . 

The first member is the expression occurring in the numerator of the mean 
curvature (no. 225). The minimal surfaces can only be obtained by means of 
surfaces of zero mean curvature. This result is due to Meusnier. Conversely, 
a surface S whose mean curvature is zero will satisfy the first order condi- 
tions if we can find the minimal surface for a contour C traced on S. We 
are thus led to study those surfaces of zero mean curvature and all of these 
surfaces are known as minimal surfaces. 

The Th eo rem of fteus nier. îTie only minimal surfaaee of revolution are the 8ur~ 
faaee engendered by the rotation of a chain turning about the base. 

Since, having found the centers of principal curvature of a surface of 
revolution (no. 229), these points are the center of curvature of the r.eridian 
and the point of intersection of the normal to the surface with the axis of 
revolution (fig. 76, no. 229). If I and I' are taken to denote these 
centers of curvature corresponding to the point M of S, then the surface 
will be minimal when I and I' are symmetric with respect to M. The 
meridian r will be such that, if M is one of its points, I the center of 
curvature of r at the point M and I' the point of intersection of the 
normal to r at the point M with the axis of revolution A, then I and I' 
are symmetric with respect to M. 

This is a property of the chains having A ob their base; this a property 
which only belongs to these curves. We can see this by a direct method, which 
leads to a second order differential equation which can be easily integrated. 
Alternatively, we can see this without calculating; we deserve that the 
property assumes the form of a second order differential equation since it 
only involves the curvature and the length of the normal. There will cnly be 
two arbitrary constants and the chains in question depend on the constants. 
The theorem is thus proved. 

Remark. The results of nos. 189 and 138 show that, in this case, the minimal 
surface indeed corresponds to a problem of minimization. 

The Theorem of Meusnier - Catalan . The only minimal ruled surfaces are the 
ruled heliaoids with a planar direction. 

Meusnier (1776) proved that this helicoid is a minimal surface. 
Catalan (1842) proved that there are no other ruled minimal surfaces. 
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In order to prove this theoreiR, we rely on the fact that when the nean 
curvature Is zero, the asympotlc tangents are rectangular, and vice-versa. 
For a ruled surface, one of the systems of asymptotic lines Is constituted by 
the generators. In order for the surface to be minimal. It Is necessary and 

sufficient that the orthogonal trajectories of the generators are asynçjtotic 
lines, i.e. that the osculating plane of one such trajectory is tangent to the 
surface. The generators will therefore be the principal normals of their 
orthogonal trajectories. On account of Bertrand's theorem (no. 215), this is 
only possible when the orthogonal trajectories are circular helices. The 
ruled surface is engendered by the principal normals to a circular helix; this 
Is a ruled hellcold with a planar direction. Q.E.D. 

257. Minimal analytic surfaces. The representation In terms of lines of 
null length. 

When a surface S is analytic, we can define on the surface, the lines 

2 

of null length, namely lines along which the ds is zero. On decomposing the 
2 

ds into a product of factors, as in no. 239, we see that these lines are 
defined by the differential equations 

^^^ FtiVEG- dv 0 ^ 

In particular, when the surface S is a minimal surface, then the lines of 
null-length of S forrr. a tyonjugate network. In order to see this, it is 
sufficient to show that the directions of these lines are conjugate. Now, if 
we take the point M of the surface as oricin and the tangent plane as the 
plane Oxy, then the lines of null length are given by dy " idx = 0. The 
indicatrix is an equilateral hyperbola, the directions ±i are conjugate 
with respect to this hyperbola. 

Let us assume that we can relate the surface to the lines of nu^l 
length, and call u and v the corresponding parameters. Since the 
coordinate lines are conjugate, we have, letting P!(u,v) denote the vector 
which defines the surface, 

i^Dy • A(u.v)^;, + B(u.v)i?; (55) 

since D' = 0 (cf. no. 245). Moreover, since the coordinate lines are lines 
of null length 

- 0 , i^)^ = 0 . (56) 

On differentiating these two equations with respect to v and u, respectively 
and applying (55), we obtain 
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A(u.v)f!i'iîi:. = 0 . 

u V 

B(u,v)f5i'îîi; = 0 . 

Now 't^'J^'^ is nonzero, otherwise on account of (56), we would have ds*^ e 0. 
A(u,v) and B(u,v) are therefore identically zero, and condition (55) reduces 
to 

i^" =0 . 

uv 

The minimal surfaces are surfaces of translation. We have 

fîî(u,v) = ?(u) + ^(v) . (57) 

with 

= 0 , ^'^ = 0 . (58) 

Remark . We have implicitly assumed that the surface S is real. If S is 
imaginary, then the two systems of lines of null length can be identified. We 
shall put this case aside. 

EXPLICIT FORMULAE 

Monge and Legendre deduced ecuacions (58) from the explicit formulae 
v/hich had been modified by Enneper and Weierstrass. Let f(u), g(u), h(u) be 
the components of ?(u) in rectangular axes. The equation 

f'(u)^ + g'(u)^ + h'(u)^ = 0 
can be written as 

[f (u) + ig'(u)][f'(u)-ig'(u)] = -h'(u)^ 
and if we set 

M - f'(u)Hq'(u) 
^ -h'Tiï]! 

v.e have 

f'(u) - ig'(u) = . 
and consequently 

m. . . (59) 

l-U'^ id+U"^) '^^ 

The case where U is constant, as studied by Poisson, would provide an 
imaginary cylinder. When U varies, u is a function of U and, on denoting 

by 

F(U)dU 
2du 
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the values of the ratios (59), we obtain 

f(u) = J fo- U^)F(U)dU , g(u) = ^ + U^)F(U)dU , 

h(u) = y* UF(U)dU . 

Likewise we may treat ^(v). By changing i to -i and u and U to v 
and V respectively, we obtain the components 

^yil - V^)G(V)dV , - 1^(1 + V^)G(V)dV , yVG(V)dV . 

The coordinates of a point of the surface are 

X = ^/(l - U^)F(U)dU + ^/(l - V^)G(V)dV , 

y = ^/(l + U^)F(U)dU - ^yil + V^)G(V)dV , j (60) 

z = UF(U)dU + J'vG(V)dV . 

The functions F(U) and G(V) are arbitrary analytic functions. On repla- 
cing F(U) by H'" (U) and G(V) by K'" (V) and then proceeding to 
integrate, we obtain the explicit formulae, due to Weierstrass, without the 
signs of quadratures: 

2 2 
X = ^ H"(U) + UH' (U) - H(U) + 1^ K" (V) + VK' (V) = K(V) ; 



y = 1 



H"(U) - UH'(U) + H(U) 



1^ K"(V) - VK' (V) + K(V) 



z = UH"(U) - H'(U) + VK"(V) - K' (V) 



(61) 



The minimal algebraic surfaces are obtained by taking H(U) and K(V) to be 
algebraic functions in (61). It is clear that if H(U) and K(V) are 
algebraic functions then elimination of U and V from equations (61) and 
the equations satisfied by H and K will yield an algebraic relaticn 
between x, y, and z. 

For the proof of the converse, we refer to Darboux's Théorie générale 
dee surfaces, vol. I. In particular, on taking H(U) to be a rational 
function, K(U) to be a conjugate imaginary fraction, then on taking 
U=u+iv, V=u-iv, we obtain a unicursal real rrinir.al surface. More 
generally, the real minimal surfaces are obtained by taking F(U) and G(U) 
in (60) to be imaginary conjugates and on calculating the integrals along the 
the conjugate imaginary paths in the planes of U and V (see the cited 
work 0." Darboux). Finally, we have 
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X = Ry*(l - U^)F(U)dU. y = Riy*(l + U^)F(U)dU . 

z = Rj*2UF(U)dU . 

We can also assign to each analytic function of the complex variable J, a 
real lainimal surface defined to within a translation. 

258. Asymptotic lines and lines of curvature. The conformai representation . 

We shall assume that the surface is real. The formulae in (60) at once 
give the expressions of the partial derivatives of x,y,z with respect to U 
and V. We deduce that 

ds^ = (1 + UV)^F(U)G(V)dUdV . 

The direction parameters of the normal are, following division by a conmon 
factor, 

i(U+ V) , U- V , i(UV- 1) , 

2 

where the sum of the squares of these numbers is -(1 + UV) . For a unit 
normal vector we can take the vector with components 

1+UV • 1+UV ' " 1+UV ■ ^ ' 

The second fundamental form is oiven bv 



We obtain 



Cdu^ + 2indudv + Ndv^ = Nd^î^ 



-F(U)dU^ - G(V)dV^ 



The asymptotic lines are obtained by quadratures 

fyl^JJiJ dU = ± iJV^ • 
The normal curvature is given by 

J_ = _ F(U)dU^+G(V)dV^ 
% (l+UV)^F(U)G(V)dUdV 



(63) 



The lines of curvature are given by the formulae of no. 227. Although the 
functions and variables here are complex, the result of the calculation is the 
same when these elements are real; we obtain this by stating the condition for 
an extremum of the second member of (63), which at once yields 

F(U)dU^ - G(V)dV^ = 0 . 

The lines of curvature are obtained by the same quadratures as those for the 
asymptotic lines: we have 



J^/FW du = ± y^GTvTdv . 
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From this, the radii of principal curvature are deduced. We have 
2R = ±(1 + UV)^^F(U)G(V) . 

THE SPHERICAL REPRESENTATION 

The point of the sphere of unit radius which corresponds to the point 
M of the surface in the spherical representation (no. 230) is the point 
whose coordinates are given by (62). The square of arc element of this 
spherical representation is 

do^ = -^UdV 



(1+UV)^ 



0 

This is proportional to the ds' of the surface. The spherical 
representation of a minimal surface is therefore a conformai representation. 
(Bonnet's theorem). By virtue of the general results relating to the 
spherical representation, we may pass from the system of tangents to the 
curves at S at a point M, to the sheaf of the corresponding tangents of 
the spherical representation by making a symtietry with respect to a principal 
tangent. 

Conversely, the fact that the spherical representation is conformai 
implies that the asymptotic tangents which are orthogonal to the corresponding 
tangents of the spherical representation are rectangular, hence the surface 
is a minimal surface. 

Enneper's Formulae. Bour's Theorem, lie may write 
.2 1 . ,„o2 



ds'^ = 5- (1 + UV)'^-^F(U)G(V)-^ dU-^ dV , 
= 2 _\|^-4uV^dV _ 



(1+UV)^-^F(U)G(V) 
If we let 

a = jyjzm) dU , 6 = fy^M^ dV , 

and introduce the inverse functions 

U = A(a) , \ = B{a) , 

2 2 

then the formulae in (60) and the expressions of ds and da take the 
following form 
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.2 (H-AB)^dadB 
°^ 4A'B' 



da' 
2 



4A'B' 



dadB 



(65) 



(1+AB) 

The résuit of this is that when the da*" of the sphere is stated in the form 

I ' 



dada 



do = k(a,3)dadB , 
it can then take the form of the second formula in (65). Consequently, 

I ' 

will be the square of the line elenent of a minimal surface. This is Bour's 
Theorem (1862). The formulae (64) are Enneper's formulae (1964). It suffices 
to State do in the form (65) to obtain A and B. 
The lines of curvature will be given by 



a+B = const. 



and 



a-B = const. 



THE CONFORMAL REPRESENTATION OF RIEMANN 

If at the point M(U,V) of the surface (60) we assign the point 

defined by 



of the plane of rectangular coordinates , 



^1 ' 



= fyJ^HÛ) dU . - iY^ = /V2G(V) 

then the ds"" of the surface will take the form 

ds^ = ]•(! + UV)^ V^(dX^ + dY^) = R(dX^ + dY^) , 



tL 



dV 



where R is one of the radii of principal curvature. This form of the ds 
shows that the planar representation so obtained, is conformai. The lines of 
curvature of the surface are represented by the lines X.| = const. , 



Y^ = const., and the asymptotic lines by X^ + Y^ 



X^ - Y^ = const. 



const. , 

The system of parallels to the axes is isothermal (no, 239) and the lines of 
curvature of a minimal surface form an isothemal system. 
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259. Mi n i mal s urfaces who s e JJ nés of curvature are planar. Enneper surfaces . 

If we assume that a family of lines of curvature of any surface is 
composed of plane curves, then the spherical representation of this family is 
composed of plane curves; the spherical representation of this family is 
composed of circles, since the tangents to one of these spherical curves are 
parallel to those of the line of curvature and, consequently, parallel to a 
plane which implies that the curve is planar. 

For a minimal surface, the system of image lines of the lines of 
curvature on the sphere, is isothermal. It follows that, if one of the 
systems of these image curves is formed by drales, then it is the same for 
the other system, and the oirales of these two systems are the circles of two 
orthogonal sheaves an the sphere. In order to prove this, we can via stereo- 
graphic projection, reduce matters to the planar case, since this projection 
is a conformai representation and assigns an orthogonal isothermal system to 
an orthogonal isothermal system. It therefore amounts to proving that: 
If one of the families of curves of a planar, orthogonal isothermal system is 

formed by circles, then these circles form a linear sheaf. 
2 

The ds of the plane with respect to this isothermal system can, in 
fact, be expressed in the form 

ds^ = :^(u,v)(du^ + dv^) , 

where the circles correspond to u= const., for example (no. 239). If we put 

X = u , Y = V , 

where X and Y are the rectangular coordinates of the plane, then we 
represent the system on the parallels to the axes conformally. The circles 
C give the lines D, X= const. 

Let us apply the principle of symmetry (I, 216); if D' and D" are 
symmetric with respect to D, then the corresponding circles C anci C" 
are symmetric with respect to C, and hence form part of the same sheaf 
since the symmetry with respect to a circle is an inversion with respect to 
this circle. Now, if we consider Cq and corresponding to Dq and 

, then the circle C2 corresponding to the line D2 equidistant from Dq 
and , forms part of the sheaf Cq, . We might say that this circle is 
the circle equidistant from Cq and . Likewise, the circles and 
equidistant from CqCj and C2C1 form part of this sheaf; and so on. 
The proof of the theorem follows by continuity. 

Remark. The proof assumes nothing, a priori, about the domain in which the 
isothermal system is considered; this domain can only contain a part of the 
circles in question. 
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CONSEQUENCE 

A minimal surface whose lines of curvature in one of the systems, are 
planar, has its two systems of lines of curvature composed of plane curves and 
the spherical images of these lines form two sheaves of orthogonal drôles an 
the sphere. 

ENNEPER SURFACES 

These correspond to the case where the sheaves of circles are circles 
tan^nt at a point to the same line and the orthogonal circles. The sphere 
is defined by the coordinates (62) of one of its points (the curves U= const, 
and V= const, are the generators of the sphere). If we consider the circular 
sections through the planes -X(Z-l) = X and -u(Z-l) = Y, where A and y 
are parameters, then we obtain the relations 



1_ 



I 2X = U+ V , 2y = i(V- U) . 

Consequently, on taking F(U)=k, G(V)=k, where k is a constant, we obtain 
a surface whose lines of curvature have as their images on the sphere, the 
circles which just happened to have been considered. This is the Enneper 
surface. We can take k to be a numerical constant; all of the other surfaces 
in question will be deduced by similitude from the one that we will so define. 
For |k= 3, we will have, on account of the formulae appearing towards the end 
of no. 257 



and. 



This 



X = R(3U- U"*), y = Pi(3U+ U'^), 



on setting U=u-iv, we obtain 



R3U' 



X = 3u + 3uv 



2 3 
y = 3v + 3u V - V , 



2 2 
3u'^ - 3v'^ 



'"' - 0, we obtain a relation between u and v which 
or v; a line will thus be intersected in nine 



1s a unicursal surface. On stating that a point of the surface is on a 
plane 6x + 6'y + 6"z + 6' 
is of degree three in u 
points. The surface is of degree nine. 

The planes of the lines of curvature, lines corresponding to u= const, 
and |v* const, and which are of decree three, are the planes with equations 



x + uz = 3u + 2u' 



y - vz = 3v + 2v* 



We have 



ds^ = 9(1 + u^ + v^)^(du^ + dv'^) 



the arc 
and L. 
u - V ^ ( 



the 4rc of the lines of curvature are expressed rationally as functions of u 
The asymptotic lines have as their equations u+v = const, and 
const., these are cubic (skew) curves whose arc is tabulated in terms 
of rational functions. The components of the unit vector of the normal are 

2u „ -2v 



When 



X = 



1+u +v 



o 0 

l+u"+v 



z = 



2^ 2 , 
u +v -1 

IX 2^ 2 
1+u +v 



V + c, c = const. 
X + Y + cZ = c 



we have 
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and the asymptotic lines are helices. The radii of principal curvature are 
given by 

2R = ± 3(1 + + v^)^ ; 

the surface of centers is unicursal. The curves r on which R is constant 
2 2 2 

correspond to r = u +v = const, and they are rectifiable. The geodesies 
are given by the extremals of 

yil + u^ + v^) ^dT+dv? . 
If we take polar coordinates u = rcos B, y = rsin 9, we can consider 



2 2 
l+r^e''^ dr 



the geodesies are defined by 

2 

(1 + r^) ^ ^' = c = const, 
yi+r^e'^ 

For c=0, we have 6= const., the orthogonal trajectories of the curves r 

defined above are geodesies, and the lines r are geodesically equidistant. 

2 

Moreover, in polar coordinates, the ds takes the geodesic form. The other 
geodesies have as their equation 

cdr 



6 = 



/ 



J 2,,^ 2x2 2 
rwr (1+r ) -e 



2 

on taking r as the variable. In general, one has to introduce elliptic 
functions. 

THE GEOMETRIC DEFINITION 

The planes x = 0 and y = 0 are planes of symmetry of the surface 
(change u to -u and v to -v). The planes of the lines of curvature 

V = const, intersect the plane x= 0 to which they are orthogonal, along 

3 

the lines y - vz = 3v + 2v , which are normals of the parabola y = 4v, 
2 

z = -2v +1. These planes tt are therefore the normal planes of the parabola 

x = 0, y = 4v, z = -2v^ + 1 . (P) 

Likewise, the planes ti' of the lines of curvature u= const, are the normal 
planes to the parabola 

X = 4u . y = 0 , z = +2u^- 1 . (P') 



The segment joining these two incidence points on P and P" has as its 

2 2 

parameters 4u, -4v, 2u + 2v -2. It is parallel to the normal at the poi 
y(u,v) of the surface. The center of this segment has 
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2u, 2v, (u^-v^) 



it is in the tangent plane to the surface at the point M, a plane whose 
equation is 

I 2ux-2vy+ (u^ + v^- l)z + 3v^- 3u^ + v'^- u^ = 0 . 



The parabolas P and P' are focal to each other. Consequently: 
The Enneper surface is the envelope of the mediating planes of the segments 
QQ' ^obtained by joining two arbitparily close points Q,Q' taken on two 
focal parabola P and P', The lines of curvature passing through the point 
of oontact of the mediating plane of QQ' with the surface, are in the normal 
planes to P at the point Q and to P' at the point Q'. 

260. A minimal surface passing through a given contour 

The problem concerned with passing a surface whose area is minimum 
through a given closed curve, as posed by Lagrange, was solved for certain 
polygonal contours by Riemann, Weierstrass and Schwartz. Plateau observed 
that, with respect to the theory of capillarity, we can physically realize 
a surface which is theoretically a minimal surface passing through a given 
contour, by affectively constructing this contour out of a length of wire 
and immersing it in a solution of glycerine. On turning the contour, we 
ascertain that a liquid pellicle forming a surface and passing through the 
contour, is obtained (1873). Although this experiment cannot imply in any 
way the possibility of solving the Lagrange problem, we habitually refer to 
thiS|problem as the Plateau problem. 

' The simultaneous use of the conformai representations considered in 
no. 258 allows us, in certain cases, to determine the functions F and G 
appearing in (60). For a discussion of this method, we refer to volume 1 
of Darboux's Théorie des Surfaces, wherein an exposition of the resuT:s of 
Riemann, Weierstrass and Schwarz, is also to be found. The Plateau problem 
relative to a polygonal contour amounts to studying a linear second order 
differential equation 

+ n de . „ _ n 

uu 

in which the coefficients p and q are rational fractions with unknown 
coefficients. This is a problem somewhat similar to the problem of conformai 
representation of a polygonal domain on a half-plane, but more complicated to 
solve. This method, which solves the problem only for certain polygonal 
contours, was taken up by R. Garnier (1926-1928) who obtained a solution in 
the general case of polygonal contours and, by a limiting process, in the 
case of contours formed by a finite number of arcs of curves whose curvature 
is bounded. 
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An entirely different method adopted by J. Douglas gave rise to the 
complete solution of the problem under the sole hypothesis that the given 
contour is a simple continuous closed curve (without multiple points). We 
refer, on this subject, to the original paper of Douglas, 'Solution of the 
problem of Plateau' (Transactions of the American Mathematical Society, 
vol. XXXIII, 1931). 



V. FUNDAMENTAL PROBLEMS IN THE THEORY OF SURFACES 

261 . The Codazzi f ormulae 

If we take the formulaes (39) of no. 230 

1Î' = mf^' +nf^' , P = m'f^' , 

U U V V U V 

where m, n, m' , n' are given by the formulae (40) of no. 230, then on 
differentiating with respect to v and u and equating the values obtained, 
we obtain 

(m-n')fi!" + nfij" - m'f^" + jîi'f? - ^) 
^ ' uv vv uu u\3v 9u / 

+ f^.(|n.^)=o . 

v\9v 9u / 

If we now multiply by î^^ then by f^^ and refer to the results of no. 226, 
we see that 

m-n' aE ■ „/3F 13G\ m;. li + r/lË + r/lD. n 

2 av "\9v " 2 9u / " 2 3u ' 3u / bv " 9u / ' " ' 

m-n' 9G . n 3G „,/3F 1 3E\ . r/3m 3m' \ . p/3n 3n' \ _ „ 

On replacing in these formulae, the quantities m, n, m' , n' by their 
values extracted from the equations (40) of no. 230, but introduce D, D" , D" 
in place of C, m, N, we obtain identities of the following form 

u2r9D' 301 nP r 9G . p 3F 1 ^ 3G - 3E1 
" L"3ÏÏ ■ 3Vj - ^L? 3ÏÏ * 37 ■ ? ^ 37 ■ 37j 

^ ° L 3^ J L ■ 2 9^ " 2 3ÏiJ • 

u2r3D' 3D"1 _ nfr 1 ^ 9G 1 ^ 3Gl 

" Œ ■ - 37 ■ 2 ^ 9ÏÏ - 2 37j 

+ n-fp ?F 3F . F 3Gl . n„ri p 3E . p 3F 1 3E . 3G] 

* H*^ ■ 37 * ^ 37J ^ H2 37 ^ 3ÏÏ ■ 2 ^ 3ÏÏ " ^ 3ïïJ- 
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These are the Codazzi formulae. We see that D, D' and D" satisfy these 
two equations, to which we must add the Gauss formula relating to the total 
curvature (no. 226), which can be written as 



DD"-D 



.2 _ 



1 IE 

2" 3u 



F 
G 



3F 

du 



1 il 

2 3v 



3F 

1 36 
? 3v 



1 36 
r 3u 



1 3E 

2" 37 



1 M 

2 3v 

1 

2 du 



0 



1 3G 

2 3u 



where 



il. 

3udv 



2 

1 3^G 
3u^ 



1 3^E 
^17 



262 . The fundamental problems in the theory of surfaces 

The relations between the coefficients of the two fundamental quadratic 
forms which has just been stated, are the only relations between these 
coefficients. One can show, in fact, that if they are satisfied by a system 
of functions E, F, G, D, D' , D" of u and v such that EG - = i 0, 
and which satisfy differentiability conditions, then there exists a surface, 
defined to within a translation and symmetry, for which E, F, G, D, D' and 
D" are the coefficients of the two fundairental forms. 

When E, F and G alone are given, then the surface is defined up to 
a deformation. We can in general deform a surface in such a way that a given 
curve described on this surface happens to coincide with a curve previously 
given. 

These problems for which we refer the reader to the above ci tec work 
of Darboux, happen to relate to the theory of partial differential equations. 
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Chapter XV 

FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS 

A first order partial differential equation is an equation between an 
unknown function z of several variables, these variables and the first 
partial derivatives of z with respect to these variables. The equation is 
linear if the partial derivatives occur to the first decree. 

The integration of the linear equations was undertaken by Lagrange 
(1779); the theory of multipliers which was discussed in no. 158, is due to 
Jacobi (1842). Systems of linear equations were studied by Jacobi and 
Clebsch (1862-1866), and then by Lie. The singular integrals of linear 
equations were studied by Goursat (1&C9); the geometric Interpretation of 
first order partial differential equations. Is due to Honge (1795). The 
works of Pfaff and Poisson date from 1814 and 1809. 

Euler (1770) had Integrated soae nonlinear equations In two variables, 
but the general theory of these ecuatlons is credited to Lagrange (1772) and 
Oiarplt (1784); the Integration of equations irlth nore than tMO variables 
Mas reduced by Pfaff (1814) to the Integration of a differential systea. 
Cauchy Introduced his technique In 1819. The nethod of Jacobi for equations 
of mre than two variables and the work of Hanllton on canonical equations, 
date froB 1836 and 1834 respectively. Equations with two variables were 
studied In greater depth by Bonnet (1857), du Bols-Reynond (1664). Lie 
(1872) and Oarboux (1883). 

In the exposition which follows, we will dwell, above all. on the 
case of equations in two variables; for the oeneral case, we refer to the 
works of Goursat and E. Cartan mentioned In no. 283. The existence theore«S 
of the solutions will be reduced to those concerning differential equations 
by applying the theorem of Polncaré-Weierstrass on Initial conditions. 

I. LINEAR EQUATIONS 

263. The general integral 

Me have seen In no. 156 that given a partial differential equation of 
the fona 



14S 



14e 



Firet Order FDE 



Mhere X^, X^, ...» are functions of x^, Xgt •••• «(Mttlng continuous 
first order partial derivatives In a domain A» and z an unknown function of 
x^, x^t •••» x^» then the detemlnatlon of the solutions of this equation 
reduces to the Integration of the differential Siystem 

dx^ dX|| 

If (x^ . . ,x^) ,. . . 1 (x-| ,. . . ,x^) is d systen^ of (n-l) first integrals 
of this system (2) whose functional determinant with respect to n-l of the 
variables XpX2,. . . .x^^, is nonzero in a region A' of A and if 

is a function of F^,F2,...,F^ ^ admitting continuous first partial deriva- 
tives, then this function 2=$ satisfies equation (1). Conversely, the 
solutions of (1) admitting aontinuoua first partial derivativea are of the 
form (no. 156). 

Remark. If x^.x^.-.-.x^ are analytic fimctlons In A» then ]' 2''"'''n-l 
are analytic (nos. 1S5, 47). He will obtain analytic solutions of (1) by 
taking an analytic function of '^-|»^2**" *^n-1 * and vice-versa. 
Therefore, by taking • be a nonanalytic function, we will obtain a non- 
analytic solution of equation (1). 

THE GENERAL LINEAR EQUATION 

An equation with partial derivatives of the first order, and linear. 
Is an equation of the form 

where z is an unknown function of , . . . .x^^ and ,Y- , . . . ,Z are 

functions of x^,X2,-.-,x^ z which we shall assume to be defined in a domain 
A{x^.X2,- • . .x^,z) where they admit continuous first partial derivatives. 
Let us consider a solution taken in the in^licit form 

V(x^,X2,....x^.i) ■ 0 , (4) 

where the function V has first partial derivatives, nonzero when taken with 
respect to z. Ve will have 

axj* te 3iJ ° • ^ " • 

and, for equation (3) to be satisfied. It Is necessary and sufficient to have 
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Y ^+ Y + 



+ Y v^+z|^=0 
n 9x^ 9z 



(b) 



when z is replaced by its value deduced from equation (4). But if we con- 
sider a solution of equation (6) (an equation which is of type (1)), 
V(x^ ,.. . ,x^,z) say, and if we equate this function to zero, then the function 
z(x^ ,X2,. . . ,x^) so obtained will have partial derivatives which are given by 
the equations in (5) and which will satisfy equation (3), since (6) will be 
satisfied provided is not zero. We thus obtain the eolutions to equation 

(2) by equating to zero the general solution of equation (6). We intend to 
show that the general solution of equation (3) can be obtained by this method. 
Let Gi,G2,...,G^ be n first integrals of equation (6) providing a funda- 
mental solution. We have 



9G. 9G. 

Y — ~ + Y — - + 
'l 3x^ '2 3X2 



+ Y 



9G. 9G. 

— - + 7 — = 0 
n 3x. ^ 3z 



1,2,, 



,n 



(7) 



Let z(Xi ,X2,. . . ,x^) be a solution of equation (3). If, in Gj^ (x,| , . . . ,x^ ,z ) , 
we replace the variable z by z(x,| ,. . . ,x^), then we obtain a function 
g|^(x^ ,X2,. . . ,x^). The functional determinant of these functions is 



0(91 



'9n) 



D(x^ ,. . . ,x^) 



I9G,. 9G 



k 9z 



|9x^ 3z 9x^ 



5 
3x_ 



'Am. 
3z 3x 



ni 



or 



D(G^....,GJ Y 



3Z 

9x. 



D(G^ , . . . ,G|^, . 



• ''^j-r^'^j+i" 



Now, if we consider the systen of equations (7) as equations in Y,|,...,Y^, 
we can solve it with respect to these quantities since, by hypothesis, the 
determinant is nonzero. On introducing the values deduced from equation (3), 
we obtain 



36 
3x, 



1 



3G 
3x. 



1 



3G^ 

IT 



5 

9x, 



9x. 



3z 



_9Z 
9X, 



3Z 
3X_ 



- Z 
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D(g^.....g^) _ 

^ D(x^ - ° 

Consequently, either the functional determinant of gi»g2»'-'.9p with 
respect to x^,...,x^ is zero, or else Z=0. In this last case, the 
solution of the system in (7) reduces to = 0,...,Y^ = 0. The condition 

D(x^,... ,x^) 

implies (I, 126) that, at least in a bounded domain, there exists a relation 
between g^ .gg,. . . ,g^. We thus arrive at the following statement: 
A general integral of equation (3) y where the Y. and 1 admit con: 'mom 
firet partial derivatiïfes in a domain A, eatiafiee an eqiuitian obtained by 
equating to zero a function of n distinct first integrals of the associated 
differential system 

Besides the solutions so defined, equation (3) can be satisfied by a function 
Z satisfying the conditions Yj = 0, j = l,2,...,n and Z=0. 

The solution of the equation therefore reduces to the solution of an 
implicit equation 

V(G^.G2 = 0 . 

V must be taken to be a function such that it is possible to deduce from the 
equation a function z(x^,...,x^) admitting partial derivatives. 

264. T he method of Cauchy. Characteristics . 

In order to facilitate the geometric interpretation, we shall confine 
ourselves to an equation defining a function of two variables. This can be 
carried through to the general case. 

Consider an equation 

where P,Q,R are functions of x,y,z. We look for solutions z = (()(x,y). 
It is possible to consider the geometric represetnation of these solutions 
by surfaces; in particular, we look for the integral surfaces. Equation (8) 
can be interpreted in the following way: the tangent plane at the point 
M(x,y) of an integral surface has as its equation 



Z - z = p(X- x) + q(Y-y) , 
where X,Y,Z are variable coordinates. Condition (8) Indicates that this 
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plane contains the line with equations 

P Q R • 

We now consider a domain A(x,y,z) in which the functions P,Q,R are uniforir. 
and continuous. At each point H of à we shall consider the line defined 
by (9), or, which is the same, the veator MV with components P,Q,R. We 
wish to obtain surfaces S, such that at each point \\ of a surface S, the 
tangent plane contains the veator MV. 

CHARACTERISTICS 

If S is an integral surface, z = (j)(x,y), then at each point M of 
S, the tangent plane contains the vector MV. Let m(x,y) be the projection 
of the point M(x,y,({i) onto the plane Oxy. The vector MV projects along a 
vector m with components P(x,y,(J)),Q(x, y ,<()). Under the sole condition that 
P and Q(x,y,z) satisfy the Lipschitz conditions with respect to y and 2, 
P is nonzero at any point of the domain 6 in question, and that S admits 
a tangent plane which varies continuously, then the differential equation 



dx _ dy 
P(x,y.(|>) " Q(x,y,<f) 



(10) 



admits solutions (no. 151). There exist tangent curves to the vector mv" at 
each of their points m; on the surface S, there correspond to these curves, 
the curves r tangent to the corresponding vector MV at each of their points 
M. Since on S we have dz = pdx + qdy, then the ratios (10) equate to 

dz 

pP(x,y,<)))+qq(x,y,(|)) • 

and the denominator of this expression is equal to R(x,y,(|») since S is an 
integral surface of equation (8). Consequently, along r, we have 

= d^ = dz ,,,, 
P Q R ♦ ^"^ 

and r is an integral curve of this differential system. It does not depend 
on the surface S in question. The curves V can be defined, a priori ^ as 
solutions of the system in (11). Every integral surface is a locus of such 
curves. Conversely, every surface locus of curves r that admits a tangent 
plane is an integral surface. 

The curves T which are solutions of the system in (11), existing 
under the indicated conditions (no. 151), are called characteristic curves, 
or in short, simply characteristics. This terminology is due to Monge. 

An integral surface S, given a priori, can be regarded as the locus 
of characteristics which intersect a given curve h, noncharacteristic, 
situated on S. 
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Remark . We also see that it is possible to find integrals of the partial 
differential equation in (8) by just assuming that P,Q,R are continuous, 
satisfy the Lipschitz conditions in y and z for example, and that P is 
nonzero in A. 

THE CHARACTERISTIC CONGRUENCE 

If we assume that P,Q,R have continuous first derivatives, P ^ 0, 
then the system in (11) admits first integrals; the characteristics can be 
written in the form 



where u and v are differentiable functions, a and b arbitrary constants 
and 



The congruence (12) is the characteristic congruence. The integral surfaces 

are the surfaces of the congruence; they are obtained on stating an arbitrary 

relation ^(a.b) = 0 between a and b, where <I> is always taken to be such 
that 2 can be deduced as a differentiable function. 

In practice f we will obtain the general integral of equation (8) by 
seeking two distinct first integrals of the system in (11)^ the functions 
u{x,y,z) and v(x,y,z) say, and on writing 

*{u,v) = 0 , 

where ^ is an arbitrary function. 

Remark . We recover the result of no. 263: the hypothesis with P ^ 0, discards 
solutions of the sort P = Q = R = 0. 

^bb; The Cauchy Problem. Singularities . 

The Cauchy problem consists finding an integral surface passing through 
a given curve. We assume this curve to be continuous, simple and admitting a 
continuous tangent. Following the above discussion, such a surface can only 
be uniquely determined when the curve A is not a characteristic. If A is 
not a characteristic, then there exists a unique integral surface passing 
through ^, this being the locus of the characteristics T which intersect A. 
The Cauchy problem is thus solved when the given curve A is taken to be in a 
domain A in which the method of integration applies and when A is not a 
characteristic. It is worthwhile noting that, in such a domain A, the 
characteristics which can be taken to ue of the fori;i in (12), do not have an 
envelope; the curve A can only be tangent to particular characteristics. In 
general, the characteristic passing through a point M of A will not be 
tangent to A. 



u(x,y,z) = a , 



v(x,y,2) = b , 



(12) 
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If the curve A is given in the parametric form 

X = f(t) . y = g(t) . z = h(t) , 

and if the characteristics r are taken to be of the form in (12), then we 
can assert that r intersects A by showing that the values of t defined 
by 

u(f(t).g(t).h(t)) = a ; v(f(t),g(t).h(t)) = b (13) 

are the same. By eliminating t from these two equations, we obtain the 
relation ^(a.b) = 0 which will define the integral surface in question. 

When the curve A is the intersection of two surfaces F(x,y,z) = 0 
and G(x,y,z) = 0, then we obtain the relation 4>(a,b) = 0 by eliminating 
x,y,z from these two surface equations and the equations (12). 

THE ANALYTIC CASE 

When P,Q,R are analytic functions, the characteristics are analytic. 
If the given curve A is itself analytic, then the surface passing through 
A will be analytic. In effect, the functions u,v,f,g,h in (13) are ana- 
lytic, hence the first members are analytic. The value of t obtained from 
one of these equations will be analytic (we take t to be in the neighborhood 
of a value for which r and A are not tangential), and on introducing this 
value into the second equation, we obtain an analytic relation between a and 
b. Finally, fcy replacing a and b in this relation by analytic functions 
u and v, we produce an analytic function of x,y,z. 

THE PARTIAL DIFFERENTIAL EQUATION OF A CONGRUENCE OF CURVES 

Given a congruence of curves of the form (12), the differential 
equations of those curves which are derived from the equations u^dx + u^dy 
+ a:<i2 = 0 and v' dx + v' dy + v' dz = 0, are 

A Jr 

dx dy _ dz 

D(uTvT " D(u,v) " D(u.v ) 
D(y,z) D(z,x) D(x,yT 

The curves of the congruence are then characteristics of the partial 
differential equations 




= 0 



This is the partial differential equation of the surfaces belonging to the 
congruence, or in short, the partial differential equation of the congruence. 
If the congruence is given in the general form 



U(x,y,z,a,b) = 0 , 



V(x,y,z,a,b) = 0 , 



(14) 
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we then recover the preceding case by solving in terms of a and b. But it 

is also possible to state directly the partial differential equation of the 

congruence by eliminating dx, dy, dz fron the equations 

U'dx + U'dy + U'dz = 0 
X y z 

V'dx + V'dy + V'dz = 0 
X y z 

dz = pdx + qdy , 

which state that the tangent plane to a surface of the congruence passes 
through the tangent at this point to the curve of the congruence, and further 
eliminate a and b from equations (14) and the equation 



= 0 (15) 



thus obtained. 

I In the case where U and V are polynomials in x,y,z,a,b, algebraic 
elimination will provide a partial differential equation of the form 

I F(x,y,z,p,q) = 0 

where F is a polynomial in x,y,z,p,q. This equation will decompose into 
a product of equations of the form (8) since it is also possible to make the 
elimination by solving the equations (14) in terms of a and b and then 
substituting in the expression in (15). We may, in general, a single equation 
so obtained from those in (8), whose coefficients P,Q,R will be multiform 
functions. 

SINGULARITIES AND SINGULAR INTEGRALS 

More generally, if P,Q,R are taken to be multiform functions, then 
the differential system in (11), in certain elementary cases, may at the 
very least be replaced (after raising to the appropriate powers) by a system 
of the form 

A(x,y.z . f ) = 0 . B(x.,.z , = 0 . (10 

to which the discussion in no. 149 is relevant. The congruence of these 
characteristic curves may admit a focal surface; the characteristics will be 
tangent to the singular integral curves of the system situated on this focal 
surface. In this case, the focal surface will be an integral surface of the 
partial differential equation in (8), to which the other integral surfaces 
will be tangential, with the exception of those formed by the characteristics 
admitting an envelope situated on this focal surface. This will be a singular 
intégral. 
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The Cauchy oroblem will be indeterminate when we are aiven a curve A 
situated on the focal surface; through such a curve there will pass two 
integral surfaces, in general; the singular integral, which is the focal 
surface, and an ordinary integral surface Mhich Is tangent to it. 

Remark . On account of the result of no. 149, the singular Integral wi;i not 
exist In general : the surface on which the systca of equations In (16) Is non- 
solvable (the functional detemlnant of A and B with respect to dly/dx and 
dz/dx Is equal to zero) Is a locus of turning points of the curves of the 
characteristic congruence. 

266. Examples 

I. The partial differential equation of the cones whose vertex Is the 
origin. Is z-px-qy - 0; the equations of the characteristics are 

X y z ' 

These yield the first Integrals ^ » and ♦(^ » ~ ° determines the 
integral surfaces. 

II. The surfaces of revolution about Oz (rectangular axes) are charac- 
teristics by virtue of the fact that the normal to any point of the surface 
intersects Oz, which gives the condition py-qx ■ 0. The characteristics 
are the solutions of the equations 




dz - 0 , 



which has x -i-y and z as first Integrals. The general Integral Is 
«(z,x -i-y ) " 0. The characteristics are the circles with Oz as axis. 

He renark that, nore generally, the equations of the certain type In 
(1), do enter In the general theory. 

III. The conoids with direction plane Oxy, whose generators intersect Oz, 
are characterized by the fact that the tangent plane at the point x,y,z 
Intersects Oz at a point denoted by z. In effect, this condition yields 
the equation px + qy » 0, whose characteristics are the lines z -const., 
^- const., and the general Integral Is «(z, ^) = 0. 

IV. Orthogonal trajectories of a one parameter fami ly of surfaces. If 
f(x,y,z) = a is the equation of the given surfaces S, where a is the 
parameter, then the surfaces which intersect the surfaces S at a right angle 
will be detemlned by the condition that at the arbitrary point M(x,y,z), the 
tangent planes are orthogonal. Taking f^, f^, f^ to be the paraaeters of the 
normls to the surface S and p,q,-1 for the surface In question, we obtain 
(with respect to rectangular axes) 
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The 
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pf; . of; - f • = 0 

;haracteri sties defined by 



dx _ d/ 



dz 



are the orthogonal trajectory curves of the surfaces S. If u(x,y,z) = a 
and v(x,y,z) = b, are the equations of this congruence of curves, then the 
orthogonal surfaces will be given by 'I>[u{x,y,z), v(x,y,z)] = 0, where * 
is an arbitrary function. 

V. I Let us consider the surfaces S which possess the following property; 
given a point M of S, the tangent plane at M intersects the plane 
passing through M and perpendicular to a given line A, along a line MT 
whose distance from A is equal to a given number a. If we take A as 
the axis Oz, Oxyz tri-rectangular, then the property is encoded within the 
equation 



1, 



(px + qy)' 



a^(p2 + q2) = 0 



On expanding and solving for p/q, we obtain the linear equation with non- 
uniform coefficients 



p(x^ - a^) + q^xy i a ^ 



0 



The characteristics are given by dz = 0 and the equation 



dx 
X -a 



2 2 2 
xy±a^x +y -a 



1^ 



which can also be written as 



(xdy-ydx)^ - a^{dx^ + dy^) 



This is a Clairault equation 

I xy' - y = ia^l+y'^ 

The characteristics are given by 

I z = X, xy-y=±a ^1+? 



(17) 



where p and A are arbitrary constants. But the differential system also 
admils the singular integrals 



2^ 2 2 
X +y = a 



The nonsingular characteristics are the tangents r to the circles admitting 
Oz as their axis; the singular characteristics are these circles. This is 
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evident from their qeometric definition. The integral surfaces are the ruled 
surfaces engendered by the tangents F. Their equations can be written 
collectively, on replacing y by an arbitrary function of 2 in (17), by 

(x«(z)-y)2 - a2(l + («(2)))2 = 0 . (18) 

where <^{z) is an arbitrary function. There Is a singular Integral which is 

2 2 2 
the cylinder x +y = a . 

Remark. Besides the Integral surfaces which were just discussed In Example V 
and were given by equation (18), there exist Integral surfaces which can be 
defined as follows: In the plane z^x, we take an arc PQ of the circle 
and consider the tangents to the circle (fig. 84) at P and Q. where the 
actual positions of P and Q depend on x which Is varied. We obtain a 
surface whose tangent plane varies continuously when the positions of P and 
Q do likewise with X, and which Is composed of two pieces of ruled surfaces 
bounded by their lines of striction and a cylindrical portion. We thus obtain 
an Integral surface. 




Tif. Ci. 



We may proceed likewise whenever the congruence of characteristics 
admits a focal surface. 

We may compare the considerations with those developed In no. 63. 



II. TOTAL DIFFERENTIAL EQUATIONS 

267. A completely Integrable equation. The existence and calculation of 
solutions. 

A total differential equation is an equation of the font 

dz = A^dx^ + AgdXg + • • • + A^dx^ . (19) 

where the Aj are functions of x^ .Xg,. • • ,x^.z. We wish to determine 2 as 
a function of x^ ,X2,. • • ,x^ In such a way that the second member becomes the 
differential of this function z = Kxp...iX„) when z Is replaced by 
(^(x^,... ,x^). The equation becomes equivalent to the system of partial 
differential equations 

^ » A.Cx^.X2,,..,x„,z) . j = l,2,...,n . (20) 
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Firstly, Me shall consider the case of an equation In tw 



variables: 



dz = A(x,y.z)clx + B(x,y,z)cly 



which Is equivalent to 



3x 



A(x,y,z) , 



l§ ■ B(x.y,z) . 



(22) 



He shall assuM that A and B are functions of x^y.z defined In a dOHin 
A Mhlch they have continuous first partial derivatives. If 2 ■ #(x,y) is a 
solution, then It aihilts partial derivatives with respect to x, and then y, 
or to y and then x; these are continuous on account of (22) and are there- 
fore equal, such that for z-#(x,y). ne have 



Ml aofi that équation (SI) [or (22)'] is oaiplately intêgràbla tihan eqmtim 
(28) b«oem9 m idtntity for aiy x^y»! in A. 

Hhen the equation Is not co^»1ete1y Integreble. Its solutions z-#(x,y) 
can only be solutions of equation (23) when the latter Is regarded as an 
equation In z. In general, there will only be a finite nwriber of solutions 
(this could In fact be zero). For exa^ile, when we take Asyz, Baiz, there 
will be a single solution z-O; when Asy. Bs2x, there are no solutions. 

A COMPLETELY INTEGRABLE EQUATION 

If aquation (21) ia ooK^lotaly intograbla in à, thare «xi«t« a miqm 
9olutian Z"^(x,y) ukiA takaa for x"Xq, yyQ a valm Zg(xQ,ygZQ In 
A) end io ebfinad vitkin a naighbothood of thia point. 

If, in the first place, we assign to y the value yQ In the first 
equation In (22), then we obtain a differential equation 

^ = A(x,yQ,z) 

admitting a unique solution z-i|i(x) which for x>Xq takes the value Zq. 
providing x-Xq Is sufficiently saall; ^(x) adiilts a continuous derivative. 
Let us proceed to Integrate the second equation In (22), where x Is a 
constant, and take as the Initial conditions z«t(x) for yyg* Mi obtain 
a solution zs(^(x,y) which Is a function of y and of the paraaeter x and 
which adilts a continuous derivative with respect to x. Ue have 



On referring to the proofs based on the Picard Mthod (nos. 151*154), we see 
that a^/ax also has a continuous derivative with respect to y; this finctlon 
of y satisfies the equation obtained by differentiating (24) with respect to 
X (an equation with variations) 




(23) 



B(x,y,?)(x,y)) , • 



(24) 
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4 (ai) If (-^ty^^t^-y)) ^ i (^.y.^(x.y)) H • (25) 

Equation (25), In which ^(x.y) Is known, defines || ■ u(y). This function 
u is the solution of the equation which for y yQ» takes the value 
!{>^(x) = A(x,yQ,iij(x)). Now, on account of (23). equation (25) admits the 
solution A(x,y,<^(x,y)) since the first menber then becomes 

^ (x.y.<|.(x.y)) + 1^ (x.y.(j){x.y)) |^ , 

where the last term Is given by the equation (24). For yyQt these solutions 
are equal by the uniqueness theorem. Ue have 

H = A(x.y,<l>(x,y)) , 

which shows that z>4)(x,y) is (for x>Xq and y^yg sufficiently small) 
Is a solution of equation (21). By the construction of ^(x,y), this solution 
Is unique in a square of center Xq.Yq. The proposition as stated Is thus 
proved. 

Remarks . I. We can extend the solution obtained as long as the differential 
equations introduced are extendable. 

II. The uniqueness of the solution was only proved in the case of solutions 
defined in a domain containing the point (xp,v,-V Let us consider a solution 
z(x,y) which will be defined in a domain with the point ('^q'-^O^ ^ 
boundary point and which tends towards Zq when the point (x,y) tends 
towards i^Q^yg) along a certain line r. At the point (x-j.y-i), z(x,y) 
will take a value and will coincide with the solution z = (t>(x,y ,x^ ,y.j ), 
about the point (xi,y^), as calculated by the above method; this will be a 
solution which will be defined within a square containing (^q'^O^ providing 
that |X-Xg! + Iy^-Yq! is sufficiently small. The extension of 
$(x,y,x^,y^) along r will coincide consistently with that of z(x,y) and 
consequently, the value of <|)(xQ,yQ,x.| ,y.| ) will be Zq; the function 
4>(x,y,x.| ,y.| ) will be the function 0(x,y). Hie rmiqveneee ia general, 

III. We can interchange the role of x and y i.e., integrate firstly with 
x*Xq and then secondly with y constant. 

IV. If A and B have continuous derivatives up to order q, then likewise 
for the solution obtained. 

A PRACTICAL METHOD 

The technique applied yields the solution which takes a given value Zq 
at a given point Xg, Yq. This solution depends on an arbitrary constant z^. 
We can obtain the solution directly as a function of an arbitrary constant and 
proceed as follows. 
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Let us take x to be constant in the second equation (22) and integrate the 
ordinary differential equation 

§ = B(x.y,z) (26) 

thus obtained. The solution will depend on a parameter x and on an arbitrary 
constant which could vary with x; this will be of the form z = <Ii(x,y,ij;(x) ). 
The solutions of equation (21), whose existence is verified by the previous 
discussion, are necessarily of this form; moreover, the function * has a 
derivative with respect to the third variable i). Matters are reduced to 
determining such that equation (22) is satisfied; by assuming i|;(x) 

differentiable, we will need to have 

If^iaf = A(x.y.,(x.y.*)) . 

The function \p is thus given by a differential equation which can be written 
as 

Hrf, A(x,y,*) - U 

aî = w-^ • (27) 

The existence theorem allows us to assert that the second member of 
this equation only depends on x; ij; will be determined up to a oonetant. But 
we can show directly that the second member of (27) does not depend on y 
when the equation is completely integrable. The numerator of the derivative 
of the second member with respect to y is 

2. 



/clA 3A9* a » \ 3» /. 3*\ 
\3y 3z 3y " 3x3y/ 3ij; ' \ 3x/ 3y3ip * 



and we have 



M = B(x V ♦) = 3B 9i 

3^* _ 3B ^ 3B 3* 



3x3y 3x 3Z 3x ■ 
We can see that this expression reduces to 



L3y 3Z \3x 3z '^/J 



H ^ 0 • 



ThuSf we can integrate equation (26), then determine the function ij^(x) 
(which is the constant of integration) by integrating equation (27), The 
general solution will depend on an arbitrary constant. 
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THE GENERAL CASE 

The methods described above may be extended by recurrence. Let us 
confine ourselves to the 3*var1ab1e case. Let 

du ■ A(x,y,z,u)dz + B(x,y,2,u)dy + C(x,y,z,u)dz . 

The equation will be completely integrable when we have, Identicallyt 

aA.aAp _ 38. ae. 
"Sy su"* = ■§x*3û'** 

3A 3Ap ^ 1Ç 3C. 
U 3U ^ " 3x 3u • 

38 .38 - - ÔC . 3C R 
3z au ' 3y 9u " • 

Under the conditions, the equations 

|j - A(x,y,ZQ,u) , 1^ - B(x,y,ZQ.u) , 

are above the above type where Zq is considered as one paraneter; they 
admit a unique solution u=tjj(x,y) which takes for x«Xq, y"yQ (and 
z-Zq) a value Uq. The equation 

|j " C(x,y,z,u) 

Mhere x and y are considered as parameters, admits a unique solution which 
takes the value 4>Uiy) for z>Zq. He can thus define a unique function 
u-^(x,y,z) having derivatives with respect to x and y and If we assume 
that A,B.C have continuous first partial. These derivatives satisfy varia- 
tional equations, for example 

sit) - i (x.y.z.*) * |5 (x.y.z.») ft . 

and, as we saw above, this linear clfferentlal equation (for x and y 
constants) |^ admits the solution A(x,y,z,(t)). by virtue of the conditions 
of complete Integrablllty. Since these solutions coincide for z*Zg, they 
are Identical. Likewise we Mty obtain 

= B(x,y.z.«) 

and the above technique extends just as before. 

268. The geometric Interpretation. Mayer's method. The analytic case . 

Let us consider an equation of the form (21) or (22) to describe the 
geometric Interpretation In ordinary space. In looking for a solution we 
effectively look for a surface S situated In the domain L and such that at 
each of Its points N(x,y,z), the tangent piane coincides with a given plane, 
namely the plane with equation Z - z-i* A(x.y,z)(X- x)^ B(x,y,z)(Y-y). 
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Following the result obtained, the problem only involves solutions passing 
through an arbitrary point when the equation is completely integrable. If this 
integrabil ity condition is satisfied, then there passes an integral surface 
through an arbitrary point in A. 

APPLICATION 

Consider a curve congruence defined by the equations 

u(x,y,z) = a , v(x,y,z) = b , 

where u and v are given functions cf x.y.z and a and b are arbitrary 
constants. 

I In general, there does not exist surfaces depending on one parameter 
whose congruence curves are orthogonal trajectories. Since, if p and q 
are the partial derivatives of z = 4)(x,y) denoting a point, then for such a 
surface we must have (with respect to rectangular axes) 

P 37^^ 37- ai " ° 



av 



av 



P ^ ^ ay 



av 
az 



^ = 0 



These equations express p and q at each point of the space as 
quotients of functional determinants. This is necessary for the system so 
obtained to be completely integrable. 

I If the congruence is taken to be of the form U(x,y,z,a,b) = 0, 
V(x,y,z,a,b) = 0, then similarly, we will have the conditions 

PU; + qU^ - = 0 . 



pv; ^ qv; 



= 0 



deduced in stating that the normal to the surface in question is tangent to 
the congruence curve passing through this point. When the integrabil ity 
condition is satisfied, then the corresponding total partial differential 
equation can be written by eliminating a and b from the four equations 
deduced; they will be in a nonsolvable form. In the first place, we can 
state the result of eliminating a and b from the four equations, thus 
obtaining the two equations 

F(x,y,z,p,q) = 0 , G(x,y,z,p,q) = 0 . 

We shall see later in no. 271 how the integrabil ity condition can be proved to 
be satisfied without solving this system of two equations in p and q. 

Mayer's method . Let us consider equation (21) 

I dz = A(x,y,z)dz + B(x,y,z)dy , 

where A and B satisfy the conditions of complete integrability along with 
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the conditions imposed in no. 267, which imply the existence of solutions. 
In order to obtain the integral surface which passes through the point 

MqCxq.Yq.Zq), we consider the sections of this surface cut out by the planes 
passing through Mq and parallel to Oz. We will obtain a curve in each of 
these planes and the locus of these curves will be the integral surface. In 
the plane y-yQ = m(x-XQ), where m is an arbitrary constant, we have 
dy = mdx, 

dz = Adx mBdx » [A(x,yQ + m(x - Xq),2) + mB(x,yQ + m(x- XQ),z)]dx . 

The section of the surface through this plane will be given by inte- 
grating the differential equation thus obtained; we need to consider the 
solution which for x=Xq, takes the value Zq. The integral surface is seen 
to be of the form 

z » ♦(x,m,z°). y ' yQ + mU-XQ) . 

and on replacing m in the first equation by Its value drawn from the second, 
the calculation Is complete. 

Mayer's method only requires a single Integration of the differtntlal 
equation. 

Remark . More generally, we could employ a system of curvilinear coordinates 
x = g(u,v), y=h(u,v), such that the curves v= const, are closed curves 
encircling the point (xQ,yg) and reduce to this point for v=0. Along the 
curves u= const., from v=0 to v, we integrate the equation 

^ • A[g(u,v).h(u,v).zjg; + B[g(u,y).h(u,v).z] (28) 

and we will obtain the coordinates of a point of the integral surface as 
functions of u,v. In particular, if we take polar coordinates, with pole 
(xQjyg), we obtain a minor modification of f'.ayer's method. 

We ought to remark that equation (28) only satisfies the general condi- 
tions for the unique solution to be provided by the existence theorem when the 
curves u= const, admit tangents at the point (xQ.yQ), We cannot consider 
the case of spirals, 

THE ANALYTIC CASE 

If the functions A(x,y,2) and B(x,y,z) are analytic about the point 
(xQ.yQ.Zg). then the solution provided by the technique of no. 267, Is analytic. 
Since the function tj/(x) obtained In the Integration of the first differential 
equation. Is analytic. The function ^Cx,y) Is therefore analytic, since for 
B(x,y,z) analytic, the solution of the second differential equation is ana- 
lytic with respect to y and ij/U). 
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269. Equations in a symmetric form. Bertrand' s method . 



Equation (21) can be written in the symmetric form 

P(x,y,z)dx + Q(x,y,z)dy + R(x,y,z)dz = 0 , (29) 

where the variables x.y.z figure as before. After solving in terms of dz, 
where z is a function of x and y, the condition for complete integrability 
may be written as 



or 




After some simplification, we obtain 




If this condition is satisfied, then equation (29) can be integrated by taking 
as the unknown function, any one of the variables x.y.z which will be 
regarded as a function of the other two. since condition (30) is symmetric 
with respect to x,y,z,P,Q,R. The integral surfaces can then be written in 
the form F(x,y,z) = const. ; here P,Q,R are direction parameters of the 
normal at a point of one such surface. We have 




Now, letting y(x,y,z) denote the common values of these ratios, we see that 
we do have 

u(Pdx + Qdy+ Rdz) = dF . (31) 

y ie an integrating factor of the first member of equation (29). A com- 
pletely integrable equation therefore admits integrating factors; p is one 
Of them and the functions ^^(F), where ^ is some differentiable function, 
are the others. Condition (30) is therefore a sufficient condition for the 
expression in (29) to admit an integrating factor. This condition is also 
necessary. Since, if y is an integrating factor, we must have 

ayP _ 3y£ 3ij5 _ SyR SjiR _ ayP 

3y ^ 3x ' 3z ^ 9y • Ôx = 3z * 

On expansion, we obtain equations of the form 




and we see that by multiplying these equations by R,P,Q respectively and 
then adding, that condition (30) is indeed necessary. 



First Order PDE 



163 



Every integrating factor v can be written in the form ug{x,y,z), 

and following the conditions in (32) (where u is an integrating factor) we 
have 

^ 3y ^ 9x " ' ^ az 3y " * 

ax ^ az ^ ' 

which shows that g is a function of F defined by (31). Every integrating 
factor is of the form v<I>(F). 

VECTORIAL NOTATION 



If we denote by \/(M) the vector with components P,Q,R, where M is 
the point x.y.z, then finding an integrating factor for the first member of 
(29) entails finding a scalar ',j(M) such that the vector product u(M)V(M) 
is a gradient. Condition (30) can be written as 



V(M) rot V(M) = 0 ; (33) 

it can be obtained by stating that uV is a gradient. Effectively, for this 

to be so, it is necessary and sufficient that the rotational of this vector 
is zero (1,151), hence that 



rot yV = 0 . (34) 
Now on checking corr^ponents, we see that 



rot uV = u rot V + grad u a V , 

and on scalar multiplication by ^, we see that equation (34) is equivalent 
to (33). 

In the form (33), the intecrabil ity condition is invariant under a 
coordinate transformation, this being an intrinsic property. More generally, 
the expression in (31) shows that the property is still true under a point 
transformation. 

A curve whose tangent at each point M is described by the vortex or 
rotational rot \/(M) is a voz^ex line and a vortex surface is a surface 
engendered by vortex lines. When the total differential equation, written as 



V(M) dM = 0 , (35) 

is comp'ietely integrable, then the vortex at each point M is orthogonal to 
V(M) [condition (33)]; the integral surfaces are then vortex surfaces, but 
the converse is not true i.i general. 
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THE RELATION WITH STOKES FORNUU 

B|y Stokes fbrmU» If C Is taken to be a closed curve on a vortex 
surface, on which the nonaal vector Is orthogonal to the rotational, then we 
have 



(MSI). Oonversely, If the first mcirtier of this equation Is zero for every 
closed curve on a surface S, then on S, we have 

rTrot V(M) - 0 , 

where S Is a vortex surface. 

If equation (35) satisfies the Integrablllty condition (33), then we 
can determine the Integral surfaces by detemlning the or thogonal vortex 
surfaces at each of their points M to the vector V(M). Given a point Mq. 
there. passes through this point curves along which V(M) dH > 0; we can 
detenrlne such a curve r by subjecting It to be In a given plane passing 
through Hq. There passes through r a vortex surface S which is determined 
by the v-ortex lines supported by r (we assume that r itself is not a vortex 
line). The surface S is an integral surface of (35). Effectively, if C 
1s an arc of a curve described on S, joining two points M' and M" on S, 
then we can form a closed line on S bj' considerinn the vortex lines T' and 
T" which pass through M' and M" bounded at these points and at the points 
and where they intersect r, and by taking r from Kj to M^', T' , 
T", C. The integral 



Is zero on r from the definition of F; It is zero on T' and T" since on 
these lines. dN Is equal to k(N) rot V(H) and (33) is satisfied. Since this 
Integral Is zero on the closed contour, it Is zero on C. As C Is arbitrary* 
It follows that throughout the surface S, equation (35) Is satisfied (other- 
wise, there would exist a small curve arc C. on which the first member of (35) 
when divided by ds, the differential of the arc, would have a predetermined 
sign, and this would lead to a contradiction). 

BERTRAND' s METHOD 

Initially, this consists of Integrating the partial differential 
equation 





rot V(N) grad f - 0 



or 




0 
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the integral surfaces are vortex surfaces engendered by the vortex lines 
those being the solutions of the adjoint differential equation 

dx , d_y _ dz 

3z * 3y 3x ' 3z 3y ' 3x 

Amongst the Integral surfaces, we look for those for which equation 
(35) is satisfied. From what we have just said. It suffices to look for 
those curves on which (35) holds and to solve the Cauchy problem for these 
curves. Following Bertrand, we can, on the other hand, proceed as follows. 
If u(x,y,z) and v(x.y,z) are two distinct first Integrals of the system 
in (36). then we have 



rot V(M) grad u = 0 . rot V(M) grad v ■ 0 , 



rot V(M) V(M) - 0 



It follows that the vectors grad u , grad v , V(M) are coplanar; we have 

V(M)' ■ X grad "u ♦ y grad T , 

where X and y are scalers and the total differential equation (35) 
becomes 

V(Mj dM - Xdu -t^ udv - 0 , 

where X and y are functions of x,y,z. But these can be expressed as 
functions of u.v and z for exaiple. Since the equation Is completely 
Integrable. we will have the condition 

du .. dX - 



showing that ^ only depends on u and v. Matters are reduced to inte- 
grating a differential equation and the Integral surfaces will be obtained 
In the form «(u.v) * const. 

Remrk. The Introduction of the system In (36) Implies, from our point of 
view, the existence hypothesis and continuity of the partial derivatives of 
P»Q.R up to the second order. 



270. Examples 
I. Consider the equation 

7 2 

p. ^ q...! 2_ 



2x-»'Z^- x^-2y^ . 4y * z^ - x^ - 2y^ 



which Is completely integrable. Me need to Integrate the differential 
equation 2zdz « (2x't-z^ - x^ • 2y^)dx (y« const.), which Is linear when z^ 
Is taken to be the unknown function. Me obtain 
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= x^ + 2y^ + ij^(y)e^ 
and is given by 4^' (y) = t;;(y) ; we have ^/(y) = Ce^ and 

z2 = Ce^^y . x2 . 2y2 . 
where C is an arbitrary constant. 
II. Consider the equation 

. _ (x^+2x(y-Hz )-y^-z^ )dx -h (y^-t-2y (x-hz )-x^-z^ )dy 

X +y -2z(x+y)-z 

The variables x and y play a symmetric role. The method of Mayer entails 
setting y = mx and leads to a homogeneous differential equation. We set 
z = tx, which yields 

„ dt . . l+2m-m^2t-t^+m(m^+2m-l )+2tm^-t^m 
X — + x; - s — ^ , 

lV-2t(l+m)-t^ 



then 



dx ^ -t^-2(Um)t+Um^ 

^ t^+(l+m)t^+(m^+l )t+(n:^+l ){l+m) 



The denominator is put into the form 

(t^ + m^ + 1 )(t + m+ 1 ) 
and integration yields 
t+m+1 



dt 



X = C 



~2 — 2 — 



where C is an arbitrary constant. The integral surfaces are spheres (with 
respect to rectangular axes) 

+ y^ + = C(x + y + z) 
If we write the equation in the form Pdx + Qdy + Rdx = 0, then we obtain 

P = x^ + 2x(y + z) -y^-z^ . Q = y^ + 2y(z + x) - z^ - x^ , 

R = z^ + 2z(x + y) - x^-y^ ; 

the rotational has components 4(z-y), 4(x-z), 4{y-x). The vortex lines 
are given by 

dx _ &^ _ dz . 
y-z " z-x ~ x-y ' 

2 2 2 

we obtain the first integrals x + y + z, x +y +z , and hence the vortex 
2 2 2 

surfaces x +y +z = *(x + y + z). Applying Bertrand' s method, the equation 
can be written as 
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Xd(x + y + z) + pd(x^ + y^ + z^) = 0 
2 2 2 

with X = -(x +y +2 ), u = x + y + z, anc the above result is recovered. 

271. The ca se of nonsolvable equations 

Let us assume that the total differential equation is of the form 

F(x,y,z,p,q) = 0 , G(x,y,z,p,q) =0, P " ^ * ^ ^ ^ ' 

for which the system constituted by these equations is solvable for p and 
q (with nonzero functional determinant). The complete integrability 
condition is 

where p and q are taken to be functions of x,y,z. The partial derivatives 
which appear in this relation as calculated as functions of x.y.z, p,q by the 
usual method. For example, we have 

3x 9p 9x 9q 9x ' 



3G^9G9£^9G9a = n 
9x 9p 9x 9q 9x 

which gives 

D(F.G) 



9£ DTx,p] 
9x " D F.G 

DtpTq; 



Likewise, we have 



D 


[F,6j 




D 






D 


F,G 




D 


'p.qj 





9p _ DTq»yT 9p ^ D(q.z j 9q ^ D(z,p 



D( F.G) 
D(qTr) 



D(F,G 



3y " D(F, G) ' 9z D(F,G) ' 9z D(F,G. 

D{p,q) D(p1qT 

The identity in (37) becomes 

D(F,G) ^ D(F,G) „ _ D(F,G) ^ D(F,G| ^ 

where p and q are to be replaced by functions of x,y,z. This identity 

must be a consequence of the identities F=0, G=0. For example, it can be 
written as 

9F /9G . „ 9G\ . 9F /9G . „ 9G\ 9G/9F , „ 9F\ 3G/9F . „ 9F\ _ 

9p (93^ ^ P 9^ I 97 ^ ^ 91)- 9^(97 ^ ^ 9?) - Ipfe ^ P 9l) - ^• 

We denote the first member by [F,G], the bracket of F and G. By con- 
sidering z as a function of x and y and p and q as independent 
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variables, it can be written as 

In the case where F and G do not depend on z, the bracket expression 
simplifies: the d are replaced by the 3 in (38) and the Poisson notation 
(F,G) is used in place of the Jacobi bracket [F,G]. 

A PARTICULAR CASE 

If [F,G] 2 0 for any x,y,z,p,q, then the system F=a, G=b will 
be completely integrable for all constants a and b. 



III. THE GENERAL FIRST ORDER EQUATION IN TWO VARIABLES 

272 . The geometric interpretation. The Cauchy method. Characteristics and 
developab l e characteristics . 

We shall consider a first order partial differential equation in two 
variables x,y; the unknown function is z, p and q are partial derivatives 
of z with respect to x and y. Let 

F(x,y,z.p,q) = 0 (39) 

be this equation, fcfe shall assume that the given function F admits con.' 
tinuous partial derivatives up to order two, throughout the domain in which 
these variables are taken. We look for solutions z = <|)(x,y) possessing not 
only first partial derivatives p and q but also second continuous 
derivatives. We shall regard these solutions as defining surfaces in three- 
dimensional space (x,y,z); these surfaces will be tne integral surfaces. If 
a point M(x,y,z) is given and if through this point there passes an intégra", 
surfaces S, then the coefficients p,q of the tangent plane at the point M 
Of this surface satisfies equation (89). The normals at M to the integral 
surfaces are situated on a cone defined by equation (39); the tangent planes 
at M to these surfaces, have as their envelope the supplementary cone which 
we will refer to as the elementary cone and we denote this by C(M). The 
equation of this cone C(M) is obtained by determining the envelope of the 
plane 

C-z = p(£;-x) + q(n-y) , (40) 

where Ç, n. ç are free coordinates and p and q are related by equation 
(33). Letting P.Q denote the partial derivatives of the function F with 
respect to p,q respectively, then we eliminate p and q from equations 
(39), (40) and the equation 

^ = (41) 
P Q ^ 
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(no. 59). The problem of integration of equation (39) can be stated in the 

following geometric form: To détermine surfaces S tangent at each of thtiv 
points M to the elementary co>'ie C(M) acrvesponding tn thic rc'nt. 

Let S be such a surface and z = i{)(x,y) its equation. At each point 
M of S, the cone C(M) is tangent to S. At this point, the functions 
P,Q have well defined values. Firstly, we shall assume that P(x,y,z,p,q) 
and Q(x,y,Z,p,q) are n^^t sirrjltar.pousl-y zero on the region of S in 
question. The equality (41) defines at each point M of this region, a 
direction in the tangent plane; this is the direction of the generator of 
contact of the cone C(M) and of S. There exists on S a family of curves 
r which are tangent, at each of their points M, to the cone C(M); their 
projections on the plane Oxy are solutions of the differential equation 



{«) 



where we assume that, in P and Q, z,p,q are replaced by î{x,y), and 



3^ 

1^ respectively. The existence of these curves is guaranteed by the above 
hypothesis; through each point of S, there passes one and only one of them. 
Since on S we have dz = pdx + qdy, then we can form a new ratio equal to the 
ratios (42) along the curves F: on these curves, we have 

¥' ■ <«) 

But. on S, we also have, where the second derivatives of z are denoted fay 
r>s.t (a notation due to Monge) 

dp ■ rdx sdy • dq > sdx tdy i 

sudi that on the curves r. the ratios (43) are equal to 



dp _ dg 

P^+Q, " Pj+Qt 



(44) 



The above ratios can be written In another «lay. On S. equation (39) Is 
satisfied. On différentlating the first nenber of (39) with respect to x 
and y, where x.p.q are replaced by ^(x,y), |^ , |^ respectively, we 
obtain 

X + p2+ *Qs - 0 , Y + qZ+Ps + Qt«0 . (45) 

by setting 

V = 1E V.Jf. 7.1£ 

* ax • ' ay • ^ az 



Copyrighted material 



170 



First Order PDE 



on taking account of the equalities In (45) » the ratios (43) and (44) 
show that along the curves r» Me have 




In these equalities z,p,q are replaced by «(x>y), || , |^ respectively. 

But when we asBtme that x,y,z,p,q -^'r. Revendent varicblee, then the 

differential system (46) admits solutions and defines y,z,p,q, far extaf^to^ 
cas functions of x. If we take as initial values the coordinates Xq, yQ, Zq 
of a point Mq of S and the coefficients Pq, qQ of the tangent plane to 
S at this point, then on account of the hypothesis ''('^o'^O'^O'^O*''©^ ^ ^* 
(If this number happens to be zero, then Q(xQ,yQ,ZQ,pQ,qQ) will be 
different from zero and the roles of x and y can be permuted). The 
function P is nonzero in the neighborhood of the values Xq, yp, Zq, Pq, 
and since P,Q,Z,X,Y have continuous first partial derivatives, there exists 
a single solution corresponding to these conditions. This solution defines 
in the space x,y,z a curve which coincides with the curve i passing 
through Mg and a series of planes passing through the points M of this 
curve with coefficients p, q-1. These planes are, necessarily, the tangent 
planes to S along r, since the solution is unique. The curves " and the 
planes tangent to S along these curves are thus obtained independently from 
the nature of the surface S: it suffices to know a point Mq on each curve 
r and the tangent plane Hq at this point. Thus we have: 
If there exista integral avcefcusee of the type in queetian, then suoh maffaaee 
tâill be engendered ly the aurvee T end will be tangent along theee auroee 
to the pUmee; these eurves and planes can be obtained directly by integration 
of the eyetem (46). 

CHARACTERISTICS AND DEVELOPABLE CHARACTERISTICS 

The system (46) admits F as a first Integral. He have. In fact, the 
Integrable combination 

Xdx + Ydy + Zdz + Pdp + Qdq . 

We i-hal I !?c^i ".';■)• attention î^olut-i fy.p n^'' ^h^n .f.-pi^ ,->>»! f.ny \ih-ich. F = 0, 
They will be provided by this equation and by three other first integrals 
G, H, K which along with F constitute a fundamental system. The solutions 
will be given by 

F(x»y,2,p,q) = 0 , G(x,y,2,p,q) « a 

H(x,y,z,p,q) • b , K(x.y,2,p,q) » c , 

where d,b,c are arbitrary constants (in a certain domain). Effectively, 
the system satisfies the conditions of the existence theorem, where we still 
assume that one of the denominators is nonzero in the domain in qi^stion. 
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More precisely t we assvane that P and Q are both not simultaneously 
zero at each point of the domain in question. We can take x or y as the 
independent variable; the solutions can be written in the form 

y = f(x,XQ,yQ,ZQ,pQ,qQ) , z = g(x,XQ,yQ,ZQ,pQ,qQ) , 

P = h(x,XQ,yQ,ZQ,pQ,qQ) , q = k(x,XQ,yQ,2Q,pQ,qQ) , 

where Xq, yg, Zg, Pg, qg are the initial conditions. The first two equations 
define a space curve in x,y,z. The curves thus defined depend on three para- 
meters [xg can be fixed and we have F(xg,yg,Zg,pg,qg) = 0] and in fact 
form a complex. We call these curves the aharaatevi sties of equation (39). 
The curves r as defined above are characteristics. The other two equations 
determine, at each point M(x,y,z), of a characteristic r, the numbers p 
and q such that dz = pdx + qdy; these are the coefficients of a tangent 
plane to r at M. These tangent planes along r have as their envelope, a 
developable surface known as the developable dharaoteristio. The system of 
(46) is the differential system of the characteristics; this defines the 
characteristics and the developable characteristics. We also say that the 
characteristic r is the support of the developable characteristic, namely, 
the envelope of the tangent planes which are associated to it. With these 
definitions stated, the above result can be expressed as follows: 
An integral surface S on which P and Q are not simultaneously zero is a 
locus of characteristic curves and is the envelope of the developable 
characteristics whose supports are these curves. Moreover, it can be seen how 
these must be associated to the characteristic curves which are susceptible to 
engender an integral surface S of the type in question. Let A be a curve 
possessing a continuous tangent, taken on S and intersecting the charac- 
teristics r. If Mg is a point of A, with coordinates (xg,yg,Zg), then 
the characteristic r passing through Mg will correspond to the initial 
conditions Xg, yg, Zg, Pg, qg, and qg must satisfy the condition 

whose geometric interpretation is the following: the tangent plane of the 
developable characteristic with support r must contain the tangent to A 
at the point Mg. 

SINGULAR POINTS AND SINGULAR INTEGRALS 

The points of the x,y,z space for which F(;{,y,z,p,q) = 0, 
P(x,y,z,p,q) = 0, Q(x,y,z,p,q) = 0, may in fact be isolated points, formed 
by lines on surfaces. In the first two cases, can only be zero at the points 
or on the lines described on the integral surfaces, which may be considered 
by suppressing these points or lines; such surfaces will in fact be engendered 
by characteristics. 
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Let US assume that the three equations F= 0, P=0, Q=0 are satis- 
fied on a surface I obtained by eliminating p and q from these equations. 
When I is an integral surface, then the above considerations no longer apply; 
I will, at the very least be a singular integral. In order for this to be 
the case, it is necessary and sufficient that the equations F{x,y,z,p,q) = 0, 
P = 0, Q = 0, p = 3z/9x, q = 9z/8y should be compatible. Now, on 
differentiating the first with respect to x and y and taking account of 
the second and third, we see that we obtain 

X + pZ = 0 , Y + qZ = 0 . 

These conditions will be sufficient for Ï. to be an integral surface when we 
do not simultaneously have X=Y=Z=0. We thus see, that in general, there 
will be a singular integral if there exists a surface 1 an which F= 0, 
P= 0, Q= 0, X + pZ = 0, Y + qZ = 0. 

273. The existence of integral surfaces. The Cauchy problem. Darboux's 
m ethod. The analytic case. 

On restricting our attention to the real elements, we see that an 
equation in partial derivatives (as is the case with a differential equation), 
cannot have any solution, even if it is algebraic. For example, the equation 

(p2 + q2)(x2+y2) + ] = o 

cannot be satisfied by any collection of real numbers x,y,p,q, but it is 
sufficient to change z to iz, keeping x and y the same, in order to 
obtain solutions. We remark that, if the equation is not analytic, it cannot 
have any solution, even in the complex domain. For example, if w(u) is a 
nonanalytic function having derivatives up to order 3, a function which cannot 
be defined for u complex (we could take w(u) to be a function whose fourth 
derivative is a function without derivative), then the equation 

+ J[z) + u^(y) + a)^(x) +1=0 

has neither a real solution or an analytic solution, since x,y,z are 
necessarily real, and hence p also. 

We will need to hypothesize that equation F=0 is satisfied for 
values of p and q when the point x,y,z belongs to a certain domain, in 
real space if x,y,z are taken to be real, or for complex space when there 
is no restriction to real values, but, in this second case, when F is 
assumed to be analytic. 

We shall firstly consider the reals. We assume that, in a domain A 
of ordinary space x,y,Z( equation F=0 is satisfied for suitable values 
of p and q; have, the elementary cones C(M) exist. We shall always 
assume that the drivatives of F exist to order 2 and are continuous. 
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THE EXISTENCE OF INTEGRAL SURFACES 

As a consequence of the analysis In no. 272, we Mill prove the 
existence of Integral surfaces by defining an Integral surface S passing 
through a given curve A satisfying certain conditions. 27tua we are led to 
a aolvticn of the Ctxuoky problem. We shall make the following hypotheses: 

A is an arc of a sirrple oontinuoue curve, having, at each of its pointa 
a tangent which variée eontinuouBty , which is not a generator of the cone 
C(Hq}j and such that fof this tangent HqTq we can take a tangent plane to 
the cone C(Mq). Putting it another way, along A, the coordinates Xq, y^, 
Zq of Mq are functions of a parameter v having continuous derivatives 
with respect to v, and there exists functions Pq and qg of v such that 

F(xo.y(j.Zo.Po.qo) = 0 . zj = PoXj + qo^yi . ^^^^ 

for which XqQq - YqPq is nonzero. Moreover, we assume that Xq, yjj, Zq 
exist and are aontinuous. 

There exist such arcs A. Since given a point Mq with corresponding 
elementary cone C(Mq), and with llg one of its tangent planes, then it 
suffices to take A to be an arc of a curve whose tangent MqTq is situated 
in the plane IIq, but is not identified with the generator of contact of Hq. 
Given that the system in (47) is satisfied at the elected point Mq, we can 
solve with respect to Pq and qg in the neighborhood of this point since 
the functional determinant is nonzero. 

DARBOUX'S METHOD 

Let us consider the differential system of characteristics (46) and 
its general Integral satisfying the Initial conditions Xq, Yq, Zq, Pq, 
where these numbers are functions of v along A. We can state this general 
condition in terms of a parameter u by denoting the common value of the 
ratios (46) by du and taking 0 as the initial value of u. The solution 
will be of the form 

X » Ç(u.Xo.yo»Zo*Po»*'0^ • y ' n(u,XQ.yQ.ZQ,pQ,qQ) . 

z = i;(u,XQ,ZQ,pQ,qQ) , p = A(u,XQ,yQ,ZQ,pQ,qQ) , (48) 

q = v(u.Xo.yo.Zo.Po.qo) . 

The first three equations define a surface S in terms of the parameters u 
and V. This will be an integral surface when the values of p and q are 
the coefficients of the tangent plane, i.e. when the Pfaffian equation 

dz « pdx + dy , 

is satisfied. Now, we already have 
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since the ratios (46) are equal at du. It is necessary to establish that vye 
also have 

On account of the hypotheses made on the derivatives of F, the functions 
Ç, n, ; admit derivatives with respect to Xq, y^, Zq, Pq, q^; on solving 
(47), Pq, qQ admit derivatives with respect to v. The function H(u,v) 
exists. Moreover, on referring back to no. 152, we see that 

2 2 2 

9 z 9^x 9^y 

3vau * 3v3u * 3v3u 

exist and we can invert the order of differentiation. We have 

3H ^ 3^z _ 3p3x 3q3y 3^x 3^y 
3u ~ 3u3v ~ 3u3v ' 3u3v " ^ 3u3v " ^ 3u3v 

On the other hand on differentiating the identity (49) with respect to v, 
we have 

2 2 2 

3 2 3£ 3x ia 3^ n 3 x 3 y ^ 

3u3v ■ 3v 3U ■ 3v 3u ■ P 3u3v ' ^ 3u3v " 

(k)mparing these equalities and those in (46) yields 

3H ^ l2.1x^3a^3^_3£,3x 3g..9Z 
3u ~ 3v 3u 3v ' 3u " 3u * 3v ' 3u * 3v 

= p |E+ Q |a+ X 1^ + Y 1^ + Z(p q 1^) . 

3v ^ 3v 3v 3v \^ 3v ^ 3v/ 

But if we also have F = 0, then F is a first integral and '^(xo'^0'^0'PO''^0^ 
= 0; it then follows that 

3v ^ 3v 3v 3v 3v ' 
such that we have 

On account of the hypothesis (47), H(0,v) is zero. It thus follows that 
H(u,v)=0. This can be seen by reapplying the method adopted in no. 77. 
If for some value v, H(u,v) is not always zero in the interval of the 
values of u for which the function is defined, then H(u,v) is nonzero for 
any point in the interval u', u^ and will be zero for u=u' for example. 
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since H(0,v) = 0. If u" is taken to be between u' and u] , then we 
have, on integrating equation (50), 



with u'<u<u". When u tends towards u', H(u,v) tends toward H(u' ,v) 
which is nonzero on account of this equality, contrary to hypothesis. Thus, 
H(u,v) is zero, the surface S is an integral surface. Moreover, p and q 
possess derivatives with respect to u and v which are continuous; it 
follows that r,s,t exist and are continuous. The surface S possesses all 
the properties, a priori, induced by the solutions. Consequently, we arrive 
at the following 

Theorem . If F has continuous partial derivatives with respect to x,y,z,p,q 
up to order 2 and if F = 0 is true for values of p and q in a domain A, 
Chen there exist integral surfaces. The nonsingular integral surfaces are 
obtained by the solution of the Cauohy problem for curves A possessing the 
properties as indicated above. 

When we are given a curve A whose tangents to the points Mq are not 
generators of the elementary cones C(Mq), then two cases are possible: 
either there does not exist tangent planes to A tangent to the cones C(Mq), 
in which case the Cauchy problem is im.possi bl e; or there do exist such planes, 
in which case there are several of their, in general. When one of these planes 
is chosen at a particular point Mq, then the others will be determined by 
continuity. The integral surface will then, in turn, be determined. It will 
be engendered by the characteristic curves passing through the points Mq of 
A and tangent the points Mq to the tangent planes common to A and C(Mq) 
thus determined. This surface is unique. 

PROPERTIES OF INTEGRAL SURFACES 

If two integral surfaces are tangent at a point Mq^'^O'^O'^O^ ^^'^ 
Pq and Qq are not simultaneously zero at this point, i.e. the point is non- 
singular, then these surfaces have the characteristic curve r in common, 
which corresponds to the initial conditions Xq, yQ, Zq, Pq, qQ and are 
tangent to each other along this curve since the characteristic developable 
having r as its support is determined uniquely by these initial conditions, 
as is r. 

The integral surfaces depend on an arbitrary function. Let us assume, 
for example, that a plane x=Xq is not tangent to the cones C(Mq) having 
their vertices in this plane and the tangent planes to one of these cones 
intersect this plane along some lines belonging to the angles of vertex Mq. 
We may then define curves A with the above mentioned properties by taking 
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where iJ^CYq) admits continuous derivatives of the first two orders, ^iore- 
over, 'i'lyg) is constrained to satisfy the inequalities necessary to guarantee 
the existence of the tangent planes common to A and C(Mq). The quantities 
Pq and qQ will depend on ^i^^q) and 4''(yQ) since they are determined by 
conditions (47) which, here, take the form 

F(xo,yo.i'(yo).Po'^o) " ° • "''^^'o^ " % • 

On substituting into the formulae (48), the values of Xq, yQ, Zq, Pq, q^ 
thus defined by the arbitrary function we determine the integral surfaces 
in terms of and ij;' . 

THE ANALYTIC CASE 

If the function F is analytic, then the differential system of the 
characteristics is analytic and the solutions given by the first integrals on 
those of the form (48), are analytic. In particular, we see that in the form 
(48), x,y,2,p,q are analytic functions of u with initial conditions 
Xq, yQ, Zq, Pq, qQ. Regarding the Cauchy problem, if we take A to be an 
analytic curve, Xq, y^, Zq to be analytic functions of v, then the 
corresponding integral surface will have coordinates which will be analytic 
functions of u and v. This will be an analytic surface. 

If A is not analytic, then the corresponding surface S will not, in 
general, be analytic. In particular, if we should take A to be defined as 
above, by equations (51), then it suffices to the function i^(yQ) to be non- 
analytic in order for S to be nonanalytic, since the section of an analytic 
surface through a plane, is an analytic curve. Consequently: 
The analytic integral surfaces of an analytic partial differential equation 
only constitute part of the set of integral surfaces. The most general 
integral is nonanalytic. 

274. Integral curves. The Niong e equation. 

We have seen in no. 272 how the equation of the cone C(M) is 
obtained. We assume that this is actually a cone, i.e. the equation is non- 
linear. Take 

♦(Ç'X, n-y, C-z, X, y, z) = 0 (52) 

to be the equation of this cone. Curves of the (x,y,z) space which, at each 
of their points K, are tangent to one of the generators of the corresponding 
elementary cone C(K), are determined by the equations 
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where the denominators are related by equation (52); they are homogeneous 
with respect to these denominators. The equation 

*(dx,dy,dz,x,y,z) = 0 (53) 

which, at each point of H, defines the directions of the tangents to the 
curves in question, is known as the Mange equation associated to equation 
(39). The solution curves of this equation (53) depend on an arbitrary 
function. For, we can always express their projections onto the Cxy plane 
arbitrarily; for example, in the form y=f(x), where f(x) is differen- 
tiable and z is then given as a function of x by the differential 
equation 

4>(dx,f ' (x)dx,dz,x,f(x),z) = 0 

whose solution again depends on an arbitrary constant. It follows that, 
through a point MQ(xQ,yQ,ZQ) there passes an infinity of these curves, 
depending on one parameter, whilst the characteristic curves passing through 
this point only depend on an arbitrary parameter Pq (where qg is related 
to Pq by the condition Fg=0). These aurve solutions of the associated 
Monge equation F = 0, which are considered to be particular examples of 
characteristic curves, are called the integral curves of the equation F=0. 

Remark. For a linear equation, the elementary cone reduces to a line and the 
integral curves are uniquely the characteristics. 

THE CAUCHY PROBLEM 

In order to solve the Cauchy problem, we assume that the curve A is 
not an integral curve. Given a curve A which is an integral curve without 
being a characteristic, then the curve may be seen to be an envelope of 
characteristic curves. Through each point Mg of A, there passes a 
characteristic curve r tangent to A for which the coimient tangent is a 
generator of the cone C(Mq); let ïïq be the tangent plane to C(Mg) along 
this generator, and Pg, qg the coefficients of this tangent plane. The 
curve r corresponds to the initial conditions (xg,yg,Zg,pg,qg) , but if 
Xg, yg, Zg are taken to be the direction parameters of the tangent to A at 
the point Mg, then the system of equations (47) at Pg and qg is now no 
longer solvable, since we have " ■^o'^O ~ ^' ^o^ver, Pg and qg will 

still be well defined functions of the parameter v fixing the position of 
Mg on A and these functions will have derivatives. Darboux's method again 
applies here, for the surface S engendered by the curves r will be an 
integral surface. But A will be a singular line of this surface; u and v 
cannot normally be expressed as functions of x and y at the points M«. 
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275. Th« Method of Lagrange and Charpit. Cowplef infgnls . 

Let 11$ consider a family of surfaces depending on tw parameters a 

and b, given explicitly by i 

I 

V(x,y,z,a.b) - 0 . (54) j 

We assume here that the function V is analytic and ^ 0 in general. The ! 

coefficients p and q of the tangent plane to a surface belonging to the 

family are given by | 

|ï+p|Ï.O. . (SS) 

If we eliminate a and b from equations (54) and (55) by assuming that tMO 
of the equations are solvable at a and b, and on substituting the values 
obtained Into the third, we obtain an equation I 

F(x.y,z.p,q) - 0 (56) 

whose first mamber Is analytic In x,y,z,p,q, and which Is satisfied for any 
x,yta,b when z Is replaced by Its value taken fron (54) and p and q by 
Its derivatives. This Is, In fact, the partial differential equation of the 
surfaces (54). 

Rmirk. More generally, equation (54) can always be seen to be solved with 

respect to a, for example, since ^ is generally nonzero. By substituting , 
for a the value deduced from (55), we obtain two equations in which b is 
no longer contained. At least one Is solvable in b, and on bringing the value _ 
obtained for b into the other, we recover equation (56). For, if the 
derivative with respect to b is zero in the two equations thus deduced from 
(55), then these equations would yield, for p and q, values which depend 
neither on a nor on b. The surfaces (54) will be integral surfaces of a 
total differential equation; they are integral surfaces which can only depend 
on a single arbitrary constant. The supfaoea CS4) do not depend on two para- 
meters but on a single paramter alone. 

OTHER SURFACES SATISFYING EQUATION (54) 

If we assume that the parameter b in (54) is replaced by a differen* 
tiable function of a, b = A(a), and if the one-parameter envelope of the 
surfaces thus defined, is considered, then this surface envelope is also an 
Integral surftce of equation (56). Effectively, through every ordinary point 
of this surface envelope (a surface whose existence Is assumed) there passes a 
surface (54) which Is tangent to It; equation (56) Is satisfied for velues of 
x,y.z,p,q at this point of the surface (54) and consequently Is satisfied by 
the surface envelope. 

Similarly, If the 2>paramftter surfaces (54) have an envelope, then this 
surface envelope Is also a solution of equation (56). 
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THE LAGRANGE METHOD. THE COMPLETE INTEGRAL. THE GENERAL INTEGRAL. 
THE SINGULAR INTEGRAL. 

Let us assume, given a priori a partial differential equation which is 
analytic, that a family of 2-parameter surfaces (54) is known and which satis- 
fies (56) for any of these parameters. Such a family of surface solutions was 
named a complete integral by Lagrange. On account of what we have just said, 
these 2-parameter surfaces have a unique partial differential equation which 
is necessarily equation (56). Moreover, we obtain other integral surfaces by 
proceeding as we did above: we set b= A (a) and we consider the envelope of 
the surfaces thus obtained; we consider also the envelope^ if it exists, of 
the 2-parameter surfaces defined by (54). These surface envelopes are in 
fact the integral surfaces. 

Lagranoe showed that this provided all solutions. Let z=<îi(x,y) be 
a solution of equation (56), P " If » ^ ~ |y " '-^^ z = 4>(x,y) be a 
solution of equation (56), P = |f and q = |^ . For each value of x,y, 
the five numbers x,y,z,p,q satisfy equation (56). Now this equation is the 
result of eliminating a and b from equations (54) and (55). To the 
numbers x,y,z,p,q there also corresponds a system of values a,b obtained 
by solving equations (54) and (55), and such that these two equations are 
satisfied for the system of values x,y,z,p,q,a,b. These numbers a and b 
are functions of x and y. To the function z = (f>(x,y) there also 
corresponds two functions a=A(x,y), b=B(x,y) such that we have icenticaTiy 

V{x,y,M,B) = 0 , = 0 . 

3V + 3V . M = 0 (57) 
9y 3z 9y " • 

These functions A and B can be obtained by the usual means of solving two 
of these equations (the functional determinant being nonzero); they possess 
derivatives. On differentiating the first equation (57) with respect to x 
and y respectively and taking the other two into account, we obtain 

3V 3A . 3V 98 _ n . 3V 9A . 9V 3B _ ^ 

3Ï3Ï*3b33^""' 9?37 3b*37" " " 

3V 3V 

As and ^ are, in general, nonzero, the system in (58) can only be 

satisfied when we have 

3A 9B 9A 9B _ n /cq\ 
9x 9y ■ 9y 3x " " ' 

This condition can be explained in two ways: B is a function of A (or A 
could be a function of B) and this function is differentiable; alternatively, 
A and B could be constants. In the second case, the surface in question 
z = i|>(x,y), is a complete integral surface. In the first case, the surface 
2 = ♦(x.y) is defined by the conditions 
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V(x.y.z,A.X(A)) - 0 . M§ " 0 • 

since equations (58) then reduce to a single equation. This Is the 1 -para- 
meter envelope of surfaces obtained by replacing b by X(a) In the co^>1ete 
Integral . 

It remains to exanlne the case where Me have 

1^ (x,y.$.A.B) £ 0 . |ç (x,y.(|..A.B) s 0 . 

This Is the case where the conplete Integrals adnit a 2-paraMter envelope. 
He thus obtain the result (of Lagrange): 

Uhen a aomplste analytia integral of tfut malytie equation 
F(x,y»z,p»q) > 0 is btewt> V(x»y.z»a.b) ■ 0 aqy^ than m obtain the moat 
gantral aoUttione of thm aquation by taking b to b» aom diffarantiabla 
funatian X(a) of a <md than alimnating a from the aquatiana 

V{x.y,2.a.A(a)) = 0 . |X + |Vx'{a) = 0 . 

In oavtain oaaaa, wa may hava mother intégral when the oonplete integral 
aurfaoea adult a 2-paramter envelope, 3fda auefaoe enoelape fû?finea the 
aingular integral. 

The geoMtrIc Interpretation of tha general integral was stated above. 
He see that this Integral depends on an arbitrary function X(a). 

On (tetermining a complete integral (Lagrange and Charpit). 

In order to obtain a ooiplete Integral In every case, m supplemnt 
equation (56) by another equation 

6(x,y,z,p,q) - a , 

where a is an arbitrary constant, such that the system F=0, G=a is 

completely integrable. The general integral of this system will depend on a 

and on the constant of Integration b; this trill be an Integral of F* 0 

depending on two parawters. When G Is analytic, this coifilete Integral 
will likewise be analytic. 

The condition for complete Integrablllty of the systen 

F(x,y,2,p,q) = 0 , G(x,y,z,p,q) = a 

Is [F,G] = 0 (no. 271), i.e. by using the notation X, Y, Z, P, Q to denote 
partial derivatives of F with respect to x,y,z,p,q 

Ifp^f Q + ||(Pp*Qq) (X + pZ)-||(Y*qZ) = Q . 

It suffices that the function 6 should be a first Integral of this linear 
homogeneous partial differential equation. It suffices to take 6(x,y.z.p.q) 
to be a first Integral of the differential systen (Identical to those of the 
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characterl sties) 

a first Integral which Is analytic. Consequently: 

In order to obtain a oonplete integral^ we lock for a ftret integral of the 
differential ayetem (60)^ 6(x,y,z,p,q) aay, auah that it ie poeeible to eoloe 
the ayetem F-0, G»a with reapeat to p and q. We proceed to integrate 
the total differential equation dz = pdx->-q(![y thus defined, vkiah yields a 
oonptete integral. 

Remark . When x is regarded as the independent variable in the system in 
(60) (P^O), than we know that there exists a fundamental system of first 
integrals, a system in which F can be one of the integrals. The functional 
determinant of the functions of this system, taken with respect to y,z,p,q, 
is nonzero. It than follows that the functional determinant of F and at 
least one of the other first Integrals, taken with respect to p and q, is 
nonzero. 

276 . A comparis on of t he two methods . 

The hypotheses that we imposed on F are not the same in the two 
methods described, but in dealing with the Lagrange method, we had allowed 
ourselves the assumption (of Cauchy's method) that F possessed a certain 
number of partial derivatives in x,y,z,p,q. We shall compare the two methods 
without involving such different hypotheses by assuming, for example that F 
Is analytic. 

In fact the Lagrange method is often advantageous. It may happen that 
a complete Integral was obtained by direct methods, without having to 
Integrate the system of equations in (60). Even If this is not the case, the 
system In (60), which Is the system of characteristics (46) of the CaucKy 
method was not completely Integrated. It suffices to obtain a single first 
Integral In order to reduce matters to integration of a total differential 
equation, i.e. an ordinary differential equation when Mayer's method is 
applied Cno. 268). 

Remark . When a first integral (distinct f^o-- f^) of the system of 
characteristics is obtained, then the integration of the system reduces, for 
example, to the integration of the system formed by the first three ratios 
(60) or (46), in which p and q are replaced as a function of x,y and a 
constant a, in terms of the first integrals r = C, G=a. Cut this system 
involving two equations is not so simple as the total differential equation 
dz = pdx + qdy» 
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CHARAaERISTICS DEDUCED FROM THE COMPLETE INTEGRAL 

A general Integral surface S fs the envelope of a family of surfaces 
V(x.y,z.a.X(a)) ■ 0. At an ordinary point Mq, the surftce S and the 
enveloped surface are tangent and they remain so along a line r which Is the 
characteristic from the theory of envelopes. But following the theory of 
Cauchy (no. 273). these two Integral surfaces are tangent along the 
characteristic curve eminating from Hq and tangent at to the tangent 
plane of S. These characteristic curves defined In those two different ways 
are unique; It therefore follows that they coincide. Thus: 
lh0 ehaeaatBrietio auroee ariaing in the Cauc^ mthod caea the eantaot aurvee 
of the general integrals with the eaaplete integral aurfacea vSnich aditit theae 
OB envelopes. The equations of these curves are 

V(x.y.z.a.A(a)) = 0 . ^*^^.Q , (61) 

where X(a} Is an arbitrary differentlable function for fixed a; X(a) and 
^ are therefore arbitrary and we obtain the following result: 

!ffie oomplex of oharaaterietia curves is defined by 

V(x,y,z.a,b) - 0 , |J (x,y,z,a.b) + |^ (x,y,z,a.b)c - C 

whepe a,b,c are arbitr-ary pavamtevs. The characteristic developables are 
then obtained by supplementing these equation by 

which yield p and q. 

INTEGRAL CURVES 

The integral curves in no. 274 are the envelopes of characteristic 
curves. They are obtained by supplementing equations (61) by the equation 
obtained by differentiation with respect to a of the second of these 
equations. They depend on the arbitrary function X(a). 

The Cauchy problem. The determination of Integral surfaces passing through a 
given curve may be obtained directly from the complete Integral. A general 
Integral surface Is given by the equations (61) from which a can be 
eliminated. Ne need to find X(a) In order for this surface to contain the 
given curve A defined by x"f(t). y*g(t). z-h(t). The function X(a) 
must satisfy the conditions 

V(f,g,h.a,A(a)) - 0 , 

II (f.g.h.z.X) + 1^ (f.g.h.a.X) ^ - 0 . (62) 
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The first expresses a as a function of t, and the second condition must be 
satisfied by this function of t. Now, on differentiation of the first 
condition, where a is regarded as being replaced by its value as a function 
of t, and on taking account of the second, we have remaining 

if-|^,-fv=0 . (63, 

The function a of t must satisfy the first relation (62) and condition 
(63). This determines A(a) when the system thus obtained is solvable at a 
and A(a). Putting it another way, the parameters a and b appearing in 
the complete integral will be defined as a function of t by the conditions 

V(f,g,h,a,b) = 0 , |^ (f ,g,h ,a ,b)f ' + |^ ( . . . )g' + |^ (. . . )h' = 0. 

(64) 

This expresses the fact that the surface corresponding to these values a and 
b is tangent to the curve A. Conversely, if we consider the surfaces of the 
complete integral which are tangent to A, then these surfaces depend on the 
parameter t. If they possess an envelope, then this surface envelope will 
contain A. In the case where A is a characteristic curve, all the integral 
surfaces passing through this curve respond to the question, the problem is 
indeterminate. The same situation arises when A lies on a singular integral. 
If A is not a characteristic curve, then equations (64) yield a and b 
as functions of t and, on taking the envelope of the surfaces obtained by 
replacing a and b by these functions of t in the complete integral, we 
obtain the surface in question, which can be decomposed. Thus we have: 
If A is not a aharacteristia curve and not situated on the singular integral, 
then the Cauahy problem relative to A may be solved by taking the envelope 
of the surfaces of the complete integral which are tangent to A. 

Remark . We will obtain the integral surface tangent to a given surface E 
by taking the envelope of the surfaces of the complete integral which are 
tangent to I. There will be indeterminacy when Z is the singular integral. 

Complete integra l s deduced from the Cauchy method . 

These are obtained by considering the integral surfaces depending on 
2-parameters. For example, the Cauchy problem may be solved by taking a curve 
A depending on 2-parameters. We may also consider the integral surface 
engendered by the characteristic curves passing through a point ^^q^^C'-^O'^O^ 
and assume that two of the coordinates of Mq are parameters, with the third 
coordinate fixed. Such a surface has a conic point at Mq, where the tangent 
cone is the cone C(Mg); the Darboux method shows that the characteristic 
curves tangent to the generators of this cone at Mq, engender an integral 
surface. 
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Renirk . Linear equations featured prominently in the work of Lagrange and 
Cauchy. The characteristic curves form a congruence, whereas the set of 
curves and characteristic developables is in fact a complex. 

277 Some particular cases. Examples . 

I. CLAIRAULT EQUATION 
Such equations are of the form 

2 = px + qy + f(p,q) . 

When p and q are replaced by arbitrary constants a and b, then we obtain 
the equation of a plane which defines a solution since under these conditions, 
we have, p = a, q = b. A complete integral is therefore z = ax + by + f (a,b). 
The tieneral integrals are obtained by taking b=X(a) and determining the 
envelope; these are developable surfaces. The 2-parameter envelope defined by 

I X = -f^(a,b) , y = -ftj(a,b) , z = ax + by + f (a,b) 

is the singular integral I. The characteristic curves are the rectilinear 
generators of the developable surfaces; these are the tangents of the singular 
integral I. If r is one of these tangents, then the characteristic 
developable of the support r is the tangent plane to I at the point of 
contact of I and r. 

II. EQUATIONS WITH SEPARABLE VARIABLES 
These are equations of the form 

f(x,p) = g(y,q) . 
The. differential equations of the system of characteristics are 

dx _ dy dz _ -dp _ d£ 

3p " 3q ^ 3p " ^ 8q ax ay 

Thejflrst and fourth ratio give rise to the integral combination 

We therefore have 

I f(x,p) = a , g(y.q) = a , 

whefe a is constant, it follows that p and q are expressed respectively 
as functions of x and y alone and the integration of the total 
differential equation dz = pdz + qdy is achieved by means of two 
quadratures. 
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Exawpla . Consider the equation p^x-qy^ » 0. We have p^x > a * qy^, 

and the complete Integral 

z - 2i«x - J ♦ b . 
The characteristic curves are defined by this equation and by 

Here, the cones C(M) are of the second degree. The complete integral sur- 
faces are algebraic and of the fourth degree; the integral surface which passes 
through an algebraic curve will be an algebraic surface. Irreducible in 
general. There is no singular integral. 

Wewrfc. The equations of the form F(x,p.q) - 0 or F(y,p,q) - 0 enter 
Into the class of equations with separable variables, q - a for the first 
equation, p * a for the first Integrals of the differential systen of 
characteristics. 

III. EQUATIONS NOT CONTAINING z. Let F(x.y.p.q) - 0 be an equation not 
containing z. In order to obtain a conplete Integral, ne can associate to It 
an equation of the fom G(x,y.p»q} " a, not containing z. In order to 
exprass the fact that the systea of these equations Is co^iletely Integrable, 
m apply the condition (F»G) - 0 (no. 271); G will be a first Integral of 
the s1^>11f1ed systea 

Once G is known, p and q will be given by functions of x and y alone 
and we recover the integration of a total differential. 

Exaw^le. Consider the equation px^*q^*jiy ' 0, The systen (65) adalts the 
firat Integral q - 1/x. He proceed to Integrate the equation 

dz 



and obtain the co^>1ete Integral 

2 

z--2x*^ + ^ + {*ay + b, 

4x* 3x"^ 2x^ * 
Thera Is no singular Integral. 
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IV. EQUATIONS NOT CONTAINING z AND ADNiniNG py-qx AS THE FIRST 
INTEGRAL OF THE CHARACTERISTIC SYSTEM. The systen (65) «ust adult the 
Integrable conblnatlon p(ly- qdx-t-ydp- xdq. and It then follows that 

Pq - Qp + yX -xY » 0 . 

The function F{x,y,p,q) is the integral of this partial differential equation 
the associated differential system 

. ^ . d£ . . da 

y -x q p 

2 2 2 2 

admits the integral combinations p +q , x +y , and py-qx. The equation 
In question is of the form 

F{p^ + q2, x^ + y^ py- qx) » 0 . 

A complete integral of such an equation will be given by Integrating the 
system 

py-qx • a. P^ + + «(x^+y^ta) , (66) 

where the second equation is deduced from (66) when py-qx is replaced by a 

2 2 

and solved for p + q . We thus ceduce the equation 

(px + qy)2 - (p^ + q^)(x^+y2) - (py-qx)^ 

' (x2+y^)*(x2+y^a) - a^ 
and on denoting the last member of this equality by ¥^(x^-t-y^,a)« we have 

dz - pdx ♦ qdy - y(x2+y2.a) + a ^^^^ . 

which yields the c<»p1ete Integral 

z - a arc tg ^ + yH'(u.a) 2^ + b . u « x^ + y^ . 

The surfaces defined by this equation are hellcolds. 

Example. The equation 

(py-qx)^ = c^d+pW) . 
where c Is a given constant, admits 

z-aarctg-+/^u - a gU*"* 

c 

as a complete Integral and one can proceed to Integrate by setting the root 
equal to v. 
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Remark . In order for the system F = 0, G = a to be completely integrable, 
it suffices to see that the condition [F,G] =0 is a consequence of F = 0 
(no. 271). We can account a pmori for the condition F = 0 before stating 
the differential equations in (60). For example, if we have the equation 

P ♦ f(x.yt2.q) • 0 , 
then on replacing p by -f, the condition becomes 

36 . 3G 3f . 3G 3f -\ 36 / 3f - 3f \ 36 /3f . „ 3f \ _ „ 

As p does not appear in the coefficients, we can assume 6 to be Independent 
of p. G(x,y,z,q} will be a first Integral of the systeii 



dx _ dy . dz , -dq 
T " 3? ■ „ 3f ^ " WTTlf 



V. THE CASE WHERE A COMPLETE INTEGRAL CAN BE OBTAINED A PRIORI. Let us 
find surfaces S such that for a given point M of S, P the point of inter- 
section of the normal at M with che plane Oxy, then the orthogonal projec- 
tion of the segment P onto the plane Oxy Is of given length a(Oxyz 
rectangular). The partial differential equation Is 

2^(p2 + q^)-a2 . (67) 

The system of the equations of the characteristics Is (to within a factor of 
1/2) 

■ dz _ dz _ -dp _ -dq 
pz^ qz^ (p^q^)z^ pz(p^+q^) q2(p^+q'^) 

He have the Integrable combination p/q . 

Having taken account of the form of equation (67), we can take 



cos a 

where a is a parameter, and we then proceed to integrate 

which yields the complete integral 
2 

z ■ 2a(xcosa + ysino) + 8 . 

where 3 is the second parameter. The cQir.pl ete integral surfaces are 
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parabolic cylinders of equal type Nhose line sections are parabolas situated 
In the planes parallel to Oz, having their axes in the plane Oxy and these 
are all equal. He can anticipate a priori this result In advance. Since on 
account of the property of the subnormal to a parabola, every parabola ir 
with plane parallel to Ok with axis situated In the plane and with 
parameter a, is an Integral curve (no. 274) and the cylinders admitting these 
parabolas tt as line sections are integral surfaces. They depend on two 
parameters and hence give a complete integral. Two of these cylinders inter- 
sect along a parabola whose limit, when one of the cylinders tends towards 
the other, is a parabola of a line section. The characteristic curves are the 
parabolas t, the characteristic developable whose support is a parabola tt , 
is the cylinder for which v. is the line section. An integral surface can be 
obtained by taking an arbitrary curve A in the plane (Oxy) (A has a con- 
tinuous tangent) and taking the locus of parabolas ii whose vertex describes 
A and whose plane is normal to A. 

The system in (68) can be completely integrated without too much 
trouble (we can cancel the factor z out of the denominator). We have 
p = q cot a and from (67) pz = a cos at the first two ratios give y=xtgx + A, 
the first and the fourth are then written as 

dx ■ • a cos g dp , _ a cos^adp 



and give 



P(p^*q^) P^ 



a cos^a . 



2p' 

Me obtain the system of curves and characteristic developables In the form 

2 

y COS a - X sin a ■ X' , z cos a ■ Zax-fy' , 



COS a sin a z • 

where a. X' and y' are arbitrary constants. A more direct way of seeing 
this Is when we consider surfaces S such that the part of the normal taken 
between the point of Incidence and the plane 09^ has a constant length a. 
The spheres of radius a whose center Is In Oxy are Integral surfaces and 
define a complete integral. The general integral surfaces are canal surfaces: 
there exists a singular integral constituted by the two planes being the loci 
of points situated at the distance a fron Gxy, 
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278. The generalized lie solutions 

Wth the Intention of applying contact transfomatlons to first order 
partial difftrentlal equations. Lie generalized the notion of a solution. 
Me say that the elenents 

X ■ f(u.v), y = y(u,v), 2 = h(u,v), p = k(u,v), q = il{u.v) 

Mhlch depend on two paraneters (u.v) and are different labia, are imlfd and 
dêfiM a i-dtmtrutimat multiplioity If the condition 

dz H pdx -f qdiy 

Is satisfied. The set of points with coordinates x,y,z Is the point-support 
of the niltlpllclty. This support can be reduced to a curve where p, q-1 
are the coefficients of tiie tangent planes to this curve at the points of this 
curve: the multiplicity Is the set of points of a curve and Its tangent 

planes. The support may even reduce to a point; the wiltlpllclty Is the set 
of planes passing through this point. In general, the support 1$ a surface 
and the auUipllclty is the set of points of this surface and Its tangent 
planes. 

Following Lie's terminology we say that the generalized solution of the 
equation 

F(x.y,z.p.q) - 0 (69) 

Is every 2-d1mns1ona1 nultlpllclty Identically satisfying this equality* If 
p or q occur in this equation (which Is now a partial differential équation)» 
then the Integral surfaces united with their tangent planes, are solutions. 
But there nay well exist Lie solutions which are not defined by Integral 
surfaces. Fbr exam>1e. If equation (69) happens to be linear, then the aultl- 
plldty defined fay a characteristic curve and Its tangent planes constitute a 
solution in the Lie sense. 

Fron Lie's point of view an equation of the type F(x.y.z) « 0 can be 
considered as a particular partial differential equation: It admits as a 
solution the mitlpllclty foraad hy the surface S defined by this equation, 
its tangent planes and its multiplicities defined by the points M of S and 
the planes passing through these points. A contact transformation (I, 134, 
135) transforms a multiplicity of united elements into a multiplicity of united 
elements. If the first satisfies equation (69), the second satisfies 
the transformed equation obtained by replacing x,y,z,p,q in (69) by the 
values extracted from the inverse transformation. It may happen that the 
transformation of an integral surface of (69) is only a generalized solution of 
the transformed equation. Thus we have to consider the generalized solutions 
of the transformation if we wish to obtain, via the transformation, all of the 
solutions of the equation in question. 
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THE CASE OF TRANS FORHATIONS BY POLAR INVERSION 

In particular, Mhen we mke a polar Inversion to the united elenents 
x»y,z.p,q there correspond the united elements X,Y,Z.P,Q defined by 
equations of the form 

X • ♦i(p.q.px + qy-2), Y • <^2(P*qipx*qy- z). 

Q ■ ^(x.y,z). 

where 'î and are rational fractions with first order terms taken with 

respect to the above quantities. These relations are reciprocal. Equation 
(69) is transformed to ^(X.Y ,Z,P,0) = 0. If an integral surface of (69) is 
a plane, then there corresponds to it a multiplicity fomied by a point and the 
planes passing through this point; the equation $ = 0 is satisfied by the 
coordinates X,Y,Z of the point for any P and Q. The converse is also 
true. If a developable surface is an integral surface of equation (69), then 
the equation ; = 0 is satisfied by the coordinates X,Y,Z of the ooints of 
a curve and by the coefficients P and Q of the tangent planes to this 
curve and vice-versa. 

THE LE6ENDRE TRANSFORMATION 

In the case of this transformation, mb have X = p, Y * q, 
Z > px 4^ qy - z. P « X. Q » y and consequently the equation «(X,Y»Z} - 0 
corresponds to a Clalrault equation 

«(p.q.px-t-qy-z) « 0 

and conversely. On account of what we have Just stated, the Lie solutions of 
»(X,Y,Z) • 0 constitute the surface defined fay this equation, along with Its 
tangent planes, and the multiplicities defined by the points of this surface 
assigned to which are the sets of planes which pass through them. To this 
there corresponds, via the Inverse transformation, the singular Integral of 
the Clalrut equation and Its tangent planes. 

The equations whose transformations are linear e.g. 

A(X.Y.Z)P + B(X,Y,Z)Q+C(X,Y.Z) • D , (70) 

are of the form 

A(p.q,px + qy-z)x + B(p,q,px + qy-2)y + C(p,q.px + qy-z) » 0 . (71) 

Now according to the viewpoint adopted by Lie, a linear equation of the kind 
In (70) admits as Its Integrals the multiplicities formed by the character- 
istic curves together with their tangent planes. These multiplicities depend 
on two parameters; they form a complete generalized Integral whose general 
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ordinary integral surfaces are determined by taking a locus of supports of 
these multiplicities. To this generalized complete integral there corresponds, 
in the light of equation (71) a complete integral in the ordinary sense which 
is formed by the developlable surfaces corresponding to the support curves, 
and conversely. Equation (71) therefore states the general form of the 
partial differential equations in two variables admitting a complete integral 
formed by the developable surfaces. 

279. Example 

Let us consider the surfaces S having the following property: let 
r be the section of a surface S through an arbitrary plane passing through 
the line A(z=a, x=0) and let A be the orthogonal trajectories of the lines 
r on S; we assume that the lines A are spherical lines lying on the spheres 
with center 0. 

If dx, dy, dz are the differentials of x,y,z on A at a point M 
of S, and 6x, 6y, 6z the differentials on r, then we have the following 
conditions (with respect to rectangular axes) 

dx6x + dyôy + dz6z =0, dz = pdx + qdy, 

6z = p6x + q<5y , (z-a)6x - x6z = 0, 

xdx + ydy + zdz = 0 . 

On eliminating ôx, 6y, 6z from the three equations containing them, we have 

qxdx + (z-a-px)dy + q(z-a)dz = 0 

and on eliminating dx, dy, dz from this equation and from the two remaining 
equations, we obtain the partial differential equation of the surfaces S 

(z-a-px-qy)(x+pz) + aq(py-qx) = 0 . (72) 

We may obtain a priori a complete integral by observing that the cones of 
revolution whose vertex is on A and whose axis passes through the origin, 
are integral surfaces depending on 2 parameters, The equation of these cones 
is 

x^ + (y-X)^ + (z-a)^ ^ u[A(y-M + a(z-a)]^ = 0 . (73) 

The characteristic curves are defined by this equation and by 

2(y-X) + 2>j(y-2X)[X(y-A) + a(z-a)] + v[A(y-X) + a(z-a)]^ = 0 . 

Equation (72) is of the type (71) since there exists a family of complete 
integrals formed by the developable surfaces. To see this, we express it in 
the form 
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2 2 
p(z-a-px-qy)(z-px-qy) + x({l+p ) (z-a-px-qy )-aq ) 

+ ypq(z-px-qy) = 0 . 

The Legendre transformation then yields a linear equation that is 

P[a(X^ + Y^ + l) + Z(X^ + 1)] + QXYZ-XZ(Z + a) = 0 . 

The characteristics of this linear equation are determined by the associated 
system 

dX dY _ cZ 

a(xW.l).Z(X^l) ' ' 

The first integrals are found to be 

a+Z X^+Y^+1 



Y ' ^ 

and the general integral is given by 

a.z=Yf(^^) , (74) 

where f is an arbitrary function. The characteristics a + Z = XY, 
2 2 2 

X + Y +1 = dZ are conies which are the pclar inversions of the cones (73) 

2 2 

with respect to the paraboloid x +y = 2z, the generator of the Legendre 

2 2 

transformation (I, 134); we have p(l-p(X +a )) + y = 0. 

Remarks. I. When we obtain the equation of the integral surfaces of the 
transformed equation, following a polar inversion, then the tangential equation 
of the integral surfaces of the equation in question, is effectively known. 
For example, equation (74) provides the tancential equation of the surfaces 
S. If X,Y,Z is a point of a surface (74), then the plane having the 
equation 

xX + yY - z - Z = 0 

is tangent to the transformed surface S. V'hen ux + vy + wz + h = 0 is taken 
to be the general equation of a plane, then this plane will be tangent to S 
when we have 

X = Y ^ 2i ^ -Z 
u ~ V ~ w ~ IT ' 

The tancencial equation of the surface S, deduced from (74), is 

2. 2. 2 



aw + h + vf 



/ 2^ 2^ 2 \ 
/ u +v +W I 
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II. The Cauchy problem relative to a given equation and a curve fî trans- 
forms by polar inversion into a problem which entails findina, for the trans- 
formed equation, an integral surface tangent to the transformed developable of 

n. 



IV. EXTENSIONS OF THE RESULTS TO MORE GENERAL CASES 

280. Extension of the Cauchy method 

The Cauchy method extends to the case of an equation in n variables 
Xj, j = l,2,...,n. On denotino the partial derivative of the unknown function 
z Mith respect to Xj b> p^, j = lt2,...»n, the equation is of the fom 

F(x^,...,Xj,...,x^.z,p^,P2...-,Pj,....p^) » 0 . (75) 

He assune throughout that F admits first and second continuous partial 
derivatives with respect to 2n-i-1 variables Xj, z. Pj and ne denote by 

Xj and Pj the first partial derivatives of F with respect to Xj and 
p^, and by Z, the first partial derivative of F with respect to z. We 
look for solutions 



z ■ 



admitting first and second continuous partial derivatives; we will denote the 

second partial derivative of z with respect to x. and x. by p. . . A 

J X J » 

solution defines in the (n+1) dimensional space ('^j'^) ^n n-dimensional 
multiplicity which may be called an integral surface, and on this surface S 
we can define a system of "curves", namely solutions of the differential 
system 

dx« dx9 dx- 
1 . . ... . -j2L (76) 

where we assume that in P^,...,P^, z and the p^ are replaced by their 
values on S. It suffices to assune that ^^•''2>-- are not simultaneously 
zero on S. As we have 

dz - p^dX| + . . . + p^dx^ 

dPj. = PjjdJC, + ••• + Pj^pdXn J-1,2.....n 

then the ratios (76) are also equal, along the curves In question, to the 
ratios 
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But on différentlating the equation F ■ 0, where z and Pj are replaced by 
^ and Its derivatives, with respect to the x^. m also have 

'3'^j'''lPl.J*-*Vd.n'°» n 

which allows us to eliminate the P. ^^ in the above ratios. Finally, along 
the curves on S, we have 

-dp^ 



^'h ^ dz 



-dp 

•^n 



" w • 



(77) 



If we now consider the system In (77) with 

the Independent variables, and assume e.g. that is nonzero, then this 
system of 2n differential equations admits a unique solution defined by the 
Initial conditions Xj, z^, Pj, j = l,2,...,n and provides, in particular, the 
curves in question on S once this Initial condition has been suitably chosen. 
It follows that, if there existe integral surfaces, then theae tatpfaaua S 
are the loai of integral aune» of (7?) euah that, for exatpls, 

X|j = X|^(x^,x9,z°,Pj!^), k»2,...,n; j = l,2 nj 

z ■ 2(x,,xJ,z°,pJ) , (78) 

corresponding to suitable initial conditions , with the exception of the 
integral surfaces on which we have P. = 0 simultaneously, j = l,2,...,n, 
which are singular integrals. The aitrves defined by (78) are the charaoter- 
iatias. 

In order to verify the existence of integral surfaces, we proceed as in 
no. 273. We construct an integral surface containing an n-1 dimensional 
multiplicity given a priori and satisfying certain conditions, thue amamting 
to a eolution of the (kiuahy problem, ke express A In the fbrn 

*J ■ *j^*r^2*****Vl^* (j- 1.2,...,n) 

2 " *(v, Vjj,,) . 

Me assume that the functions and ^. have continuous first and second 
partial derivatives with respect to the parameters V|^, that the linear system 
in pj, j = l,2 n. 
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^ = 2- Pi ' k=l,2,....n-1 . 

^\ 1 J ^^k 

admits a nonzero determinant of order n-1 and that on augmenting the system 
with the equation (75). F = 0, the total system is solvable with respect to 
A with respect to the p.. Thus on A, we will have 

J 

" ^j^^r^2'*"'^n-l^ ' j = l,2,...,n, 

where the Bj have continuous partial derivatives. If we denote by cu the 
common values of the ratios (77), then the solution of this system, which takes 
the values x. = ij;., z = xp^ p. = 6. for u = 0, is well determined for each 
system of values of Vj^, at least in a restricted domain. The characteristics 
are given by 

= Xj(u,iJ'j,....ii'^.i|',6^,...,e^) j = l,2 n, (79) 

z = x(u.'l'i »• • • 6f,) 

and the values of the p. by 



p. = r.{ii,^^,...,^^,Q,6^,...,Q^) j = 1.2,. 



,n. 



It is possible to choose the 'ii. and \l> such that the multiplicity defined 

J 

by the equations (79) is n-dimensional , i.e. defines what we have called a 

surface. In order to show that this is an integral surface, it is necessary 

to show that the Pfaffian condition is satisfied. This can be seen directly, 

as in the case n = 2 (no. 273). 

The existence of integral surfaces is thus proved and the Cauchy 

problem is solved with respect to the hypotheses imposed on the multiplicity 

A. These hypotheses imply that A is not situated on a singular integral and 

ia not generated by characteristics depending on n-2 parameters. The 

solution to the Cauchy problem is unique once the functions and 9. 

J J 

are given. 

281 . Extension of the L agra nge method 

If we consider a family of surfaces in (n+1 )-dimensional space 
depending on n parameters a., 

V(x^,...,x^,z,a^,...,a^) = 0 , (80) 

then the partial differential equation of these surfaces is obtained by 
eliminating the parameter a. from this equation and the equations 
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Mhlch define the pirtlal derivatives of z with respect to the Xy In general, 
this ellalnatlon only yields a single equation 

F(x^,....x^.2,p^.....p^) - 0 . (82) 

Conversely, If such an equation as (82) is given a priori , then Me say that an 
equation of the form (80) defines a c(»|)1ete Integral of this equation if the 

function z of obtained by solving (80) «rith respect to z Is an 

Integral of (81) fbr any parawters a^.a2 and If this function does 

not satisfy any other equation. Ellnlnatlon of a^,a2>.-->a^ from (80) and 
(81) can only yield equation (82); the systen of equations In (80) and (81) 
Nist be coMpatlble when z Is replaced fay sone solution of (82). Finding 
solutions of (82) once more reduces to finding functions z, a^.... ,a^ of 
x^,X2»...»x„ satisfying the systea (80). (81). These functions satisfy (80) 
and hence also the equations obtained by differentiation with respect to the 

These derivations are possible If the aj possess derivatives, which happens 
to be the case when n equations of the systea (80), (81) are nonHlly solvable 
with respect to the aj and If V has second order partial derivatives. On 
taking account of the relations In (81), the equations In (83) reduce to 

The systen of equations In (80). (81) can be replaced fay the equivalent systen 
forMd fay equations (80) and (84). Now the equations In (84) which are linear 
and honogeneous with respect to the derivatives of V» can only be satisfied 
when we have 

V - 0 , ^ - 0 ^ - 0 , (85) 



or 



D(ai «32» • • • »a^) ^ (86) 

If there exists a surface defined by the conditions In (85), then It Is a 
singular Integral, this does not exist In general. (Edition (86) Indicates 
that the a^ are constrained fay one or nore relations (I. 126). For exanple. 
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suppose we have 

D(a^ ,32,. yày) 

D(x^ .Xg,. . . ,x,^) 



f 0 , (87) 



«^11 St the functional determinants of order k-t-1 are zero* then In a particular 
donin 

*k+l ^ w,^+i(a^,...,a,j),...,a^ = w^(a^ ,. . . ,aj^) . (88) 
the systea In (84) becomes 



1 



and condition (87) implies 



3V ^**n 1 
^n *«nj 



3V + 3V_ k+l^ ... + " . 0 , j.1.2 n. 



+ âr = 0 . in-l,2,...,k 



da^jj ^^k+i S''- ' ' 9a_ 



m n m 

Consequently: 

The integral surfaces vill he oh-^ai-i^.ed by assuming that k of the a- 
ore independent, the remaining n-k arfa aroitravy {diff''r"ntiatle- flections 
of these k first a. a^zti, % eliminating the latter from equations (80) and 
(89), we aan say that a k-parameter envelope of the surfac-es in (60) can be 
considered. We hxili assign to k the values l,2,...,n-l. If there exiete 
an n-paramter envelope, then it is a singular integral. 



282. f.ir.d j ng a complete integral. The Poisson identity. The tnethod of 

Jacobi ■ 

The determination of a complete integral was taken up by Jacobl. We 
shall confine ourselves to an exposition of his method, 

I. He can restrict our attention to an equation F(x^ ,X2,. • . .x^.p^ ,. . . ,p^} 
■ 0 not containing the unknow function z. Effectively, If mb have an 
equation 4»(x^.x2,...,z*p^>... «p,^) "0. mo my find Its solutlms In the 
li^llclt fom« ZCx^,....x^.z) - 0. Ne shall have 

az . p 32 . 0 
^ + Pj^ - 0 

and Z will be a solution of 
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n 

3Z 




- 0 . 



and equation which does not contain Z. We shall therefore consider, 
exclusively, equations of the form 



F(x^,...,x^.p^ p^) - 0 



(90) 



II. // the n functions (x^ . . . ) have fCrat oontinuouB 

partial derivatives with respect to Xj and Pj if 

D(F, FJ 



à = 



$ 0 , 



md if the Voieaon braaketa 



oiw ai^ identically zefo, t>wn the expression dz = Pidx-j + ... +p^dXj^, 
where p^ •P2*- * • tP^ euee the valuee extracted from the ayatem of equatiana 



eatd uhera the are oanetmta, ia a total differential. 

Ub mst show that ^v^J'^\ ^ ^^k^^^j * ^ ^* 

derivatives are given by 



These 



3F 

Fron this we deduce 



or M j—^ or 



3F. 3p 



B-l "Sn ^^u iPl 



q-l 



^.F. 3F 3p, 



= 0 



and on pemitlng J and k and then subtracting we see that 



(F M - E E ^ ^ ('^.^] = 0 



3Fj /3p^ 3p_ 

q-l ^Pq ^'Ti "q 

Since À ^ 0» the n honogeneous equations 
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ir= I ^ q=l '^q ^ m q ' / 

adirit the only nonzero solution, and this is for each j. We have 

q=l '^q\m q/ in=l,^:,...,n 



and the same argument shows that 

m q n; = I ,^ , . . . ,n 



The proposition is thus established. 



III. The Poisson identity . If the functions F, G, H of the x. and p., 

J w 

j = 1 ,2,. . . ,n, have first and second derivatives^ then we have 

((F.G),H) + ((G,H),F) + ((H,F),G) 5 0. 

In view of the symretry, it suffices to show that the terirs containing 
the second order derivatives of F, for exarple, are zero. These terms arise 
uniquely from ((F,G),H) + ((H,F),G). Now (F,G) for example, is a linear 
form and is homoceneous with respect to the derivatives of F: if we set 

X(F) H (F, G) , Y(F) 5 (F. H) - -(H, F) , 

then we have to consider 

((F. G), H) + ((H.F),G) ^ Y(X{F)) - X(Y(F)) . 




Y(F) 



we see straight away that Y(X(F)) - X(Y(F)1 dees not contain any second 
derivatives of F. Q.E.D. 



IV, 
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The Jacobi Method . Given a partial differential equation of the form 



(90), we obtain a complete integral by adding to this equation the equations 
Fl = ^V"-' ^.1 = ^n-r = F.(x^.....x^,p^,...,pJ. (91) 

where the a. are constants, such that (F,F.) = 0, (F.,F. ) = 0, and that 

J 3 3'^ 

the functional determinant of F, F.|,...,F^ ^ with respect to p^,...,p^ is 

nonzero. Since, on account of Proposition II, with p.|,...,p^ taken from the 

total system of these equations, the integration of the total differential 

dz ' p.|dx^ + • • • + p^dx^ will provide a function z of x,j,...,x^ depending 

on a^,...,a^i and another arbitrary constant a^ which will be a solution 

of (90). 

In order to determine the functions F,| , F^_^ , we proceed recursively. 
Firstly we can find F^ to be a solution o' the equation (F,F.|) = 0, i.e., 
we consider a first integral of the equations of the characteristics of F. 
Then we have to determine ?2 means of the two conditions (F,F2) = 0, 
^^1*^2^ = 0, i.e. we have to find a comnx)n solution to two linear and homo- 
geneous partial differential equations, fore generally, matters are reduced 
to the following problem: 



Given r distinct funatione F-j (x^ ,x^ ,p,j ,p^ ),..., F^(x,j ,x^, 
.Pf,). r<n. such that (Fj,F|^)=0; j«l,2,...,r, k=l,2,...,r find 
a fukotion <J> distinct from these and such that (F. ,<!>) = 0, j = l,2,...,r. 

If we put X.(4>) = (F.,4>), then the Poisson identity 

3 J 

((Fj,F^).*) + ((F^,*).F.) + ((*,Fj),F^) = 0 . 

in wi|ich the first term is zero by hypothesis, can be written as 

X^{Xj(*)) - X.(X^(*)) = 0 . (92) 

The cfetenrination of $ will be complete once we know how to solve the 
following problem in which the variables x. and p. play the same role: 

I Find a cormon solution ♦ to a system of r linear, homogeneous 
parttcl differential equations X.(<I>) = 0, with m>r variables satisfying 
conditions (92) for any j and k. Such a system is called a Jacobian system. 

V. Integration of Jacobian systems . Consider a system of r equations 
m 

X.(*)=Z] c. (Xt ^Jjf • j = l,2,....r (93) 

with m>r variables. In this Jacobian system, the identities (92) are 
verified. A transformation of the variables with nonzero functional determinant 
transforms this system into another Jacobian system. Since each equation is 
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transformed into a linear horrioceneous equation; X.(4>) = 0 becomes Y.l*) = 0 

3 J 
with yT,...,y the new variables and by means of the formulae of the trans- 

I IT 

formation, we have X.(<I>) = where <î> is expressed as a function of the 

J 3 

y. in the second member. Thus, in terms of the formulae of the transforma- 

3 

tion, we therefore have X. (X.(*)) = Y. (¥.($)) which proves that the 
identities in (92) are preserved. 

In order to find the common solutions to equations of the systen (93), 
we proceed by successive reductions. Let y-j .y2i • • • .y^^ be m functions of 
x^,...,X|^, where y2'---'-ypi solutions cf the first equation X^(*) = 0 

and such that their functional determinant with respect to the x. is nonzero. 

3 

Let us take y^,...,y as the new variables. The new system thus obtained 

will again be a Jacobian system, but since X, (y.) = 0, j = 2,...,m, the first 

' 3 

equation will reduce to 

the remaining equations are of the form 

Y.(*) = C. , 1^ + C, , ^ + ... + C. „ ^ = 0. j = 2.... (95) 
J J.l Sy^ J. 2 3y2 J'"" ^^m 



The condition Y.(Y. (<!>)) - Y.(Y. (*)) 5 0 is interpreted as the identities 

K J J 1^ 



s=l 



3C 



'k,s 9y. 



3C 



J. s ay, 



j = 1 . . ,r 
0 . k= 1,... ,r 

q = 1 ,2,. . . ,m 



By taking j = l, q>l, k>l,we obtain 
3C. 



ay 



0 



1 



hence 



m 

8 = 2 



3C, 



ac 



k,q 



'k,s ay^ 



'j,s ay 



s J 



0 , 



j = 2 r, 

k = 2,. . . ,r, 
q = 2,. . . ,m. 



It follows that, by suppressing the first terms in the equations of the system 
in (95), we obtain a system of r-1 equations in the m-1 variables 
^2''"'^m ^^^^ again of the Jacobian type. Every solution of this reduced 
systen will also satisfy equations (94) and (95) since it does not depend on 
y^ . By repeating this operation r-2 times, we will arrive at a single 
equation that can be integrated, and on transforming inversely, we will obtain 
the solution of the system in (93). 
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283. hi application to wechanlcs 

The canonical equations of no. 203 trtiich provide the extremals of the 
Hamlltonlan action are 

^ ■ ^ • ' 'Wi' J"-' " • 

They can be regarded as the equations of the characteristics of the partial 
differential equation (which does not contain the unknown function V), 

^ + H(x,y^,...,y^,p^ Pn^ " ^ • ' W ' 

Once MB know a complete Integral we can write It In the resolved form and It 
Is 

V- V(x.y,,...,y^.a^,....a^) + a^^^ . 

where the a^ are constants» since If V Is a solution, V+ const, is also. 

As in the case of two variables we can show that knowing the complete 
Integral Implies knowing the characteristic curves, which are here given by 

3V _ K 9V - K 

3a, " aa„ ■ **n • 

where the a^ are arbitrary constants. These equalities, along with the 
equalities ^ àV/dy^, j = l,2,...,n provide the Integrals of the 

differential system (96). 

We refer the reader to the various texts on mechanics, to Leqans sup 
les invariant intégraux by E. Cartan, along with Leçons sur les equations aux 
dérivées partielles du premier ordre and to Legane sur le problème de Pfaff 
by Goursat. 
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CHAPTER XVI 

SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS OF TVO VARIABLES 



As Me have already seen, second order partial differential equations 
arise In studying the theory of surfaces, but above a11» th^ arise In nuaerous 
probICK of nathcntlcal pivslcs. Indeed, their study lies at the heart of a 
vast area of reasearch. Here, we shall restrict matters to a discussion of 
those problens relating to the more elementary examples In two variables. All 
of these equations can be seen as special cases of the ^pe studied by Monge 
(1784) and Ampère (1C20). The methods relating to the calculus of Units 
enabled Cauchy (1S42) to prove the existence of solutions in the analytic 
case; his findings were simplified by Darboux and Sophie Kowaleska (1£75) and 
by Goursat (1898). The linear equations can be divided into three types: 
hyperbolic, elliptic and parabolic. Certain equations of the hyperbolic type 
can be intecrated by a cascading technique due to Laplace (1773); in 1860, 
Riemann introduced a general technique for simplifying the problem which in 
some cases can be reduced to quadratures; Picard, in 1890, demonstrated that 
his technique of successive approximations does, in fact, apply to those 
equations. The most simple elliptic equation is the Laplace equation defining 
the harmonic functions which, in turn, anticipate the Dirichlet problem which 
is based on the question of confonnal representation, as is well known. We 
shall discuss some of the results froir. this aspect of the theory, in particular 
Hamack's theorem (1887) and the alternative approach of Schwarz (1870), but 
NO shall not embark on those methods based on the theory of Integral equations. 
Fbr an example of an equation of the parabolic type, we shall consider the 
heat equation as studied by Fourier and Poisson (1835) whose solutions (non- 
analytic) were studied by Holmgren (1S07). 

1. EXISTENCE THEOREMS - CHARACTERISTICS 

284. The theoraai of Cauchy- fawaleska 

Let us consider a second order partial differential equation 

F(x,y.z,p,q,r,s,t) - 0 , (1) 
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where p and q are the first partial derivatives, r,s,t the second 
partial derivatives of the unknown function z = ({>(x,y) (in the notation of 
Monge). We assume that the function F is analytic about a system of values 
Xq, yQ, 2q, Pq, qQ, rQ, Sq, tg of eight variables occurring in it, and that 
the equation is satisfied for this system of values. We can reduce matters to 
the case where these eight initial values are taken to be zero: we replace x 
and y by Xq+X, yg Y and then set 

z = 2Q + pQX + qQY + ^ (rQX^ + 2soXY + toY^) + Z . 

The transformed function of F will be analytic about the origin. We can 
also assume that equation (1) is satisfied for x = y= z = p= r = q= r= s = t = 0 
and that F is analytic about this point. We shall then assume that the 
partial derivative of F with respect to r is nonzero at the origin-, we 
then solve the equation with respect to r and write it in the form 

r = f(x,y,z,p,q,s,t) , (2) 

where the function f is zero at the origin and analytic in a domain con- 
taining this point. 

Theorem . Given i/<(y) and 9(y) analytic at the origin , suah that 

i|;(0) = 0(0) = «^'(O) = e'(0) = 0, equation (2) admits a solution z = 4>{x^y) 

uhioh is analytic for |y| and |x| sufficiently small and which satisfies 

the conditions 4>(0,y) = i|'(y), 3(()/3x (0,y) = e(y) uhen |y| is sufficiently 

small. 

To establish this, we can first of all restrict our attention to the 
case where i|;(y) and e(y) are identically zero, by setting z = ij;(y) + 
x6(y) + Z. Let us assume then ii;(y) = 9(y) = 0. We need to prove the 
existence of an analytic solution z = 4i(x,y) which is unique and zero along 
with its derivative p for x = 0. 

We intend using the calculus of limits on replacing equation (2) by 
the system of first order equations in the three unknown functions z,p,q, 

3x P • 3x T^x,y,z,p,q, , j , . ^j; 

For X = 0, we must have z^O, p = 0, q^O and the third equation in (3) 
impl ies 

^ - 37 • 

the system in (3) is equivalent to equation (2). When we look for solutions 
of (3) in the form of power series 

2 = E a„_„xV. P . E b,.„xV. Q = E c„,„xV , (4) 
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then we see that the coefficients are obtained Iteratively by the equalities 

^-^^^VUn - Vn' ("^l^Vun - ^"^^^^1 

^^l^Vl.n - P^^j.k- ^j.k' ^j.k' ^j.k- • 

where P Is a polynoalal with positive coefficients: the dj |^,... are the 
coefficients of f: the a^ which occur In P are such that J+k<m«fl; 
and concerning the b^^^ and we have either J-i-k<ii«n, or J-n* 

k*n+1. But since p and q are zero fbr x*0. ^ = 0. we have 
^0,y " ^* ^O.p ' 0 for any ii; we could then obtain the c and b as we 
did fbr the a» corresponding, to »Hi > N+1 by connencing from those 
corresponding to bhi • N. Me firstly obtain the c end b corresponding 
to n*N, then knowing these, we proceed to calculate those correspon- 

ding to wZ, n*N-1, etc. 

It follows that If we replace the second members of equations (3) by 
Majorant functions and then go about the same calculation, then the coeffi- 
cients a,b,c, are replaced by positive nuxbers at least equal to their 
absolute value. The convergence of the series obtained in this new calcula- 
tion involves that of the series in (4); these in turn will define a solution 
of the systen^ (3). As for the coiranon majorants of the second members of (3) 
we have an expression of the form 



Here, p and p* are nuribers less than the radii of convergence associated 
to f relative to the variables x,y,z,p,q respectively, on one hand, and 
3p/3y« 9q/dy on the other; M Is taken to be greater than p and p* and 
the sum of the moduli of the terms of f for |x| ■ ... ■ |q| • p and 



lay 



lay 



p'. The limiting equations are 

3Z _ 3P _ 30 



(I) 



since Z,P.Q are zero fOr X - 0, It follows that Z : P e Q and 
itters are reduced to the single equation 



He hove seen In no. 273 that such an equation atet a unique solution which Is 
analytic and satisfies the conditions of the Cauchy problem Z - 0 for X - 0. 
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since the line thus defined is not a generator of the elementary cones whose 
vertices are these points. The system in (3) thus admits a unique analytic 
solution satisfying the above conditions and this proves the theorem. 

Remark . We could prove directly the existence of the analytic solution of 
equation (5) which becomes zero for X = 0. To begin with, we majorize the 
second member by replacing X by kX, k > 1 , and majorize the solution by no 
longer subjecting it to the condition of being zero for X = 0, but by now 
supposing that for X = 0, it is given by a series with positive coefficients. 
Then for Z we look for a series in J = kX + Y with positive coefficients; 
Z must then satisfy the differential equation 

By taking k sufficiently large in order for the coefficient of dZ/du in 
the first member to be positive, we see that this equation admits an analytic 
solution, zero for u = 0, whose expansion has positive coefficients. 



285. The general existence theorem. Characteristics. The case of linear 
equations. The classification . 

Consider a second order partial differential equation of the general 
form (1). We may propose a solution of the following general problem of 
Conchy, We are given an analytic curve C and a series of tangent planes to 
this curve defining an analytic developable surface containing C. We uiah 
to find an integral surface of equation (1 ) containing the curve C and tan~ 
gent along C to the developable in question. The curve C is defined, for 
example, by y = g(x), z = h(x), where g and h are analytic; we denote 
the tangent planes by p = k(x), q = «.(x), where k and I are analytic 
functions satisfying the contact condition h'(x) = k(x) + Jl(x)g'(x). We 
return to the initial conditions of the theorem in no. 284 by setting 

X = Y , y = g(Y) + X , z = Z . 

We have 

dZ = dz = pdx + qdy = pdY + q[g' (Y)dY + dX] 

dZ = [p + qg'(Y)]dY + qdX = PdX + QdY , 

p = Q - q.g'{Y) = Q - Pg"(Y), q = P 

where P and Q are the partial derivatives with respect to X and Y, 
respectively. On denoting the second partial derivatives by R,S,T, we then 
have 

dp = rdx + sdy = rdY + s[g'(Y)dY + dX 
= dQ - d(Pg'(Y)) 

= (SdX + TdY) - g'(Y){RdX + SdY) - Pg"(Y)dY 



or 



and let 
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dq = sdx + tdy = dP = RdX + SdY 
= SdY + t[g' (Y)dY + dX] 
whence we deduce 

r = T - 2Sg' + g'^R - Pg". s = S - Rg', t = R . 

The transfonnation of equation (1) is obtained by replacing x,y,z,p,q,r,s,t 
by the values so obtained. For X = 0, we must have Z = h(Y) and P = 2.(Y). 
We shall be covered by the hypotheses of the theorem in no. 284 if we are able 
to solve with respect to R which will certainly be the case if the partial 
derivative of the transformed equation with respect to R, is nonzero. Now by 
stating the terms containing R, the transformed equation is written as 

F[x,y,z.p,q,g'^R + .... -Rg' + S.Rj = 0 . 



We must have 



.2 3F ^. 9F . 3F . „ 
which can be written as 

|£ dy2 - |£ dxdy . |î dx2 to. (6) 

The Cauohy problem admits a solution, which is unique, if condition (6) is 
realizable along the given curve C. Under this condition x,y,Z are the 
coordinate values of C and p and q the coefficients of the given tangent 
planes r,s,t are determined by the conditions dp = rdx + sdy, dq = sdx + tdy, 
F = 0, and by the choice of one of these values at a point. 

CHARACTERISTICS 

By a characteristic we mean every analytic multiplicity formed by a 
curve C, (x,y,z) and a series of its tangent planes (p,q) to which we 
can assign elements r,s,t such that the equations 

dp = rdx + sdy , dq = sdx + tdy , 

F(x,y,z,p,q,r,s,t) = 0 , (7) 



If dy2--^dxdy.|fdx2 = 0 . (8) 

are compatible. The Cauchy problem is not solvable by the above method when a 
characteristic is given. The curve C is the support of the characteristic. 

If S, z = (})(x,y), is an integral surface, then this surface is a locus 
of support curves of characteristics, of two different types in general. These 
are curves of S satisfying the differential equation 
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» 0 



(9) 



obtalMd assuring that z,p.q.r,s are replaced by their values on S as 
functions of x and y. Along these curves, the tangent plane to the surface 
S Is the tangent plane of the characteristic. He obtain two fbnrilles of curves 
on St via 



If the identity (10) holds for arbitrary x,y,z,p,q,r,s,t, then an 
every integral ata^oM, there exists only a single fanlly of characteristics 
defined by 



The integral surfaces on which equation (9) becomes an identity (surfaces which 
cannot be derived by the existence theorem), are singular integral surfaces. 

The characteristics therefore appear analogous to the characteristics of 
the first order equations, but do not play the same role in determining the 
integral surfaces since they cannot be determined a priori independently by the 
integration of a differential system once the integral surfaces are known. 

Bwaric. AaaiMf that m arm givm m miaîytio wultipliotty (x,y,z.p,q) fomtd 
bn a aufva md a tarUa of ita taigant pleaisa. If there exists an Integral 
surfice containing this curve and tangent to these tangent planes, then r.s.t 
satisfy the equations In (7). Me can take, for exa^>1e. t and s froa the 
first tMo equations (7) and bring then Into the third equation; r Mill be 
£lven by an analytic equation, unless an Identity Is obtained. If we have an 
Identity, then the derivative of the first Mriier of F. after replacing It by 
t and s as a function of r» Is zero and the condition (8) Is realized. When 
MB effectively obtain an equation In r. Its finite roots are Isolated. Conse- 
quently: lAen tbê %atcm in (7) ia indatmrminate, with r.s.t dapmtding on 
ona paraaatar at Uaat, than tha multiplicity In quaatim ia a ehanaetariatia, 

THE CASE OF LINEAR EQUATIONS 

By a linear equation we mean an equation of type (1) whose first meirà)er 

1s of the first degree in r,s,t md uho^^- -^oeffioimta in r.s.t depmid only 
on X atd y. This equation will be of the form 




(10) 




A(x,y)r ♦ 2B(x.y)s + C(x,y)t + OCx,y,z,p,q) « 0 



(11) 



Equation (8) is then 



A(x.y)dy^ - 2B(x.y)dx4y + C(x.y)dx^ - 0 



(12) 
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It can be integrated independently of the integral surfaces which simplifies 
matters considerably. 

CLASSIFICATION 

Given a linear, analytic equation irith real coefficients A,B,C, uni- 
form, then we can distinguish the following three cases: 

THE FIRST CASE 

In a domain A of the plane Oxy, we have B - AC > 0. Equation (12) 
defines in this domain a system of real curves. The characteristics projected 
along these curves and situated on the real integral surfaces will be real 
curves. The equation has (in A) its aharaoteriatioa aa real, and ue aay 
that it is of the hyperbolic type. 

The integral curves of equation (12) have equations of the fonr 

ç(x,y) = a, n(x,y) = b, a,b constants, 

where Ç and n are analytic; through each point of A there passes a curve 

of each family and these curves are not tangents. We can change the variables 
by setting 

X = Ç(x,y), Y = n(x,y), Z = z . 

and the functional determinant of the transformation is nonzero in A. 
Equation (11) is transformed into a linear equation 

A^(X,Y)R + 2B^(X,Y)S + C^(X,Y)T + (X.Y.Z.P.Q) = 0 , 

with 

A,(X,Y) . A(x,y)(f f * 2B(x,y) f f * C(x.y)(|f . 



B, (X.Y) . A(x,y) If |a . B(x.,)(f If . |i g) . c(x.y) f f . 

C, (X.Y) - A(x,y)(-|af . 2B(x.y) |û |û ♦ C(x.y)(|2f . 

A^(X,Y) and C^(X,Y) are zero since ç = a and n = b are integral curves 
of (12). The transformed equation has the reduced form 

S = D2(X,Y.Z,P,Q) . (13) 

This reduction is independent of the fact that the solution curves of 
(12) are characteristics relating to the Cauchy problem. Every linear 
equation (11), real, be it analytic or nonanalytic, can be put into the above 
reduced form by utilizing the integrals of equation (J2) provided that A,B,C 
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have oontinuous second deripoHvea and that B^* AC>0. He then %ay that the 
Integrals of (12) define the characteristics; taken the equation ie in the 
reduoed foms w aay that it ie related to the eharaaterietioa. 

THE SECOND CASE 

Suppose ue have - AC h 0, then the equation is said to be of the 
pavabolic type {A,B,C are analytic, B - AC s 0 within a domain for which 
this identity holds as long as A,B,C are defined by analytic continuation). 
Equation (12), whose first member is a square, defines a single family of 
curves C(x,y) = a. If ri(x,y) = b is the family defined by the condition 
B-jCx.Y) = 0 and if we make the sane cliange of variables as above, then we 
obtain the reduced form 

T - D^CX.Y.Z.P.Q) , (14) 

Once again, this reduction ■''b possible even if equation (11) is nonxmalytiQ^ 

2 

Quat as long as we have B - AC = 0 in a domain A. 
THE THIRD CASE 

2 

In a domain t., w have B - AC<0; the equation is then of the elliptio 
type in A. The integral curves of equation (12) are imaginary and, essen- 
tially, we must the analyticity of the equation. If ^(x,y) = a and n(x,y) = b 
are these curves, then ne can set 

C(x,y) - X ♦ 1Y. n(x,y) * X -1Y, Z - z. 

and from the preceding calculation (we can make the above transformation In 
the form ç(x,y) = u, n(x,y) = v, and then set u = X +iY, v = X - 1Y) we 
see that the transformed equation will be 

R + T » D"(X,Y,Z,P,Q) . (15) 

Ulth sooe exceptions (e.g., when A,B,C are constants), this reduction Is 
only possible when the equation Is analytic. 

2 

Remark . For certain domains we might have B - AC*" 0 and for others, 

2 

B -AC>0. These domains are separated by curves for which B - AC = 0. 
These limiting curves are singular integrals of equation (12) on the loci of 
the singularities of their Integrals. 

II. M0N6E- AMPERE EQUATIONS 

286. The characteristics of the Honge-^apère equations. Integral surfaces . 

The Monge-Ampère equations are equations of the form 

Hr + 2Ks Lt + « + N(rt - s^) - 0 , (16) 
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where H,K,L,M,N are analytic functions of x,y,z,p,q. The equations 
corresponding to N = 0 mere studied b> Monge» whereas Ampère considered the 
D»re general cases. 

The characteristics are defined by equation (16) and by 

H4y^-2Kdx4y<i-Ldx^«N(t4y^'i-2s<lxdy4^rdx^) - 0 (17) 

dz " pdx'i'qdy, dp«rdx-fsdy. dq - sdx-i-tdy . (18) 

When we take r and t from these last two equations and enter into (16), 
Me obtain (assuming dx and dy to be nonzero) 

Hdpdy + Ldqdx Mdxdy * Ndpdq 

- s(Hd|y^ • 2Kdx4y'i' Ldx^ -^^ N(t4y^ -t^ 2sdxdy 4^ rdx^) } 

Talcing account of (17). there renins 

Hdydp + Ldxdq + Mdxdy + Ndpdq = 0 , (19) 

and we can see at once that equations (17) and (19) are determined by writing 
out the system of the last two equations (18) and (16) leaving s Indeter- 
minate. This conforms with the remark made in no. 285 concerning the 
characteristics. Equation (17) is thus written, by replacing rdx-t-sdy and 
sdx-*-tdy by dp and dq 

Hdy^ - 2Kilxd|y Ldx^ * N(dpdx -i- dqdy) - 0 . (20) 

Urn éharaatmriutioB arm àttmminmà by tlw firgt equation (16) and by équation» 
(19) md (20). conversely. (20) 1^>11es (17) and r.s.t are indetenrinate In 
view of (19). It Is possible to separate the tw systcns of characteristics. 
Firmtly, Imt ub oMwm that N ^ 0. Equations (19) and (20) can be written In 
the following way: consider dp and dq as variables and note that (19) 
then represents a hypartola who asymptotes can easily be described. He obtain 

(lldp + Ldx)(Ndq + Hdy) + (NM-LH)dxdy = 0 , 

(Ndp + Ldx)dx + (Ndq + Hdy)dy - 2Kdxdy « 0 . 

Ha My assume Ldx + Ndp ■ -Ady, Hdy-*-Ndq > -udx and the equations become 
}Lii"LH-NN. X-f-v - -2K. He then see that the characteristics are given by 
the equations 



(I) 



Ndp + Ldx-^Xdy ■ 0 

Ndq + ndx + Hdy - 0 (II) 
dz « pdx-fqdy 



Ndp + Ldx + pdy = 0 
Ndq + Adx4Hdy " 0 

dz - pdx-i-qdy 



where X and y are the roots of the equation 

+ 2Kt + LH - MN = 0 . (21) 
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2 

The two systems (I) and (II) are distinct, in general, when K + MN - LH ^ 0. 

I If, for example, dx=0 is a solution of the system of equations (16), 
(l7), (18), we have H + Nt = 0 and a direct calculation shows that equations 
(I) and (II) again hold true. 

Example (Monge) . N 5 0. The equations of the characteristics are then (if 
d\ and dy are nonzero) 

Hdy^ - 2Kdxdy + Ldx^ = 0 , 

(22) 

Hdpdy + Ldqdx + Mdxdy = 0 , 

ancJ in all cases dz = pdx + qdy, 

I If H is not identically zero, we can in general solve the first equation 
h respect to dy and obtain the characteristics in the form 

I dy = Adx, Hdp + Hydq + Mdx = 0 , dz = pdx + qdy , 

re A and y are roots of 



whj 



Ht^ - 2Kt + L 



2 

We have two distinct systems when K - HL ^ 0. The result is the same when 
dy = 0; we then have L = 0. If dx = 0, we have H = 0 and the first 
equation must be replaced by dx = 0 and the second by 2Kp + Ldq + Mdy = 0. 

11/ H E 0 but L ie not identically zero, then equation (17) reduces 
dx(Ldx-2Kdy) = 0 and on account of (16) and (18), we see that the 
characteristics are given respectively by the two systems 

(I) dx = 0, 2Kdp + Ldq + Mdy = 0, dz = qdy; 

(II) Ldx - 2Kdy = 0, Ldq + Mdy = 0, dz = pdx + qdy . 

PiAally, if H = I = 0, the equation given is 2Ks + M = 0. Equation (17) 

reduces to dxdy = 0, and the characteristics which are always distinct, are 
gi\||en by 

(I) dx = 0, dz = qdy, 2Kdp + Mdy = 0; 

(II) dy =0, dz = pdx, 2Kdq + Mdx = 0. 

Morê generally we see that in all cases, the two families of characteristics 

2 

are only ever identified when K + MN - LH 5 0. 
I INTEGRAL SURFACES ' 

' We have seen that every integral surface without signature, is in 
general of two different types, a locus of support of characteristic 
mullipl icities which are tangent to it. Conversely: 
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Thaorai. If a supfaoe S is a locus of mppoet of ^uxracteHêtio Mittipli- 
ottiea which ave tangent to it, then S is an intégral surface. 

To see this, if P be a point of S, then there passes a support of 
characteristics through P: there exist numbers r,s,t satisfying equations 
(16), (17), (18) where x,y,z,p,q are the coordinates of P and the 
coefficients of the tangent plane to S at this point; but these numbers 
r,s,t are indeterminate in such a way that they are subjected to satisfy 
only the last two equations (18). Putting it another way, every system of 
numbers r,s,t satisfying the last two equations In (18) satisfy equation 
(16). Now the second derivatives of z on S at the point P are numbers 
r.s.t satisfying the last tM» equations (18); they also satisfy (16). Q.E.D. 

OQNSEqUENCE 

He can proceed to detenrine Integrel surfaces using the alNive theorea. 
The characteristics taken, for exa^ile. In the general foni corresponding to 
N (not Identically zero)* depend on an arbitrary function. In systaa (I) m 
can take y ■ (x) uhere Q Is sow analytic function, and m have a lystes 
of throe differential equations for detenrining z,p,q uhlch In turn Intro- 
duces three arbitrary constants. But the locus of supports of characteristics 
so obtained trill not In generel be surfiues tangent to these characteristic 
Niltlpllcltles. 

287. First Integrals and intenwdlate inteorels 

M mialiftia fimcHon V(x,y,z,p,q) ia aaid to ha a ftrat inUgral of 
mm tfnutom of oqmtimo of duanotoriatioB [(I) ««^.^ oormopondùtig to th§ 
gmomt aam N ^ 0] iAm tMB fmation hao a eonetrnt valm m oaek 
àhamatoHoHo. This constant value depends on the characteristic. The 
condition dV - 0 Mst be a consequence of the equations In (I). Now. 
taking (I) Into account, ue have 



This expression nust be zero for any dx and dy. It is necessary and 
sufficient that V satisfies the two conditions 






(23) 




Mhlch can be obtained by replacing dx. dy* dp. dq. respectively fay 
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1^ • 1^ - (1^ " P li) ' -(I7 ♦ I?) '-esPWtlvely. In the syste. In (II), 
We thus obtain analogous results to the Nonge exa^>1e fbr N = 0. 

Th0 uyetam in (23) doe* not haoe my eoltebione in gm^ral. He can 
conflni the existence of solutions by a reduction aethod analogous to that 
described for the Jacoblan systens In no. 282. In particular, solutions 
exist If the system is Jacoblan. 

Let us assune that V exists. On taking account ne will have the 
Identity 

dV (dz-pdx-qdy) + {j |^ (Ndp+ Ldx+ Xdy) 

♦ Jl^ (Ndq + jidx + H4y) . 

INTE6RWLE COMBINATIONS 

Conversely. If It Is possible for us to find an Integrable conblnatlon 
of one of the systens of equations of characteristics, (for exanple. 
coMMicIng fnm (I)), I.e.. there exists functions v^,v2.v^ of x,y,z, p,q such 
that 

v^(dz-pdx-qdy} V2(Ndp^Ldx*Ady) V3(Ndq ♦ pdx Hdy) 

is the total differential of a function V(x,y,z,p,q) , then this function is 
clearly a first Integral, since on the characteristics we have dV = 0» and 
necessarily, 

â? ■ ^ • ?p " • 3^ - '*^3 

along Mith the equations in (23). 

Ml APPLICATION OF THE FIRST INTEGRALS 

Theorem . If V(x,y,z,p,q) is a first integral of one of the systems of 
equations of the aharaateristios then the nonsingular integral surfaces of 
the equation V(x,y,z,p,q) = C, Lviere C is an arbitrary aonatantt are 
integral surfaces of the Monge-Anipci'e equation. 

Effectively, V(x,y,2,p,q) contains p or q and dV is an 
Integrable combination of the equations of the characteristics (I) for 
example (with N 0}. The second Maber of (24) Is zero as Is the coeffi- 
cient of av/3z. If we Mere to assuM for exanple, that dV/dq f 0 and 
consider on the Integral surface S of V « C the nultlpllcltles defined 
by Ndp^ Ldx-i-xdy * 0. then along these wiltlpllcltlcs ne also have 
Ndq-i-iidx-i^Hdy - 0: these will be the characteristics defined by (I). 

In accordance with theorem no. 286. S will be an Integral surface of 
the Ibnge-A^Are equation. 
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RgMriçs. I. The characteristics of the equation V = C are defined by 
- âf. » dz -dp , -dq 

By replacing the denoafnators of these ratios In the equations In (23), by 
the nunentors. m see that the system in (II) Is satisfied. This Is another 
May of proving the theorem and shows that the characteristics (II) of the 
Mmge-Avlre equation situated on the Integrals of V • C are the character- 
istics of this equation V ■ C. 

II. conversely, we can verify that if all the integrals of the first order 
equation V(x,y,z,p,q) = C are integrals of the Monge-Anpère equation for 
any constant C, then V Is a first Integral. 

THE INTERMEDIATE INTEGRAL 

If we know two distinct first integrals and of one of the 
systems of characteristics, i.e. such that one is not a function of the other 
and if i1j(V^,V2) is an arbitrary analytic function of and Vg. then 
4'(VpV2) is again a first integral. Since we have 



All of the nonsingular solutions of i1j(V^,V2) = 0 are solutions of the 
Monge-ZVnpère equation by virtue of the above theorem. Conversely, if S is 
a locus of support of characteristics tangent to S, then these character- 
istics belong to the system which admits V.| and V2 as first integrals. 
These characteristics depend analytically on a parameter t. on each of tham; 
V| and V2 are constants» hence v^ = V2(t), V2=V2(t) where these func- 
tions are analytic. By eliminating t from these relations, we obtain an 
analytic relation !|'(v^,V2) - 0 satisfied on S. 
As a consequence we have the following: 

Theorem , if we know two distinct first integrals of one of the syetems of 
éharaoteriatioa» V-j and ^2 then the geneml analytic integral of thm 

Monge-Ampère equation is the general integral of the first order equccticn 
ij;(Vi»V2) = Oj uhere ^ is an arbitrary analytic function. Wc may write 
\l) - 0 in the form ^2 ~ 6(^1) and say that thia equation defines an inter^ 
mediate integral of the Monge'-Anpère equation. 



288. Examples and applications 

I. For the equa' 
are Identified; we have 



2 

I. For the equation rt- s « 0, the two systems of characteristics 
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dp = 0, 



dq = 0, 



dz = pdx + qdy , 



and the first integrals p,q and also z-px-qy. We have two intermediate 
integrals 



P = 'l'(q). 



z-px-qy = x(q) . 



The developable surfaces may be recovered. 

2 2 

II, Consider the equation q r-2pqs + p t = 0. The characteristics are 
identified and are given by 



I 



dz - pdx - qdy = 0, pdx + qdy = 0, qdp - pdq = 0 . 
We have three linear combinations 

dz = 0, d(^) = 0. d(y + x 0 , 



hence two intermediate integrals 



5= 



which yields 

I x(z) = y + xii-(z) . 

The Integral surfaces are the ruled surfaces whose rectilinear generators are 
parallel to the plane Oxy. 

Remark . In the above two cases, we obtained two intermediate integrals and 
the characteristics were identified, Darboux showed that the first property 
necessarily implies the second. 



Ï 



■ 2 2 

IIIL The equation rx - ty =0 is linear and can be obtained after the 

reduction to the canonical form by the methods for the equations of hyper- 
bolic type. But the general method may be applied. The characteristics are 
given by 

I dz = pdx + qdy, ydx±xdy = 0, xdpiydq = 0 . 

By taking the + sign, we obtain the first integrals xy, z-px-qy, and 
maters are reduced to the intermediate integral 

z-px-qy = f(xy). 

where f is an arbitrary function. This is a linear equation; the associated 
system is 



1^1 



dx _ d^ _ 
X " y ■ 



dz 

2-f{x,y) 



2xy • 



From this we deduce the first integrals to be 
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-L - F(xy) . 



where F is an arbitrary function. It follows that 

Z ' /)^ FM + g(^) , 

where G 1$ an arbitrary function, or, on introducing some arbitrary 
functions. 



2 ■ 



2 2 

IV. Consider the equation rt-s -t-a > 0, which appears In thenKKiynairics. 
The characteristics are given by 

dz ■ pdx-*-qdy, dp-eady ■ 0 

dq + eadx =0, e = ±1 

fiatoh eygtm provides m intermediate integral: 

q + ax - f(p-ay), q-ax»g(p + ay) , 

where f and g are arbitrary. Every integral surface is an integral surface 
of these two equations. Now this system is completely integrable for any f 
and g. He see this In view of the Poisson brackets or by noting that when we 
pass through the tenns of one of the equations on one sidet we obtain a first 
Integral of the equations for the characteristics of the other equation. He 
reduce natters to a total differential equation. In order to Integrate it, 
we oay set 

p-ay«u, q + ax= f(u); P + ay = v, q-ax = g(v) , 
which yields 

and we have 

4adz = (u+v)(f' du-g'dv) + (f (u) + g(v) ) (dv-u) 
« ((u+v)f' - f-g)du + (f + g-g'(u+v))dv . 

By Integrating 

4az ■ (u+v)(f-g) + Z^gdv - 2 y*fdu 

or by introducing the primitives of f and g which are arbitrary functions, 
we have 

4az » (u+v)[F'(u) - 6'(v)J + 2G(v) - 2F(u) , 



22( 



Second Order PDE 



Remark . More generally, if two systems of characteristics admit intenrediate 
integrals V2-9(V^) and U2-6^(U^), we can see from the relations in (23) 
and its analogues that [V2,U2J = 0, hence also that [e(V^ ) (U^ )] = 0 and 
[V2-e{V^), U2-e(Ui)] = 0. The system of equations = e(V^), U2 = e^{U^) 
is completely integrable and we calculate as for the preceding example. 



V. I The Monge-Ampêre equation arises when we study surfaces isometric to a 
surface with a given (metric) ds . For further details we refer to Book VII 
(Tome III) of Darboux's Théorie dee surfaces. 

III. LINEAR EQUATIONS OF HYPERBOLIC TYPE 

281 Completely linear equations . The Laplace method . 

An equation is said to be completely linear if it is of the form 

Ar + Bs + Ct + Dp + Eq + Fz + G = 0 , (25) 

where the coefficients A,..., G only depend on x and y. If it happens to 
be of the hyperbolic type then we can recall the characteristics (no. 285) 
and put into the reduced form 

s + ap + bq + cz + d = 0 . (26) 

a,b^c,d are functions of x,y which are not necessarily assumed to be ana- 
lytic in this case. Such an equation is a hyperbolic Laplace equation. The 
reduction is possible provided A,B,C are continuous (B -4AC>0). We shall 
assume here that a,b admit continuous first derivatives. We can write 
equftion (26) in the form 

Consequently we achieve the identity 

k £ 1^ + ab - c = 0 . 

We can integrate the equation by replacing it by the system 

ly + aZ + d = 0 , II + bz - Z = 0 , 

which is integrated as a differential system: we integrate the first equation 
with X constant by two quadratures; the constant of integration is a function 
of Xt then we integrate the second with y constant. On permuting the roles 
of K and y, we can again see the integration when 

h . If . ab - c 

is identically zero. The functions h and k are called the invariants which 
do not change when z is replaced by z<t)(x,y) where 0 is arbitrary. 
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If each of the Invariants Is nonzero* Me can, for example, set 

Mhlch leads us to the equation 

II + bZ - hz + d = 0 . (27) 

Oh Mlthdrawlng z froa the second equation and bringing It Into the first, ne 
obtain the equation 

^ a, |§ + b, |J> c,Z + = 0 (28) 



with 



ax3y 1 âx 1 3y 1 1 



1 3h\ , 3d 



The Integration of equation (26) Is reduced to that of (28), since when (28) Is 
Integrated one obtains z In terms of the equation (27). The Invariants of 
equation (28) are 

h,.2h.k.i^. k, -h . 



Likewise, when we set 
3Z 



Z-fl+ta . (29) 



Me obtain an equation 



+ a, 1^ + b, ^ + c ,Z + d , = 0 , (30) 



3xdy °-l dx -1 ay "-1 -1 

whose invariants are 



h., - k . k., • 2k - h . • 



It follows that if we denote equation (26) by (E), transformed (28) 
by (E|) and transformed (30} by (E^-j), then the transformation of (E^) by 
the transformation 

will have invariants h and k, and similarly, the transformation of (E,]) 

by 
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will have the invariants h and k of (E). If each of the numbers h^ 
and 



k 1 is nonzero, we will then have to repeat the transformation by 



setting 



Ï 



in (28) and 

" 93^ " "-1 



1n (lo) 



C = 11+ b_,Z 



The transformation of (28), (Eg) say, will have 

a^log h^ 

^2 = ^h^ - - . kg = h^ 

as its invariants and the transformation of (30), (£_£) say, will have 

a^log k_^ 

^-2 " '^-1 • "^-2 " ^"^1 ' ^1 âx3y 

as its invariants; and so on. Equation (26) will be integrated by this 
aasaade method when we arrive at an index j for which an invariant h. or 

J 

k_. is zero. In order to carry out these operations, we need to assume that 
a,b,c,d possess the necessary derivatives. 

We refer to tome II of Darboux's Théorie dee surfaces for the more 
detailed study of this method of Laplace which is covered by a more general 
method of Darboux. 

Example . The equation (ax + By)s + yP + <5q = 0, where a, 6, Y, 6 are 
constants has as its invariants 

(ax+6y) (ax+6y) 

when h or k is zero, we revert to a quadrature. For example, if 6 = a, 
we have 

I z = (ax+6y)-Y/^[A(x) + / u(y)(cxx+By)^/^-'' dy] 

where X and y are arbitrary functions. When hk f 0, we have, for example 

_ (5-2a)(BHHY) 
n, • • A" , 

' (ox+ey)'^ 

which yields two stages of integration. 

Let us take e + Y = 0. We shall find 

Y(6-a)z = (6-a)[A(x) + J p(y) (coc+6y)-*/°'*^ dy] 

+ (ax+6y)[A'(x) + Ca-ô) / yCy)(ax+By)"'^/'' dy] . 
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When -6/a is a positive integer m, we can produce a solution v-nthout 
signs of quadrature by replacing the arbitrary function u{y) by the deriva- 
tive of order in+2 of an arbitrary function and then integrate by parts, 

RwMirks. I. When m take the equation of exaq>1e III of no. 288. 

rx^ - ty^ « 0 and consider the characteristics with xy ■ y/x ■ ti» then 

Me obtain the equation 

3C3n 3n " • 
which appears in the Laplace equations and which Is also written as 

2' è (I) - 1 ■ » • 

This equation can be Integrated straight away and yields 

z = x(n) + uU) , 

where X(ri) is an arbitroay differ^ntiable function and p(Ç) is some other 
fimotion. We recover the result of no. 288 but without the asstanptlon that 
A and y are analytic. 

Recalling the variables x»y» we have 

2 - + u(xy) 

2 2 

cofid this funation aatiafiee the aquation rx • ty uhen X atd y hao» 
sêoond darivativea» 

II. In a similar way, the equation of the vibrating strings (I, 92) is of 
2 

the form r-a t = 0. With respect to the characteristics by the change of 
variables y-ax = y + ax = n. it becomes 

whose general Integral Is X(Ç) -•'ii(n)» where A md y ara onîjf cnaa 
é&ffavantiàbU, But, In order to obtain solutions of r-a^t ■ 0» we wst 
take X(y-ax)-i-y(y-*-ax)* vihava \ and y aàm,t aaoond dmvivçMma» These 
observations are quite general and reflect the fact that the existence of one 
or two second partial derivatives of a function f(x,y) does not 1^)1y the 
existence of the three derivatives. 

290. The adjoint equation and the Rlaaann wethod. 

Given a honogeneous, hyperbolic Laplace equation 
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where a,b,c are functions of x and y admitting first partial derivatives 
and u is a function of x and y admitting first and second partial 
derivatives, then we can write: 

3^2 _3_ /■ 
" 3x3y " 3y \" 3x / ■ 3y 3x 



3x3y 3y \ 3x / 3y 

3y V" 3x/ 3x r 3y/ 



3z 3 / X 3au 



2 



3x3y 



Consider the expression 



I 



we obtain 



with 



2 

c^■^ - 3 u 3au 3bu . 



uE{z)-zF(u).|f.f 



G = -z 1^ + auz 
H= uff.buz 



(33) 



Equation F(u) = 0 is the Riemoam adjoint equation of E{z) = 0. It is 
written by expanding 

2 

We see at once that there is a reciprocity between these two equations: the 
adjoint of F(u) = 0 is E{z) = 0. 

It follows from equation (32) that, if we consider a domain A in 
the plane (x,y) bounded by a simple rectifiable curve r, then following 
Riemann's formula, we have 



[uE(z) - zF(u)] dxdy = J Gdy - Hdx 



r 

provided that u and z admit continuous partial derivatives which appear 
in E(z) and F(u). In particular, if z and u are the solutions of the 
equations E(z) = 0 and F(u) = 0 respectively, then we have 

/ Gdy - Hdx = 0 . (34) 

y 
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The Rlemann method . We propose a solution of the Cauchy problem for the 
equation E(z) = 0, under the following conditions. We take a continuous 
curve arc AB on which each of the coordinates x,y is a strictly monotone 
function of the other (increasing or decreasing). Such an arc is rectifiable. 

On AB the values of z and its partial derivatives 3z/3x, 9z/3y are 
given; these values assumed to be continuous are bound by the following 
relation at any point P of AB, we have 

2(p) = z(A) ^ J ■ 

We might, for example, take ||» 4>(x), |y = tj^(y) on AB and z will be 
deteralned by this equation Mhen x(A) is given. 





r 


^ =-c 



Fir- u. 



The Riemann method provides the solution of equation E{z) satisfying these 
Cauchy conditions throughout the rectangle whose sides are parallel to the 
axes (i.e. to the projections of the characteristics) and for which A6 is a 
diagonal. For a point M of this rectangle, the parallels to the axes 
taken through M Intersect the arc AB at P and Q respectively (fig. 85). 
Lat 11$ take. x,y to be the coordinate of N and c and n the coordinates 
of a variable point on the contour PNQP formed by HP parallel to Ox, 
NQ parallel to Obft and the arc QP of the curve AB (fig. 85). 

If w aeaum that the solution z(x,y) uteiw z(K) oemeidMred on 
E(z) ■ 0 «xiata, end if u ia a aolubion of tht adjoint aquation F(u) ■ 0 
tAoaa mxiaUnea ia alao oaaumd, than on aooomt of <S4) wa hava 



Gdn - HdÇ - 0 



The third integral is a known function of x and y (or of M), since G 
and H, given by (33), are known completely on the arc PQ. On the Other 
hand* on integrating by parts we have 

M. M 

f m - r^buz + u dç • (uz)^ *Jz\bU' II) dÇ . 
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and the forwiU In (35) becones 

M Q 
(uz)„ - (uz)p +1 z(bu - I) dç . ^ z(au - 1^) dn 

« ^ Gdn - HdÇ . (36) 

We eliminate the integrals of the first member by taking for uC4>n} • 
solution of the adjoint equation satisfying the conditions: 

^ u(ç.y) = b(ç^)u(ç.y) on MP 

u(x,n) = a(x,n)u{x,n) on MQ . 

When there exists an integral u of the adjoint equation satisfying these 
conditions, then it is only defined to within a factor; we may assunœ u(M) = 1 
and the above conditions become 

log u(S.y) = f b(t,y) dt 



log u(x,n) * f «(x^t) dt . 



(37) 



Moatling (36), we obtain the following VMuVt: 

When the eolution z(x,y) exists and it is possible to obtain for thê 
adjoint 0<piation a toUttion «a^iafying oonditiona (37 }« then neoteearily im 
ham 

p 

2j, - (uz)p +^ z^au - 1^) dn - u(|| + bzj dC . (38) 

This formula of Simmn ehom that if th$ deHrad aolution •xiata, than it ia 
miqua, 

THE CASE OF THE NON- HOMOGENEOUS EQUATION 

If the equation is E(z) = f(x,y), where f(x,y) is given, then we can 
again define the solution of the adjoint equation F(u) = 0 by the conditions 
(37). The double integral In A of the expression (32) will no longer be 
zero but equal to 

JJ uf(x,y) dxdy ; (39) 



the first member of (34) will be equal to this integral. The expression in 
the first member of (35), which is the first member of (34) with sign changed 
In the case of figure 85 (i.e. when y increases along AB in relationship to 
x), is therefore equal to the expression (39) with sign changed. When y 
decreases as x Increases along AB, then It Is necessary to change this sign. 
The solution Is then givtn by (38), to the second Mrtitr of whidi the ex- 
pression (39) Is added on ml t1 plication by t1. It Is necessarily unique. 

WMwric. In applications of the relationship (36) • the function u which 
d^pemli on the current coordinates and the x«y coordinates of N. iHII 

be known explicitly (we call such a function a Menann function). He will 

then be able to find this particular solution of the adjoint equation. In 
sinple cases, we can show directly that (38) provides a solution to the 
equation in question, with the prevailing conditions satisfied, but the 
existence theorem which will b« stated In no. 292 makes such a verification 
redundant. 

291. Applications 

I. THE EQUATION OF VIBRATING STRINGS 
Such an equation Is taken to be of the for* 

- Û . (40) 

8t* 3x 

where t denotes tin and x the abscissa of a point on the string (see I, 
92). For t-0 we have y-#(x), 0<x<L. Let 

and ay/at " #(x), 0<x<L. these functions being zero for x-0 and X"L. 
To these initial condition» we also consider tho botmdary aendttienot y ■ 0 
and ay/at «0 for x«0 and x-L. for any t. In view of the equation 
we mist assun that 4"(x) exists. 

Mhen we consider the equation of the characteristics x-at * const., 
x*Êt ' const., we find, on accmait of RMnrk II In no. 289, that the general 
Integral Is of the font y * A(x-at) * ii(x+at) and wa wst assun that X 
and u have second derivatives. The function ^(x) aust have a derivative. 
For any t, the boundary conditions, yield 

A(-at) + p(at) = 0, X'(-at) - u'(at) = 0 , 

X(L-at) + i»(L+at) = 0, X'(L-at) - u'(L+at) - 0 i 

It follows that the sought after solution. If It exists. Is daflned for any 
X and t. The functions X and p are periodic of period 2L since 
X(2L'N) - -y(-v) - X(v). For t-0. we will have, for all x, y - X(x)-»p(x) 
peHodIc with period 2L and X(-x) * v(-x) - -Cy(x) * X(x)3. Thus, If the 
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desired solution exists, then for t=0, it is equal to a function ^(x), 
which is odd, of period 2L, and which coincides with <t(x) for 0<x<L, 
Similarly, for t=0, 3y/3t is equal to a function ^(x) of period 2L, 
which is even and which coincides with ^{%) for 0<x<L. 

Regarding equation (40) with respect to its characteristics, we obtain 
an^equation of the form 



3XaT 



which coincides with its adjoint; the Riemann function u is equal to the 
constant 1. The relationship in (38) yields the value of the integral in 
question, that is if it exists. We obtain 

x+at 

y(x,t) = *(x-at) ^\ j (<I.'(v) + ^) dv 



or 



x-at 



y = ^ [*(x+at) 



x+at 

+ <l>(x-at)] + f 
•i-at 



>l'(v) dv 



(41) 



It %8 nou clear that ue indeed have a solution satisfying the oonditions 
imposed for 0 < x < L and t > 0 when * has a second derivative and f a 
first derivative. We shall compare this result with that obtained by the 
Bernoulli method (I, 92). The relationship (41) {which is due to d'Alembert) 
in fact be obtained independently of the Riemann method. 



cark 

" 



HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS 

If the coefficients a,b,c of a homogeneous equation E(z) = 0 are 



constant, then the equation can be simplified by changing z to ze 



-bx-ay 

which clears terms containing first order derivatives. Every homogeneous 
equation with constant coefficients can be reduced to the form 



3x3y 



+ cz 



C42) 



where 

I 



c is a constant. This coincides with its adjoint. 
The Riemann function in this case must be a solution of equation (42) 
which is equal to 1 for C = x and n = y, since the second members of the 
equalities in (37) are zero. We can find such a solution in the form 
u = <l>(v), with V = (x-Ç)(y-n). we will have u = <I>(0) for Ç = x and n = y, 
we must take <I>(0) = 1. We have 



3u 
3x 



*'(v)(y-n) 



3x3y 



$"(v)v + *'(v) 



1 
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where «(v) oust satisfy the differential equation 

r(v)v + *'(v) + c*(v) = 0 . 

This equation reduces to the Bessel equation (no. 124) by setting 4cv ■ x • 
this has an Integer solution equal to 1 for v ■ 0, 

u - (v) » Jq(v/5cv) 

2^ (nir 

The function u Is thus defined and does not change when x and C, y and 
n are pemuted slwltaneously. 
3%« tëhfgrapMo equation 

^ - ^ - 2 |l - 0 (43) 

ar at^ 

with the initial conditions Z = f(X), 3Z/3t = g(X) for t=0, reduces to 
equation (42) when the characteristics are considered, by setting 2x=X-t, 
2y = X+t and then let I = ze"^: we obtain c = 1. The corresponding 
solutions will be 

z - f(2x), H" »»(2x) . 

h(2x) s f'(2x} - f(2x) - g(2x) . 
The McMnn forwla yields 

i(x^) - f(2y) -Jf [f(2C)»'[(x-ç){y-ç)](Ç-x) 

+ ♦[(x-C)(y.0]h(2ç)] dC . (44) 

This can be expressed nore syanatrlcally by Integrating by parts the 
expression 

f(2«»'((x-0(y-ç))(«-^) ; 



we obtain 



-112xJjflM+f [f(2ç)*'(v)2i2Jt 

•Oc 

+ ♦(v)(f(2C) ♦ g(2ç))] dç, c- 1 V- (x-ç)(y-c) . 
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Returning to the varlablts X Hid t of tqiwtlon (43) and changing ç to 
C/2 In the Integral, m obtain tho solution In the fora 

i= e-t|flxitl|flX:tl 
x+t 



tdth 



w ■ ^^'^]['^^ . «(«) - 



^ , , <n n 

♦(w) • Jn(«^) • 1 - w + V - • • • + ^ 3 + • • • 
" ^ (nl)^ 

In the guise of (44), it can be at once seen that z(x,x) = f(2x), 
dz/dx (x,x) = h(2x), and equation (42) is satisfied since *(v) satisfies 
the differential equation which also 1^>11es that (v)v 2«"(v) c«' (v) - 0. 
More directly J wg flOR Bay that (44) provides a solution satisfying the given 
iv'^i'zl conditions, provided that f is differentiable and h integrable; 
this solution is unique following what was said before. It follows that the 
value 1 is the solution of ^h*' ^-f^leg-raphia equation (43) provided that f 
admits r. .-r-cnd derivative ana h a first derivative . In these applications, 
we assume f and g to be zero, except in some interval which can be 
assumed to be (0,a) a>0. If X>a is given and if we consider the value 
of Z(x.t) for t increasing, then we see that Z is zero for as long as 
t < X - a and that for t > X, we obtain 

Z « e-W •(ii)(f(0*9(6)) - J f(0«'(i*)J d€ . 

Hhen t Increetes Indefinitely, Z tends tomrds zero as a result of the 
exponential factor. On account of (62) of no. 128, m have, for sufficiently 
large t, w Is negative, #(«) >Q and 



1^ 



where K Isa constant. On the other hand. Me have (froa no. 125), 
^qM ■ -Ji(x). hence 



WW Ai 
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which provides for «'CM)t the bound 
<^ e^ . 

and show that |Z| remains less than M//t, where M is fixed. Moreover, 
if f(0 and g(ç) retain the same sign between 0 and a, we can easily 
see that 1Z| remains greater than ro/Zt, 

Bwarfci. I. Polncartf outllnod an alternative Mthod of deriving the tele- 
graphic equation (Cbi|>te rmukm, 1893). To this and related topics, we rafar 
to Picard' s iMgetu eui* qmUpms ^fp»9 aitiipls» d'^quoHon» mm âtrivê— 

II. The asympotic values of i>(w) and <I>'(w), utilized above, can be 
deduced directly from the series expansion by a similar method to that 
described for certain entire functions (I, 211), but one that is oiore explicit. 

292. The method of successive approximations 

The Cauchy problaa posed in no. 290 for the equation 

|^*a||*b|*ci.f(«o,) . (4S) 

Mhera a,b»c ara continuous functions of x and y • along with f , was 
solved by Picard. On the arc A.B we ara given the values #(x) and 4)(y) 
of az/ax and az/ay raspectlvely, which ara assuMd to be ok. For the 
firat value close to z we take a function Zq - Zq(N) • ZgUty) defined by 



where ^ is the domain bounded by the segments PM, MQ and the arc PQ of 
AB (fig. 85), and we take the sign - if the arc is as in fig. 85 and the 
Sign In the opposite case. In the case of the diagran* we will have 



J" f(x.y) dy ; 



71 

this Is seen by giving x a snail Increment. Then 
a^z 

^ • fU.y) ; (46) 

on M Zq is equal to the given value for z and azg/ax * <t>(x}. We then 
proceed to define the functions z^(x,y) Iterative 1y 
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^ t ff(a + b cz 



dxdy , n = 1 ,2,,.. (47) 



where the sign is taken to be + in the case of fig. 85 and - in the 
opposite case, is zero along with its first partial derivatives on AB, 

and we have 

n=l,2,... (48) 



3x9y 
dx 



32n.l , ^^n-l „ 

- ^ - "n-1 



3y 



■ ]■(■ ^ • 



1 



.0 



dy . 



dx ; 



(49) 



(50) 



the signs ±, which depend on the form AB, are independent of the index n. 
VJe now intend to show that the series 



^0 " ^1 * 



dx 3x 



3z„ 

+ + 

3x 



(51) 
(52) 



3y 3y 



ay 



(53) 



converges uniformly in the rectangle AB CD. 

Since a,b,c are bounded it follows that the series whose general term 
Is the expression (48), also converges uniformly. The sum z of the series 
(51) will then have first partial derivatives and a second with respect to x 
and y which will be the sum of the series (52), (53) and the series with 
general term (48). By adding the equality (46) to those of (48) relative to 
n=l,2,..., we see that z will be the solution of equation (45) end this 
solution will satisfy the given initial conditions. 

Let us assume the situation depicted by fig. 85 and take M above 
AB. Let a, 6 be the coordinates of A and y.e those of B. Let K be 
the common bound of |a|, |b|, |c| in the rectangle ABCD and K' the 
common bound of 



^^0 




^^0 


3x 


> 


3y 



There exists a no. A such that, for n>l, and M above AB, we have 
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l^K^- |ir|<^» iVh^ • 



(54) 



with p • Y-x-i>y-0. Since, on account of (49), m have for n>1, 

3KK'QM < 3KK'(y-B) < 3KK'{Y-x + y- 3) . 



32 



3x 



< 3K'K ^ 4y 



and a similar result for the derivative with respect to y, whereas (47) gives 



\Zy[ <3KK' JJ dxdy < 3KK' (y-e)(Y-x) < 3KK'(Y-a)p 



The Inequalities will hold for n-1, when A>3KK', A>3KK*(Y-a). 
Inequalities hold for n, then from (49), we have 



If these 



3Z 



n+1 



and the same result for the derivative with respect to y, whereas from (47), 



dx 



<3Ka" ^ < 3K(Y-a+e-6)A" ^ 



It thus suffices to again assume A > 3K and A > 3K(Y-a+c-B) in order for 
the inequalities (54) to be true. On replacing d by its maximum 
Y-a+e-6, we obtain inequalities which are also true for M below AB and 
which Imply uniform ccmvergence in AC6D. 

UNIQUENESS 

Let us assume that there exists In ABCD another solutlm Z satis- 
fying the same Initial conditions. Z-z would satisfy the homogeneous 
equation with zero initial cmditlons, let v be this function. He would 
have 



and the integral of the first meinber (with the factor ±1) gives v. He 
would have 
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6 

M 

On subtracting these equalities from the appropriate side of the 

equalities (47), (49) and (50) respectively, we see that (47), (49), (50) 

are again satisfied when z„ and z , are replaced by z - v and 

n n- 1 n 

z , - V. As a result of the above proof we would see that z - v satisfies 
n- 1 n 

some inequalities similar to (54), with A changed, since K' would be 
replaced by the bound of |Zq-v|,... . Consequently, - v would have a 
limit 0 and, since z^ tends to zero, v would be identically zero. 
As a definitive result, we have PICARD' s THEOREM. 

Lhder the sole condition that the functions a,b,c,f are oantinuoua 
in the rectangle ABCD and that the given values ^{n) and t(x) of 
dz/dx and 3z/9y are continuous on AB, equation (45) admits a unique 
solution in ABCD^ which is the sum of the series admits a unique solution in 
ABCDj which is the sum of the series (51), where Zq and are calculated 
iteratively as before [see (47), (49), (50)]. 

Remark . It is clear that this result applies to a smaller rectangle having 
two opposing vertices on the arc AB, but uniqueness does not hold for a domain 
contained in ABCD containing only an arc of AB. 

CONSEQUENCES 

The Riemann formula therefore is true (a and b having first deri- 
vatives) provided that the Riemann function exists. 

OTHER EXISTENCE THEOREMS 

Likewise we can show that it is possible to give values of z on two 
characteristics x=Xq, y = yQ (these values being differentiable and equal 
at the point Xq, y^) and obtain a unique solution via successive approxi- 
mation. This theorem (also due to Picard) proves the existence of the 
Riemann function u(ç,n.x,y). 

It would be interesting to apply the Riemann method by replacing the 
function u by a series not explicitly represented. In this case, it would 
be more simple to apply the Picard solution directly. We would also take z 
to be on two curves, one of which is a characteristic etc. On these matters 
we refer to the work of Picard as cited above. 
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IV. LINEAR EQUATIONS OF ELLIPTIC TYPE 

293. Tlw Laplace Equation. Harmonie functions. Green's fonajU . 

The Most slnple type of elliptic equation Is the Laplace Equation, He 
shall assuM that the variables x,y and the function u are essentially 
real. He know ikm (see I,161) that every solution aàilttlng continuous first 
and second partial derivatives in a slaply connected doMln in which It Is 
unlfbra. Is the real part of a holoaorphic function of x*\y defined up to 
a constant. Such solutions are knoun as harmonia functions. It follows that 
a hccrmonio function is analytic. If an anaVjtia continuation of the harmonic 
function u ie achieved, '-hen the reaulting function ia again analytic. This 
results fron the fact that u remains as zero (a permanence of the functional 
equations), as this continuation of u is the real part of the continuation 
of the holomorphic function whose real part is u. In general, this continua» 
tien will provide a multiform 'naimonic function, 

A conformai transformation (I, 162) changes a holomorphic function into 
a holomorphic function and it follows that such a transformation changes a 
harmonic function to a harmonic function. In particular, a translation, a 
reflection in the x,y plane and a geometric inversion preserve harmonic 
functions. 

If u(x,y) Is hamonlc. then Its derivative «rtth respect to x or y 
is again a hannnic function, since It can be seen to satisfy the Laplace 
equation. The partial derivatives of soae order of a hanaonlc function are 
htnmilc functions. In polar coordinates r", 0 (x-rcose* y*rs1ne), 
the Laplaee equation takes the fora: 

ar^ ae"^ " 

(1,119). FroB this Me deduce that the haraonic functions depend only on r 
or e, Clogr C* and C"e *■ C* , where the C are constants. Those 
functions are harmlc at a finite distance, except at the origin. Horeover, 
on setting z>x*1y, 1 • log r and 6 are the real part and the coeffi- 
cient of 1 of log z. (The coefficient of 1 of a holoaorphic function Is 
also haraonici the product of a haraonic function and a constant Is haraonic.) 
Oh differentiating 1og(x^-*-y^) with respect to x, we see that cos e/r Is 
also haraonic (except at the origin). 

Corresponding to the general theorem relating to holoaorphic functions 
we have the theoroas for haraonic functions which can be proved Independently. 
The proofs In question can be extended to haraonic functions of three 
variables. 
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Green's formula 

This is analogous to the spatial formula Cli 157), It is deduced from 
the Riemann formula: 



Let us assume that the functions U and V admit continuous second partial 
derivatives in a bounded domain D and on its boundary r composed of a 
finite number of rectifiable arcs. Let us apply the above formula by taking 

^ * 3x ^ 3x ' ^ " 3y ^ 3y 

We shall obtain: 

j[jJ'(V.U- U.V)d» = / v(|a dy - f dx) - U(H . 1^ dx) . (55) 

As is always the case, the integral r is taken in the direct sense on the 
exterior boundary and in the inverse sense on the interior boundaries if 
there happen to be any. 

Let us assume that the arcs of the curves intersecting r admit a 
tangent at each point (at a point of intersection of two arcs constituting 
r, there is a tangent to the right and a tangent to the left), there is then 
a normal on which we take the positive sense as that which makes the angle 
Ti/2 with that of the tangent taken in the positive sense. This normal will 
be the interior normal to D at the nonangular points of r, if a', 6' are 
the direction cosines, a and B those of the tangent taken along the sense 
of r, then we have a' = -6, 6' = a and with arc-length s taken to be 
positive, we also have ads = dx, 3ds = dy. On the other hand, the derivative 
of U, for example, taken on the interior normal is: 

dU _ 3U ^ 3U _ o 3U ^ _ 3U 



such that 



diï " 33r 37 ^' ^ 33r * " 37 



3^ dy - dx - - ^ ds 



Formula (55) is thus written as; 



/jf(VAU-UAV) dw = /"(l"^- V^)ds . (56) 
where the integral of the second member no longer has a curvilinear integral 
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but now an ordinary integral (I, 57), which is to be calculated on each arc 
of r, for positive ds. 

The expression in (56), completely analogous to the spatial formula 
(I, 157) is Green's formula. 

APPLICATIONS 

(cf. (I, 157)). I. If U is harmonic in D and on r, then the 
formula (56) for V= 1 yields 

/fds = 0 . (57) 

r 

If this equation holds for a function U, on every closed curve belonging to 
a domain D, then AU, if it exists and is continuous, will be zero at every 
point of D since following (56), we will have: 

jfjf AU do) = 0 , 
D' 

for any D' in D. The function U is hazmonic in D. 

II. Let us assume that U(x,y) is harmonic in a domain D and on its 
boundary T composed of recti fiable arcs admitting a continuous tangent. 
Let XQ.yg be a point of D. We describe a circle C with center xg.yg 
with sufficiently small radius e such that the interior of C and its 
circumference belong to D. Let us proceed to apply (56) to the domain 
obtained by removing the circle C from D and taking 

V = i log[(x-xo)^ + (y-yg)^] . 

which happens to be harmonic on Di and on its boundary. Since the double 
integral is zero, we obtain 

/(^^-Vf)ds^/(U£-Vf)ds = 0 . (58) 

c 

The second integral does not depend on e, the radius of C. In the first 
V = log e and the normal derivative is taken alongside of , consequently 
outside of C; this gives 

dV dV 1 
dn " de " e 

On account of equation (57) applied to C, the first integral in (58) reduces 
to 




I 
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Uhcn e tends to ztro, thtn this expression. In «h1ch U Is continuous, hu 
i Halt 2vU(xq0^q). On letting e tend to zero, the expression In (58], 
thus leeds to the FUNOMCNTAL RESULT: 



159) 



log r, • (x-Xq)^ ♦ (y- 



This fonr.ula equates with the CeucHy formula giving the value of a holomorphlc 
function in terms of its values on a simple closed contour and from Mhich It 
can be deduced. If W is a harmonic function associated to U, i.e. such 
that U-^iW is a holomorphic function of z^x-t-iy, then following the 
nonogenelty conditions (I, 161), 

dU . dH 

ar ■ "3s • 

The expression (59) Is then written by substituting end Integreting 

by parts V ^ . 



WV) . 



where T is associated with v. If we set f(z) = U+iW, Zq ■ Xg-t-lyg, then 
we have V-t-IT * 1og(z>Z0) and the above expression becoiKS 



RfUo) ' J (U+iW)d(V+iT) 

r 

-« 1 /" iUi dz . 



r 

{îtoL denotes the real part of a). 
THE GMJSS FORMULA 

If U(x,y) is harmonic In a circle C of center Xg.yg and on Us 
ciraaference, then (59) does apply. If R Is token to be the redlus of C, 
then on C, we have 

V - log R and 3^ * - ^ 
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(the Internal nomal to C). On account of {57), we obtain the Gauss fomula: 



THE HAXINUM PRINCIPLE 

Following the Gauss formula, if U(x,y) is harmonic in C and on C and 
of M and m arc its maximum and minimum respectively, on the circumference 
C, then we have 

Noreover, in order for UCxQ.y^) = M, it is necessary and sufficient that 
on every clreuMference C ne have U(x,y) = M (cf. I, 184). if on c 
m have U(x,y) ■ M* then U(x.y) Is constant In C and Is equal to N. 
Effectively. If P^(x^,y^} Is an Interior point of C* then via an 
Inversion leaving the clrcunference C fixed, m can transfom to 
the Pq of C; U changes to U' harmonic and following the above 
discussion we have U(x^.y^} « U'(xQ,yQ) * M. In view of the fact that the 
analytic continuation of a constant. Is a constant, we obtain the theoren 
of the mxImm (cf. 1 , 184) : 

If a flmoHon U is hamonio (miftam) in a domain D end ie imr- 
oen&tmt, than tfm meariimm end minimm of itê valmn in Mm rtgicn oeaplmtelif 
acmtabud vUMn D. am attetintd on tho bomdeay of tki» togion, 

(A region Is regarded as a doaaln along with Its boundary.) 
This theoren also results from the corresponding Cauchy theorem (I. 184). If 
M Is associated to U. then It suffices to apply the Cauchy theorea to 



294. The Mrlchlet problea. fireen's function. The Poisson forila. 
Hamaek's theorem . 

The (interior) Dirichlet problem for a bounded domain D whose 
boundary consists of a finite number of arcs of continuous simple curves, 
entails finding a harmonic function U in D and taking presribed values 
on r. It is to be understood that when a point P of D tends towards a 
point Q of r, the value U(P) at P must have as its limit the given 
value at the point Q; we shall call this given value U(Q}. 

The fmrwia In (59) does not lend Itself to a Mlutlon of a problem 
of this kind because of the presence of the term dU/dn. He obtain an 
expression leading to the solution of the Dirichlet problem. In regard of 
certain additional hypotheses by replacing the function V which appears by 
Green's function. 
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Consider the given domain its boundary V and a point PqC^q'^O^ 
D. The Green's function for D and Pq is a function 
G = G(x,y,XQ,yQ,D) such that 

1*1 the function 6 takes the value zero at every point of Tj 
2'j S + 2" log[(x-XQ)^ + (y-yg)^] harmonic in D. 

Such a function, if it exists, is unique by virtue of the maximum principle. 

I By applying this same principle to the domain obtained by removing 
from D a small circle centered at Pq on the circumference of which G is 
positive, following the second property, we see that G is positive in D. 

EXISTENCE OF GREEN'S FUNCTION WHEN D IS SIMPLY CONNECTED 

In this case we know that we can achieve a conformai representation of 
D on a circle of radius 1 in such a way that the point Pq is represented 
at the center of the circle (I, 215). If we set z=x+iy, then a function 
Z = f(z) providing this representation on |Z| < 1 is holomorphic in D 
and admits the point Zq (zQ^XQ + iyg) as a simple zero. When z tends 
to the boundary of D, |Z| tends towards 1. The function 



IG(x,y,XQ,yQ,D) = - 
rmonic in D, except at 



R log f(z) (61) 



the point (xg.yQ) and is zero on r. More- 
over, the quotient of f(z) by z - Zq being holomorphic and nonzero in D, 
means that Elogf(z) - Rlog (z-Zq) is harmonic throughout D, which proves 
that^ G + loglz-Zpl is harmonic in D. Consequently: 
The equality in (61) defines Green's function. 



1 



Remarks . I. We know that all functions achieving the conformai representa- 
tion in question of D onto the circle |Z| < 1 are given by Z = f(z)e^'^ 
where u is real. For all these functions, G indeed has the same value. 



"I 

G + TO 



Conversely, if G(x,y,XQ,yQ,D) is known and if we add to 
G + Tog|z-ZQ| the product with i of the associated function (defined to 
within a constant), then we obtain a function F(z) + log(z-ZQ) and 

j Z . e ^<^) 

gives the desired conformai representation of D onto the circle |Z| < 1. 
For, G being unique and the conformai representation achieved by a function 
f(z), we necessarily have RF(z) = R log f(z). 

III. ^ In the conformai representation in question, a point Pi(xi,yi) has 
a corresponding point Z^ . In a conformai representation in which the point 
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would have as its image the center of the circle, the point Pg^^O'^O^ 
would have as its image a point Zq. We pass from one of these representa- 
tions to another by a conformai representation of the circle onto itself. 
It follows that |Zq| = |Zi| and following (61), we obtain 

G(x^,y^,XQ,yQ,D) = G(xQ,yQ,x^ ,y^ ,D) , 

for any (xQ,yQ), (x^,y^), thus: 

In (61), the points (x,y), (xQ,yQ) play a symmetric part. 

THE CASE WHERE THE BOUNDARY r OF D IS FORMED BY A FINITE NUMBER 
OF ANALYTIC ARCS^^^ 

In this case we know that the function f(z) giving the conformai 
representation is again holomorphic within the interior of these arcs and is 
extendable beyond them (I, 217). Consequently, the Green function is harmonic 
within these arcs and is likewise extendable. 

THE FORMULA SOLVING THE DIRICHLET PROBLEM 

Let us suppose that the Green's function is knoun for a domain D 
whose boundary F is formed by rectifiable arcs having a continuous tangent 
and D is taken to be in such a way that this function G admits continuous 
first and second partial derivatives on the boundary. We can apply (56) by 
taking V to be the function G and by removing the circle C with center 
(xg.yg) and radius e from D, provided that U, assumed to be harmonic in 
D, also has the required derivatives on r. Proceeding as we did in the 
proof of formula (59), we will then have 

since G is zero on F. In the neighborhood of the point (xgiyg). G is 
equal to 

- \ log[(x-XQ)^ + (y-yg)^] + H(x,y) , 

where H(x,y) is harmonic at this point. Then as we saw above, the first 
member of (62) tends towards 27TU(xQ,yQ) in such a way that 

U(^0'V = 27 • 



Here and in what follows we shall say, in short that an arc is analytic 
when it is a simple analytic arc, without singular points in its interior. 
The theorem relating to conformai representation (I, 217) is valid for 
these arcs whose extremities may happen to be singular. 
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Given this formula, let us aaaume that the domain D satisfies the above 
requirements. Let us consider on T a function Li(s), continuous, or at the 
V0ry least, integrable , and oonsider a priori the integral 



(64) 



If this function of (XqjYq) is harmonic in D and takes the given values 
u{s) on T, then (64) solves the Dirichlet problem. As G is zero on r 
and positive in D, dG/dn is positive. 

THE CASE OF THE CIRCLE. THE POISSON FORMULA. 

If D is a circle of center 0 and radius R, if A is an interior 
po nt of the circle and B the image of A with respect to the circle (A 
and B are inverses of each other under the inversion which preserves each 
point of the circumference), we know that for any point P on the circum- 
ference, the ratio of PB to PA is constant, and on taking P to be on 
the segment AB, we see that this ratio is R/jOlTl. The function of the 
point Q 

ML M 

m ^ 

is therefore equal to 1 on the circumference, and the Green's function, 
denoted by G(Q,A,R) is given by 

G(Q.A,R) = logfM m\ . 

Since if we add loglQ/Tl to this function, we obtain a hanr.onic function in 
the circle. If we call r,a the polar coordinates of A,p,ij< those of Q, then we 

iQÎTl^ = + r^ - 2pr cos(ti»-a) 

- + 4 - ^ cos(,j.-a) . 
r 

and we obtain 

dG / dG\ _ R^-r^ 1 

^" ■ ^' dP^p=R " R^r2-2r cos(^.a) « ' 

On replacing u(s) by u(ii/) formula (64) Is then written as 

U(Q) = U(r.a) = J- f n{i>) ^ ^ . (65) 

R^+r^-2Rr cos(iJ;-a) 
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This is Poisson' s formula. IJe have seen (I, 208) that this equation defines 
a hœmonia function in the circle, which takes the assigned values u(ij;) on 
the circumference , provided that is a continuous periodic function 

of period 2ii. The convergence of U towards is uniform. 

If u(ijj) has isolated discontinuities and remains integrable, then the 
result holds true, but the function U only takes the values u(i|;) at the 
points of continuity. Faton showed that, if is only assumed to be 

integrable in the Lebesgue sense, then U is harmonic in the circle, and when 
the point Q tends towards a point P of the circumference along the radius 
OP, then U(Q) tends towards the given value u(ij;) of u at the point P, 
with the exception of, at most, a set of measure zero of points of P. 

THE CASE OF ARBITRARY DOMAINS 

If a simply connected domain D is conforma 11 y represented on a circle 
in such a way that there exists a bijective correspondence between the points 
of the boundary r of D and the circumference, then the Dirichlet problem 
is solvable for D since this is the case for the circle. By virtue of a 
theorem of Carathéodory which was previously cited (I, 127), this is the case 
when the boundary of D is a simple Jordan curve. 

A conformai representation of a domain D (whether it is simply 
connected or not) onto a domain D' , induces a correspondence of the Green's 
function of D to that of D' : if G{x,y ,XQ,yQ,D) is the function relative 
to D, then that of D' is obtained by replacing x and y by the functions 
X = X(x',y'), y = M(x',y') defining the transformation and Xq and yQ by 
X(xQ,yQ), p(xQ,yQ). We see at once that the second property of the Green's 
function is preserved. The Dirichlet problem is solvable for one of the 
domains when it is so for the other and when the boundaries are in a bijective 
correspondence, but if (64) happens to be true for one of the domains, then 
it does not necessarily follow that it is true for the other. But let us 
suppose that the boundary T of D is composed of a finite number of ana- 
lytic arcs and that the boundary T' of D' corresponding bijectively to 
that of D, is also formed by a finite number of analytic arcs. Then the 
function defining the correspondence between D and D' , z' = f(z), is 
holomorphic on the boundary of D, except at the points corresponding to the 
extremities of arcs on one or the other boundary. This is a consequence of 
the Schwarz reflection principle (I, 216): if Zq is a point of r, Zq the 
corresponding point of r' , both of which are ordinary points, then we can 
conformai ly represent a part of D' near to Zq in such a way that to r' 
there corresponds a part of a line through z" = F(z'). Then z" = F(f(z)) 
is again holomorphic at the point Zq, hence also f(z) = Fi(z") (I, 127). 
Thus z' = f(z) is holomorphic on r, except at the points corresponding to 
vertices, if G(z,z«,D)j the Green's function of D relative to 
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Zq = Xq + iyQ, is again harmonic on the arcs of then the transformed 
function G(z' ,Zq,D') will again be analytic, hence harmonic on the arcs of 
rl (except at the points corresponding to the vertices). Under these condi- 
tions, if formula (64) <xppliea to D, then the transformed formula viz. 



2ïïU(x^,y^) = j u(s' 



dG(z.z^,D) 



"dPT 



ds' 



(1) 



wv^l solve the Dirichlet problem in D' 

In particular, if D is simply connected and bounded by a finite 
miriber of analytic arcs, then we know that the conformai representation onto 
a circle occurs with bijective correspondence of the contours (I, 217). On 
the other hand, the Green's function of the circle, given above, is again 
harmonic on the circumference. The Green's function of D can be deduced 
from that of the circle as was remarked. The formula (64) applies under the 
same conditions as for a circle. 



Hamack' s Theorem . This is a proposition analogous to the Weierstrass theorem 
relating to sequences of holomorphic functions. 

I Let us consider a sequence of harmonic functions u^(Q) in a domain 
that is continuous within D and on its boundary T, and let us assume 
that this sequence converges uniformly on T. Under these conditions, the 
sequence converges uniformly in D + F, and the limit function U is harmonic 
in D. The sequence of derivatives of the same order of the u^(Q) converges 
uniformly, throughout the domain completely within D, towards the derivative 
of phe same order of U. 

I If Q belongs to D+F, then the maximum of |u^(Q) - Uj^(Q) | is 
attained on r on account of the maximum principal. The uniform convergence 
on j r implies uniform convergence in D+F. To see that the limit function 
U is harmonic in D, it suffices to show that it is harmonic in every circle 
C belonging to D as well as on the circumference of C. If Q is inside 
Ci on the circumference of C, R the radius of C, r the distance of Q 
from the center and p the distance of P to Q, then the Poisson formula 
gives 



in 



Having applied (64) to D for any u(s), we can see that the integral of 
ll6/dn on F is defined and equals 1 following (63). 
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Allowing u^^^ to increase indefinitely, tends unifonnly to U(P) and 

u„(Q) to U(Q), it follows that 

U(Q) = ^ J U(P)^^ ds . (66) 
c ^ 

and U(Q} Is haraonic In C sinca the Poisson fomula defines a harmonic 
function. To prove the last part, we note that If x 1s the abscissa of 
Q, then the derivative of the last formula Mith respect to x, gives 

(a fbnnila quite similar to the CaucKy formula relating to derivatives of 
holomorphic functions in terms of the valMS of the function). He have the 
sans fonmila for the derivative of uJiQ) and the uniform convergence of 
uy,(P) to U(P) Implies that of the derivative of u^(Q) to the derivative 
of U(Q). 

Remark. Following the Poisson formula, if U(Q) is harmonic and positive In 
the circle C of radius R. then In the above notation, ne have 

^ UCQj,) < U(Q) < ^ U(Qq) r « logjl , (67) 

where Qq is the center of the circle. Since, in formula (66), p has the 
bounds R+r and R-r, and on account of the Gauss formula in (bU) 



Uds • 2irRU(Qo) 



From this Inequality Me deduce that a hcamonie function on the entire plane 
at a finite dUtmo» vMeih is positive. Is CMStant. Since we can apply (67) 
to tifo any points Q and Qq by taking R sufficiently large, whence It 
follows that U(Q) ■ U(Qq). Nore generally, on applying this result to 
U-i- C*. where C* Is a constant, we see that: A hcamonie fmeHon on the 
entire pUme md vhoee valuee axe bounded to the left or to the right by a 
fixed nieiber, ie a oonetcnt. 

This result can be deduced by applying Llouvllle's theorem to e^ or 
e'^, where f Is a holomorphic function whose real part Is U, The Inequality 
(67) also arises from the properties of subbounded functions (I, 216). 
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295. An alternative procedure due to Schwarz. Special cases and examples . 
We shall dwell upon two leninata. 

Lemma I . If D is a domain bounded by a simple Jordan curbe T and if 

A^,A2....,Ap are aras of f without oormon points, then there exists a 

unique hœmonio function bounded in D, taking the value 1 on the arcs A- 

and the value 0 on the parts of T outside of these arcs. 

Effectively, a confonnal representation reduces to the case of the 

circle. The Poisson formula will then provide a solution, which is unique. 

Since if theere were two solutions, their difference would be a harmonic 

function bounded in r, and taking the value 0 on r, except perhaps at the 

extremities of the arcs A.. If F is a holomorphic function in D 

associated to U, then e and e are bounded in D and their absolute 

values take the value 1 on r, with the exception of the extremities of the 

A.. On account of the Lindelof theorem (I, 242), the absolute values of these 
J F 

functions are at most equal to 1 in D, hence e has modulus 1 in D, F is 
a constant with real part zero by Cauchy's theorem and U is zero 

Remarks . I. We considered Carathéodory ' s theorem on confomal representation. 
If we wish to restrict our attention to the nature of those results previously 
verified, then we shall assume here and in what follows that the boundaries 

of these domains are composed of a finite number of analytic arcs. 

II. Some results analogous to Lindelb'f's theorem (1908) for harmonic 
functions were originally proposed by Zaremba (1909). 

III. The uniqueness property in Lemma I will not be essential in the appli- 
cation of the lemma to what follows. 

Lemma II . Let D be the domain of Leima I, ^•^t^2*' ' ' transversal curves 
in D joining the points of F outside of the arcs Aj . Then the harmonic 
function defined in Lerma I has a maximum m betiseen 0 and 1 attained on 
these transversals. If V is a harmonic function in D taking continuous 
values on F, zero outside of the arcs Aj, then on the transversals Tj^, 
we have |V| < mK, where K is the bound of |V| on F. 

In order to establish the proposition, we can take F to be a circum- 
ference with center the origin. The function U of Lemna 1 is defined by 




where the A^ are complementary arcs to the A.. As p < R+r, we see that, 
is the measure of A^ in radians. 
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U(Q) is then less than a number less than 1 for all points Q of the trans- 
versals (fig. 86) for which |o51 < R. On the other hand, on the arcs ©f 
the T|j, the function U(Q) tends to zero *(hen Q approaches the circum- 
ference. It Is then clear that the naxlnun m of U(Q) on the T|^ is less 
than 1. 



On the other hand, VCQ) is also given by the Poisson formula and consequently, 
in the circle 



since KU- V is positive or zero on all of r. It follows that, on the 
curves Tj^ , inside of r, V<KU^Kni. Li kewl se, we argue for KU+Vj this 
proves the lemma, since V==0 on the AJ.. 

Remark. The proposition holds true when the have connon extrealtles 
with the Aj, but with the condition of meeting Internally the Interior 
angles of the dOMin of these points. In this case It can be shown that ■ 
Is again less than 1. 

THE SCHUARZ NETHOO 

By the Schwarz method we propose to dmonstrate that th» DCriehUt 
prc^lam haa a aolution when the domain D ia finitely oonneeted and Iwmded 





ds > Q 




ftg- ••• 



by aroB of ainple Jordan aurvee. 
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I We proceed with the proof as follows: To ideas, let us assume that 
re are three internal boundary curves (fig. 87). On the boundaries r 
we assign the values u(P) of the function to be determined, where u(P) 
is taken to be continuous on the curves r. We consider the transversal 
(fig. 87) which split D into two simply connected domains. Let be one 
of them, and D2 the other. In we consider a new system of transversals 
I2 close to the first but not having common points with them and joining the 
boundaries r in the same way as the transversals T-j. The curves r, 1-^ 
and T2 bound four domains (k in the case of k boundary curves r) 
which we shall call D and which are indicated in fig. 87. If we add to the 
domain the domains D and the curves T-j , we obtain a domain say, 
which is simply connected and whose boundary is composed of portions of 
curves r and transversals T2. The domains and D2 have the domains 
clin common. We shall let denote the parts of curves r wnich are 
boundaries of and P to denote an arbitrary point on the r^, 

tJ... T 



1 



2' 

On r we know the values u(P) of the desired function. To the T^ 
let us assign continuous values Ui(P) and consider the values of u(P) at 
the common points of the and T-j . As is simply connected, the 
Dirichlet problem is possible: there exists a function U-j harmonic in 
and taking the values u(P) on the and Ui(P) on T^. On the T^ 
this function takes the value that we shall denote by v^(P) these are equal 
to the u(P) at the common points of the r2 and T2. Given that D2 is 
simply connected let V-j be the harmonic function in D2 which takes the 
values u(P) on the T2 and v^(P) on T. takes the values U2(P) 
say and at the points common to F-j and T^ we always have U2(P) = u(P). 
Starting from these u(P2) we can repeat these same two operations: the 
harmonic function defined by the u(P) on T-j and the U2(P) on T^ 
takes values V2(P) on T2 which determine with the u(P) on T2 a 
harmonic function V2 in D2 and so on: takes values v^(P), on the 
T2» that along with u(P) on r2 define a function in D2; 
takes values U^^^ on T^ which serve to define U^+i • 

I We are going to show that the sequence U^, n= 1,2,... converges 

unfformly on r^+T^. As a consequence of Harnack's theorem this sequence 
will converge uniformly in + + T^ to a harmonic function U in D-j 
and which takes the values u(P) on r-j and likewise, the V^^ will con- 
verge uniformly in D2 + r2 + T2 to a harmonic function V in D2 and which 
takes on r2 the values u(P). Finally, we shall prove that, in the domains 
D, - tends to zero, implying U=V in D, and by taking U in 
and V in D2, we will have a function in all of D which will be the 
de%1red solutions. 
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The difference U ^, - U is harmonic in D, and takes the value 0 
n+i n 1 

on and on the values u^^^ (P) - u^(P) constitute a continuous 
function on the boundary of . If is the maximum of l"n+i " i^n^''^ ' 
on the boundary and the quantity appearing in Lemma II relating to 
and the transversals then on the J 2 ^^^e 

|v^,l(P) - v^(P)l ^m^K^ . 

Likewise, by applying Lemma II to D2 and to the transversals denoting 
by m2 the quantity relating to these and by K^î^ the maximum on of 
|v^+Jp) - v^(P)|, then we shall have 

^+1 ^ ''2'^n • 
with the above inequality written as 
K^^m^K^ • 

Consequently, 

'^n+1 ^ "'l"'2'^n ' n = 1 ,2 , . . . 

and by the appropriate multiplication 

< (m^m2)""^K^, "^n ^ '"I'^n * < 1 , mg < 1 . 

It follows that the sequences and converge uniformly on 
r^+T^ and ^2 + 12» respectively. Let us now consider a domain D. The 
difference - is harmonic there and continuous on the boundary. On 
segments of r its value is zero, on T^ it is i^p^^^ ~ '^n+l again 
zero on T2. Following the maximum principle we shall have in D 

|U - V I < K 
' n n ' n * 

a quantity which tends towards zero. The existence theorem for the solution 
of the Dirichlet problem is established. As u(P) is continuous, the 
Poisson formula applied to the images of D-^ or D2 proves that U(M) tends 
uniformly towards U(P) if M-»P. 

EXISTENCE OF THE GREEN'S FUNCTION. FOR MULTIPLY CONNECTED DOMAINS. 

If D is a finitely connected domain bounded by arcs of simple curves, 

then we obtain the Green's function G(P,Q,D) relative to an interior point 

Q, where P is an arbitrary interior point, by determining the complementary 
function 

H(P,Q,D) = G(P,Q,D) + loglPm 
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which Is harannlc In 0 and takts the continuous values loglRÎI on the 
boundary. This function exists on account of the Schwara 's theorea, hence 
also 6 exists. 

THE CASE OF GIVEN ANALYTIC VALUES 

Let us assunie that the boundary curves of C are formed by a finite 
number of analytic arcs and that within the interior of each of these arcs» 
the given values u(P) are the values of an analytic function of the para- 
meter defining this arc [this will be the case if u(P) is an analytic 
function with coordinates x,y, of the point P]. Under these conditions, 
the values taken on the boundary T by the solution U of the Dirichlet 
problem, are analytic. 

Let us consider the neighborhood of an ordinary point of r, i.e., 

the part D' of D belonging to a circle of center Pq and with small 
radius. This radius can be assumed to be so small to permit D' to be 
simply connected. Let then W be a function associated with U in D' , 
U+1W is a holomorphic function of 2= x + 1y in D' . By means of a conformai 
representation, we can revert to the case where the part of r, which is a 
part of the boundary of D', is a segment of the axis Ox: U+iW will be 
holomorphic for y>0 for example and its real part U will take on the 
segment a, 6 of Ox the values of an analytic function v(x). If we replace 
X by z = x+iy in ip(x). we obtain a function i|;(z) holomorphic about Zq 
assigned to Pq. The real part U-t-iW-<^(2) tends uniformly towards zero if 
y>0 tends towards zero and x towards a neighboring value of Xq. On 
account of syHHtry, this function is extemtable beyond Zq, consequently 
U^IH Is extendable and U Is Indeed hanaonlc at the point Pg. It follows 
that: 

Uhm th» bcmdaey of D it fonmd by malytio oraa on ufciofc e/ialfftie 
valmB an prtsaribmd, thtn Him aoUebim of tht DiriahUt probUm ia again 
heamonio on th»êo aeoB cKid, to oxtont, boyand thmn. 

In particular, ùhan th» bomdary T of H it formd by malytio om», 
thm Gram* a fmation 6(x,y,XQ«yQ) ia again haamonie on thaaa aroa aid to 
amatl axtant bayond thm; 3G/dn aadata and ia malytie on tteM ana. 
FOnMjIa (63) then applies to the solutions of the Dirichlet problen which are 
continuous on r along with their two first order partial derivatives. 
Formula (64) applies to the conditions which have been stated. In particular, 
when each of the closed curves bounding D Is analytic without singular 
points, and If u(s) Is analytic on each of thea. 

THE DIRICHLET PROBLEM AND THE CAUCHY PROBLEM 

Let us take for example a simple closed analytic curve r (circle, 
ellipse, etc.) and consider on r some analytic values u(P). There exists 
a function u(Q) harmonic in the interior of r and taking these values on 
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r. Let us also consider a second series of analytic values u-jCP), Following 
the Cauchy theorem, there exists in the neighborhood of a point Pq of F a 
unique solution of the equation AU=0, U^(Q) say, which takes the values 
u(P) on r and whose derivative with respect to x takes the values u^(P). 
This solution U-jCQ) can be extended along r and will take the values u(P); 
its derivative with respect to x will take the values Ui(P). But, with 
the exception of those values Ui(P) which are precisely those corresponding 
to the solution U(Q) of the Dirichlet problem, U^(Q) will not be harmonic 
throughout the interior of r. The Dirichlet problem exists and is harmonic 
throughout the interior of r, whilst that of the Cauchy problem only exists 
in a neighborhood of r which depends on the initial conditions. 

AN EXAMPLE OF DOUBLY CONNECTED DOMAINS 

It can be shown that a finite doubly-connected domain, bounded by two 
simple curves, can be conformai ly representable onto a circular ring for which 
the ratio of the radii is suitably chosen (see Julia: Leccme sur la representa- 
tion conforme des aires multiplement connexes, Paris, 1934). If the boundaries 
of the domain D consist of analytic arcs, then on account of the discussion 
in no. 293, it will suffice to show that formula (64) holds in a circular ring, 
in order to show that it is tenable in D. 

THE GREEN'S FUNCTION FOR AN ANNULUS 

This is obtained by generalizing the procedure for a circle. 
Consider the annulus 

R < |z| < R/s = R' , s' real > 1 . 

2 - 

If a is an interior point of the ring and a' = R' /a its image with 
respect to the circumference |z| = R' , then we have R' < |a' | Rs, Let 
us consider the loxodromic function S(z) corresponding to the real 
multiplier s (I, 235), we can consider 

, 1 - 1 - -J— 

S(4-) , " ,çn ~ .çf 

S(-) ^ 0 1-^ 0 1 - 

aS" zs" 



1 - 



a 



n 
0 



zS 



n+1 



1 - 



cxS' 



n 
0 



a' S 



zS' 



For |z| = R' , each ratio of the first line has a constant modulus, for 
|zl = R, each ratio of the second line has a constant modulus. Consequently 



Second Order PDE 



H{z) is constant for |z| = R. On noting that S(z) is real in this case, 
hence having the same modulus as S(z), and applying the properties of this 
fii|ction (I, 235), we obtain, for the value of |N(z)| on |z| = R, 

|S(R/a')/S(R/a)| = |S(a/Rs)/S(R/a) | 

= |RS(a/R)/S(R/a)a| = 1 . 
For Iz| = R' , the modulus of N(z) is 

|S(R'/a')/S(R7a)| = |S(a/R' )/S(R7a) I = |a|/R' . 

The Green's function of the annulus is the real part of 

K(z) = ,09 S(f ) - ,09 S(|) * 2 R • 

where the third term is determined by the condition RK(z) = 0 for [z] = R 
and |z I = R' . This formula can be expressed by introducing the elliptic 
Weierstrass function a or Jacobi function H(u) (I, 237), this enables us 
to recover some results due to Villat. Let us calculate dG/dn. Since G 
is the real part of K(z), analytic except at the point a, we have for 



for 



dG ^ IG X ^ 3G^ , rU'Iz) ^) ' 
dn 3x R 3y R Rl ' 



]z\ = R' ; it is necessary to change the denominator in the third member 
from R to -R'. The normal derivative is expressed in terms of K'(z), 
i.e* in terms of the loxodromic function xi^) (I» 236). For |z | = R, 



dG 
dn 



x(f ) - x(|) * 2 ^^^^ 



(68) 



Since x is real, we can replace z/a' by the conjugate number za/R 
in (£8). The first two terms in parenthesis become 



.2 



■ifù - 



and define a function of a holomorphic in the annulus and continuous with 
respect to a and z, where z is the circumference |z| = R. On account 
of the properties of integration of holomorphic functions depending on one 

'l 



parameter (I, 240) if u, (4») is the given value at the point Re^''', then 



the integral 



is the real part of a holomorphic function of a plus a linear term in 
log a and this happens to be a harmonic function of the coordinates of a. 
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We have an analogous result for |z| = R' and explicitly we can write 

2-n 



diJ; 



2tt 



2tt 




+ 2 



l og ct-log R' 
log s 



dtj; . 



(69) 



where \i2M is the given function of [z] = R'. U(a) is harmonic in the 
annul us. We assume that u^ and U2 are continuous of period 2tt. It 
remains to show that when a tends towards a boundary point, U(a) tends 
towards the corresponding value of u-^iii) or U2(';^). We proceed as in the 
case of the Poisson formula (I, 208). 

If in (69) we replace u-^iii) and U2(<j>) by the same constant a, then 
the formula (which is now in fact (63)) is applied to give U(a) = a. In 
order to show that U(a) tends towards Ui(i|;o) ^or example, when a tends 
to the point Re ^ we can then subtract "^(i^^q) from U(a), u^(i|;), 
U2{^)- Moreover, we can assume that "J^g " ^ replacing ij> and a by 
^-i>Q and ae-i^;. We have reduced matters to the case where Ui(0) = 0 
where a tends towards R, and we need to show that U(a) tends to 0. 
us decompose the first integral into two parts: one taken from -n to 
and the other from n to 27T-n, where n is small, positive. We have 
|ui(ij')|<e given when 14^1 < n- The integral taken from -n to n is less 
in absolute value to that obtained by replacing u-^M by e, (oG/dn is 
positive) and, a fortiori by replacing in the second member of (69) u-^M 
and ii2{^) by e, which yields e for any a. On the other hand, the factors 
of u^(t;j)dijj and U2{i>)(i^ tend uniformly towards zero when a tends to R 
when we also assume > r\ in the first integral. For they are contained 
in a and ip, since 



and 
Let 
+n 



S"z-1 



and since (I, 236), x(sz) = x(z) + 1. we have for a = R 



= -1 



X(^e^>) - X 



= 1. 



X(^e^>) 



= 1 
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Finally 2(log R-log P' ) = -log s. The proposition follows and the conver- 
gence of U(a) towards the values given on the boundary is similarly uniform, 
Thi 



lus: 

I 



Formula (69) solves the Diriohlet problem for the annulus provided that 
the^ given quantities and U2(t^) aj[>e continuous. The convergence of 

U(a) towards these values, is uniform. 



Remark . As in the case of the Poisson formula (I, 208), we note that the 

terras in x iii formula (69) are expendable in a Laurent series in a in the 

i 6 

annulus. Consequently, if we set a = re we can write (69) in the form 



I 



U(al 



+ y[A:(c„r'"+c'r""')cos me + B ' (d„ r'"+d' r""')sin me] 
m m m m m m 



(70) 



where the A , B are the Fourier coefficients of u,{\l>) and the A!, B' 

mm I mm 

those of Uo(\l)) and the a , a', b , b' , c , c', d , d' those of the 
c- mmmmmm mm 

constants which only depend on R and R' . We can determine these constants 
directly by considering the case where the second member again converges 
uniformly for r=R and r=R'. We obtain the following: 



0 0 log s 



a = b = ^ 
m m om 



^0 ^0 log s 



m 



m 



.m 



m 



^m = 



R_ 
5m 



m m 



.R2m. 



m 



6m = R^*" - R'^"* 



296. ^ A linear equation with constant coefficients. 

Let us first of all consider an equation of the form 



Au = f(x,y) . 

We are looking for a continuous solution along with its two first order 
derivatives in a bounded domain D and taking the given values u(P) on 
the boundary T. We assume that f(x,y) continuous in D+r admits con- 
tinuous first derivatives in D. The equation cannot admit two solutions Ui 
and U2. since u-j - U2 would then be harmonic in D and zero on r, hence 
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zero. If u-j is a solution of (71), continuous along with Its two first 
order derivatives in D and if we set u=u^+v, then u will be a har- 
monic function which will take the values u(P)-Ui(P) on r and will be 

a solution of the Dirichlet problem. For example, the equation Au = d, 

2 2 

where d is a constantt admite d/4(x +y ) as a solution and to find the 
eolution taking the preaaribed values on T, amounts to the Dirichlet 
problem. We also see that in the problem pertinent to (71), we can assume 
u(P)=0 on F; we can reduce matters accordingly by subtracting the 
hanmic function taking the values u(P) on r fron the desired solution. 

If U Is • solution of (71) zero on r and If V- 6(P.Q.D} Is tho 
6rMn*s fiMctlon rolatlvt to tho itaain 0 and tho point Q of D. than 
M can apply Graon*s fowl a (56) to the doMin 0' obtained by rcaoving a 
SMil circle of conter Q and radius e froM D, provided that the required 
conditions concerning U and 6(P,Q»0) are satisfied on r. Me then 
proceed as we did to establish fomla (63), but here, U Is zero on r 
Mhllst AU Is nonzero but equal to f(x,y) In D. By letting e tend 
to zero. Me obtain 

U(Q) ' 'T: If f(P)6(P.Q.D) d» . (72) 

Mhore P Is a varying point In D. Suoh i« thê formula vhieih vill providt 
tim êolution* Now, by applying fireen's forwla (56) to 6(P,Q,D) and to 
6(PtQ' .D) In the doaaln with the snail circles centered at Q and Q* 
rewved, end allowing their radii to tend to zero* we see that In the 
general case of auUlply-connected donalns (but with boundaries satisfying 
the conditions in order that (63) applies to these functions G), as in the 
case of the simply connected domains, we have G(Q,Q',D) = G(Q',Q,D) inhere 
Q and Q' are distinct in D. In the second member of (72) we can put 
G(Q,P,D) which is the sum of a harmonic function H(P,Q) of the point Q 
and of -loglPlf]. The double integral of FCP}H(Q,P} defines a hanoonic 
function, and 

^^^^ ' SF ff ^iP)l°9lP^ <^ (73) 
0 

is known as a logarithmic potential. As log|Plfl is harmonic in Q except 
at the point Q, then we can replace D by a small circle containing Q 
which omits a harmonic function of Q. The direct calculation of &X(Q) 
when D is a small circle containing Q shows that this quantity is equal 
to f(Q). The function (72) therefore satisfies equation (71) by means of 
the hypotheses on r. If K is the maxinuwi of |f(P)i in D» we have 
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|U(Q)I < ^ ff GCP.Q.D) du) 



(74) 



Now formula (72) applies when f(P) = 1 provided that G(P,Q,D) satisfies 
the contour conditions and consequently, the second member of (74) tends to 
zero when Q tends to the contour. Equation (72) provides the solution. In 
particular: If T consiste of simple closed analytic curves without singular 
pointSt then (72) yields the solution of equation (71) which takes the value 
0 on r. 



Remark . 



A conformai representation of D transforms equation (71) into an 



2 2 

analogous equation, since (dx + dy )Au is invariant. We deduce that 
formula (72) again holds when r consists of a finite member of analytic arcs 
with bounded curvature. 



LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 
k\ equation such as 



2 2 2 

%7 ^^^^ 



+ eu = 0 



B - OY < 0 



where a, ...,e are constants, can be simplified on consideration of the 
characteristics. Matters are reduced to the case a = y = 1, 3=0, then 
changing the unknown function, as in the hyperbolic case (no. 291). We arrive 
at the canonical form 



Au 



eu 



where c is a constant. On seeking a zero solution on the boundary r of a 

domain D, admitting continuous first and second partial derivatives in D, 

we see that formula (72) gives rise to a definition of this solution as a 
function U(Q) satisfying the equation 



U(Q) = - è j/T ^(P)^(P'Q'D) ^ • 



in ij)- 



Such an equation is an integral equation with fixed limits, linear (in U) 
and homogeneous. 

Equations of this type were originally studied and solved by Fredholm 
)3. They strike upon a vast number of problems. On this topic we refer 
the reader to the works of Fréchet and Heywood {l' equation de Fredholm), 
Volterra {leqons sur les equations intégrales, 1913), Hilbert {Grundzuge einer 
allgemeinen Théorie der linearen Integralgleichungen, 1924), Volterra and 
Pérès {Théorie des fonctionelles , vol. I, 1936) and to vol . Ill of Goursat's 
Cours d'analyse. 
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V. EQUATIONS OF PARABOLIC HPE 

297. The haat equation 

Ue shall restrict Batters to considering the slaplest fona of a para- 
bolic equation Mhose solution Is not absolutely trivial. This Is Rnirler's 
equation uhlch arises In therBodynaalcs 

i^-^-O . (7S) 

The characteristics are defined by y « const., x and y are assuMd 
to be real. 

ANALYTIC SOLUTIONS 

The theorem of Cauchy and Kowalewska (no. 284) applies. If we are given* 
for example, u=c(y), 3u/9x = i>{y) , where and 'i; are analytic on a 
segment {a,b), then there exists a unique analytic solution which for x = Xq, 
takes the value <j(y), its derivative with respect to x being 4^(y). In 
order to determine this solution, it is permissible to write for x - Xq anci 
y-yQ sufficiently small (a<yQ<b), 

u - $(y) + (x-XQ)^(y) + ^ e„(y) . (76) 

where the Op(y) ai^e power series, which on account of the existence theorem, 
are such that the double series so defined, is convergent. On differentiating 
u with respect to x twice and with respect to y and stating that (75) is 
true everywhere, then we see that the coefficients of the various powers of 
x-Xq become zero; we have 

e„42(y) " 8;(y) , n • 2..., 

egCy) ■ ♦•(y) . 63(y) - ♦•(y) . 

Consequently* we have under the Indicated conditions 

(x-x 

u ■ ♦(y) ♦ (x-Xo)»(y) ♦ ... ♦ ^♦^"^(y) 

(x X )^"*^ 

But, observing the properties of analytic functions (I, 78» 186), we can 
find tMO nuHbers N and k such that, throughout the segwnt (a*b), 

k^"^(y)l < Mk"n!, k^"^(y)| < Mk"n! n- 0.1.2,... (78) 
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Thsee inequalities shew that the expression (77) is an entire function of 
X - Xq for any y on (a,b). The solution provided by Cauchy's theorem 
remains analytic throughout the strip a<y<b. If we assign a particular 
value yQ to y, u becomes an entire function of (x - Xq) 



u = i;c„(x-x/ 

whose coefficients are determined by the values ({> and \li and their 
derivatives at the point y^: 



(79) 



"Zn 



(2n)! 



-2n+l 



Myo) 

(2n+l)! 



n = 0,1 ,2,. . . 



(Ô0) 



Follcwing the inequalities (78) and Stirling's fomula (I, 81), we have 



or. 



lim n^^l^ V" ^ Vt 



(81) 



u= 



Mm 

lj=oo 



(82) 



Conversely, if the coefficients of (79) satisfy the condition (81), we can 



(yp) will satisfy the 



put these under the form (60) and (|)^"^(yQ) and 4;^"^ 
inequalities (78) with the condition of replacing k by a value k' greater 
than k. There will exist functions <^{y) and \li{y) admitting these 



numbers 4>^"^(yQ) and ^^"'{yQ) for derivatives of order n (n = 0,l,...) 
at the point yQ, expendable as a Taylor series for ly-ygl < 1/k- From 
this arises the following: 

I Every entire function (79) whose coefficients satisfy a condition of 
the form (81) or (82), defines a solution of equation (75) which is analytic 
in the strip ly-ypl k< 1 and which takes for yQ the values of this 
function {y^ arbitrary). 

Remarks . I. We see that the single assignment of u on a characteristic 
defines a solution, but u will be subjected to some conditions. 

II. The condition (82) implies that the entire function (79) is of order 

at most two (I, 211) and that when it is of order two, it is of a determinable 
type (I, 243). These are necessary and sufficient conditions. 

III. If we look for, a priori, a solution in the form of (76), with and 
\i) infinitely differentiable, we will again discover the form (77) but with 
convergence taken into account. This convergence is guaranteed under far less 
restrictive conditions than (78). The functions 4) and ^ could be taken 

to be quasi analytic (I, 80). 
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298. The Fourier solution 

Equation (75), by virtue of Its linearity adalts solutions of tho 

form 

u-e*^y , 

Mhere a and b are constants. He see at once that a and b are related 

9 9 

by b-a . In particular, mb can take a • 1a« a r»dl and 1 4-1 ■ 0 
which shorn that 

.2 .2 
e'* ^cos ax , e"* ^sln ox , 

are solutions. It follows that 

+00 



u, « i e-^^^'^'^^da . y>0 



■L 



Is also a solution; this can be seen once ne have calculated the derivatives 
of this function of x and y. Now this Integral Is calculated by 
deco^nslng the exponent Into squares 



-o y ♦ lax ■ -y - ^\ - 



2 x2 



which yields 



u, ' e-*'/*y y* e-y^ da . v - a - |i . 

If we consider this last integral In the plane of the coop lex variable 
a ■ a* la", it is equal to 

/e-y°^ da (83) 
evaluated on the line A with equation 

o" ■ - ^ , fro« to (fig. 88). 



X 

D 


fl ! 








if 








a 
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Th« Integral (83) evaluated over the contour ttCD Is zero, since the function 
to be Integrated Is holoaorphic In this rectangle. If B Is elongated 
Indefinitely to the right, then the Integral (83) taken on BC, Mhose absolute 
value Is less than 



tends to zero. Likewise, the Integral taken on AD tends to zero Mhen D 
Is elongated Indefinitely to the left. It folloMS that the Integral (83) 
evaluated on a Is equal to this Integral evaluated on the real axis: 



Consequently, 

Is a solution of equation (75), and llkoMlse 

-(x-t)^/4y 

- — . y>o . 

is a solution for any t. Again it follows that if f(t) is a continuous 
function for any t and bounded, then the function 

U = — ^ 7 f(t)e-t*-^i^/*> dt . y>0 . (84) 

Is also a solution. He can see this by aeans of a direct calculation. 
Clearly, Me can replace y fay y-Vo' y ^yg* ^ 
f(t). In particular. It suffices to take f(t) Integrable and to have 

|f(t)l < k'e'^^^ , (85) 

where k and k* are given positive nuribers In order that the function U 
defined by (84) Is a solution for any x and providing that y Is suffi- 
ciently sMll and positive, 

Fonnula (84) lends Itself to a solution of the following heat problen: 
to find cn intégral of équation (75) ufcidft takoê tho proaeaeibod ecntimioua 
values en a eharaetoritHo y"yQ. He can. In fact, assuM that the character- 
istic is y«0. Ml oeeiMf that on thé line y>0 u» aré givon thm valmo 
u ■ f (x), whwé f (x) oaHéfiéé oanditim (85) md m aré going to éhonà that 
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when the point M(x,y) tends towards a point (t',0) of the axis y=0, th* 
function U(x,y) defined by (84) tends t-^ ^(f). The proof is the same as 
that for the Pois5on fortrula (I, 208), For f(t)*l, the fomula C84) yields 
U = 1. Ue therefore have 

U(x.y)-f(t') - j [f(t)-f(f )]K(t,x.y) dt (86) 



with 



K(t.x,y) E * _ . / K(t.x.y) dt 5 1 



Given that c is positive and f(t) is continuous at the point t', we can 
find - such that |f(t)-f(t')| < c if |t-t' | < n- We can decompose the 
integral of the second member of (86) into three integrals: one of then I, 
say, taken from t'-n to t'+n, another I" from -~ to t'-n and the 
third r" from t'+n to +«. For any x,y>0, we have 

t'+n 

|I|<e / K(t.x,y) dt < e i K(t,x^) dt • c 



< e ( K(t.x,y) dt <z f K(t,x^) dt 



He shall proceed to shoM that If x and y are sufficiently near to t' and 
0 respectively, then I' and I" are as smII as Is desired which will 
OMplete the proof. It Is sufficient to consider I", for example. Oh account 
of (85). for m fixed, we have 

|f(t) - f(f)| <m^^^ 

hence 

2^ 11"! < in f e^ dt , v ■ kt^ - -^^^ . 
•t'+<» 

Throughout the Interval of Integration, we have 

V < kt ^ < ^ 

provided that |x-t'| < n/2 and y is sufficiently small: y < y^. By 
replacing v by this bound and setting t " V * i\/2 * T, we obtain 

7 t2 

2i^lr'|<m / e'' 4.^ dT, t' • -3- 

4- ^ 
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oo 

I 



dT 



and the second member is as small as is desired providing that T' is 
sufficiently large, in other words, y sufficiently small. The proposition 
is thus established. 

THE ANALYTICITY OF THE SOLUTION 

The solution defined by (84) is an analytic function of the real 
variables x and y, for y>0. We see this by extending the previous 
considerations for the one variable case to functions of two variables. If 
A is taken to be positive and finite, then the integral 



r f(t)e-^^-^)'/^y dt 



(87) 



defines an analytic function of x and y asswned to be complex, if the 
real part of y is positive (it could also be taken to be negative). To 
proye this, we can show that it is possible to differentiate with respect 
to ' X and y which is clearly the case, and apply the result of no. 51, 
or even consider the exponential which evolves out of the power series in 



X - 

by 



and 



y - yQ about Xq and 



(RYn^O). This series is majorized 



U = 



(Ix-Xo|+|xo|+|tl)' 

4(|yol-|y-yol) 



and since |t| < A, there is uniform convergence. As |f(t)| is bounded, 
the integral (87) is taken across a uniformly convergent power series and 
we can integrate term by term. 

j If we assume ly-ygl < alypl, 2a < 1 , and if x belongs to a 
bounded domain, then the integral (87) converges uniformly when A tends 
to infinity. By taking A to be a sequence of integers, we obtain a 
sequence of holomorphic functions of x and y which converges uniformly. 
The theorem of Weierstrass relating to sequences of holomorphic functions 
(I, 186) extends to the case of functions of two variables by applying the 
Poincaré double integral (no. 51). From this it follows that the function 
U defined by (84) is an analytic function of x and y for y positive, 
this function being, moreover, an entire function of x - Xq for any Xq. 

I The solutions provided by the (84) are therefore less general than 
those defined by (77), in which, as we observed in no. 296 (Remark III), 
we can take (p{y) and ij;(y) to be nonanalytic functions. 
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299. Uniqueness questions. The general properties of the solutions . 

We can define an adjoint equation to equation (75) as we did in 
no. 290 for the hyperbolic case. If we take E(u) to denote the first 
member of equation (75), then the adjoint equation is 



and we have 



cf \ c/ \ - 3 r 9v 3u1 3(uv) 
uE(v) - vF(u) =-|_u V 3^J-^ . 

If u and V have the necessary partial derivatives in a domain A and on 
its boundary r, then the Riemann formula shows that 

JJ [uE(v) - vF(u)] doo = ^ uv dx + [u - v 1^] dy . (88) 

2 

If we take u i 1 and v 5 U in this formula, where U is a solution of 
E(U) = 0, then we have 



and 

2 J^(l^f ^ = ^ ^ 2U 1^ dy . (89) 

As a consequence of this relationship, there can only exist one solution M 
admitting continuous first derivatives and taking continuous values 
prescribed on a segment of a characteristic and on two continuous curves 
AC, BD intersected at a single point by the characteristics y = const, and 
located as in fig. 89. 




In order to establish this, it suffices to show that if a solution U is 
zero on the contour CABD, it is zero at every point M of a segment PQ 
for any y = const, intersecting AC and BD. If we apply formula (89) to 
the domain A bounded by the contour ABQP and to this solution U, we 
obtain the equation 
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•'•'a PQ 

which Implies that the second integral is zero, hence U=0 on PQ. Q.E.D. 

Remark . If we consider a solution U(x,y) defined in a strip O^y^y^ 
and zero at infinity within this strip, then the above argument, in which 
we take for AC and BD the segments parallel to Oy which are extended 
indefinitely in both directions, again shows that U is unique. We may now 
readily assert that the solution (84) tends to zero when x tends to 
infinity, y constant, when f(t) tends to zero when t increases inde- 
finitely. There then exists a unique solution, given by (84), taking the 
values f(z) for y=0 and zero when x increases indefinitely, y 
constant {y>0). 

PROPERTIES OF THE SOLUTION OF THE EQUATION E= 0 

Let U(x,y) be a solution of the equation (75), E=0, which admits 
continuous first partial derivatives in a domain D. 

I. The function U(x,y) admits in D partial derivatives of all orders . 

In order to study U(x,y) in a neighborhood of a point M(X,Y) of 
D, we shall consider a rectangle R, defined by Xq < x < x-j , yg<y<yi, 
contained in D and containing the point M. Let M' be the point with 
coordinates X, Y + h, where h is positive and sufficiently small so as 
to allow M' to belong to R and let us denote by A the part of R 
corresponding to y<Y (fig. 90). The function of x,y defined by 

-(x-X)2/4(Y+h-y) 

V(x.y.X,Y+h) = ^ : , 

/Y+h-y 





y 






y- 




R 


M, 








M 






0 











tor y<Y + h, is a solution of the adjoint equation F(v) = 0 since it is 
deduced from the solution of E(u) = 0 envisaged in no. 298, by changing 
t to X and y to -y+Y + h. 

It admits continuous derivatives in A and on its boundary r. 
When we apply (88) to the rectangle A by taking u= V and v= U, the 
double integral is zero and we obtain 
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J U(x.Y) ^ 



• / UU.yo)V(x,yQ»X,Y+h) dx 

rn 



*0 



+ jr [w(x,.y,X,Y+h)-w(xQ^,X.Y+h)] («y 
^0 



with 



w(x,y.X.Y) ' U(x.y) ^ + 1^ (x.y)] V(x,y.X.Y) . 

Following the proposition which was proved in no. 298, the first member of 
this equality tends to U(X,Y) when h tends towards zero. In the 
second member, the first integral has as its limit the expression obtained 
by setting h=0, which is clear. In the second integral of the secono member, 
we have an apparent discontinuity of the function w, for y=Y, when we set 
L= Û, but owing to the presence of the exponential factor of V, there is 
again uniform convergence towards w(x,y,X,Y). We then arrive at the 
definitive result 

X 

2y^r U(X.Y) = J U(x.yQ)V(x.yo»X.Y) dx 

Y 

*f [w(Xi.y,X.Y) - w(xQ,y.X,Y)] dy , (90) 

^0 

analogous to the fonnula (59) of no. 293. 

Following the result of no. 298, the first Integral of the second 
■ember Is an analytic function of X,Y, where the radius of convergence 
relative to X Is Infinite. In the second Integral there appear tenes of 
the fbm 

(Y-y)"" ' " 

where n Is equal to 1/2 or 3/2, and we must Integrate up to Y; T(y) 
Is continuous, hence iT(y)| < M. 

If we replace X by XH'*'1n, we obtain a holonorphic function of 
C+1n provided that the real part of 

(x- X+ç+in)^ 
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1i greater than a fixed positive number. 

' For the convergence of the integral taken from to Y-e, an 
integral which is a holomorphic function of Ç+in. will be uniform. It is 
sufficient to have 2|C+in| less than the smallest of the two numbers 



x-j - X 



and X - Xq in order for this to be the case. It follows that the 



second integral in (90) defines an analytic function of X, for any Y in 
R. Moreover, if X is replaced by X+Ç+in, we obtain a function of 
Ç-lin which is certainly holomorphic in a circle of radius p independent 

and whose modulus is bounded in this circle by a number K independent 
. K is a sum of integrals of the form 



of 
of 



f e-^/^ 



dt 



m = ^ 



m = 2" 



T > 0 



On the other hand, the integral of an expression of the form (91) taken 
between yQ and Y, converges uniformly thanks to the exponential function 
appearing. It follows that the second integral in (90) admits derivatives 
of all orders with respect to Y and that each of its derivatives is a 
regular analytic function of X. The function U(X,Y) admits partial 
derivatives of all orders. Moreover, 

Il.j U(X,Y) and each of its derivatives with respect to Y are regular 
analytic functions of X. 

THE HOLMGREN CONDITIONS 

We have seen that on any point of a segment parallel to the axes of y, 
U(X+Ç+in,Y) is holomorphic for |C+in| < P and that its modulus 
is bounded by a fixed number K. (Equivalently we can say that these func- 
tions are analytic at Ç+in.) Following the Cauchy inequalities, we will 
have on this segment 



x = 



3"U 



3X' 



p < Kn[ , 



n = 0,1 ,2,, 



(92) 



But for U a solution of E(U) = 0 and having derivatives of all orders, we 
have 



3^U _ 3^ /9U\ _ 



4 

9 U 
3X^ 



and more generally. 



32"U 
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Now utilizing the inequality (92), we obtain 

<^^^2ÏÏ^ , n = 0,1.2 (93) 



3"U 



3Y" 



P 



(More generally, we would obtain bounds for the derivatives taken n-times 
with respect to X and p times with respect to Y, which are defined in a 
domain completely within D where the solution is defined. The conditions 
(93) are due to Holmgren; the derivatives satisfy analogous conditions. 
These necessary conditions are also sufficient in order for the Cauchy 
problem to be solved in a neighborhood of a parallel segment to Oy when u 
and 3u/3x are given on this segment. 

Effectively, if we consider two infinitely-differentiable functions on 
a segment yQ^y<y^ and whose derivatives satisfy condition (93) with 
differing values of K and p, then by taking the largest of the two numbers 
K and the smallest of the two numbers p, we can assume that these numbers 
are the sane. The series (77) is then convergent for any y on this segment 
for |x-Xq| < p' < p, and defines a solution of equation (75) for these 
values of x and y. 

UNIQUENESS 

There exista a single continuous solution along with its first partial 
derivatives in a rectangle with sides parallel to the axes and taking, along 
with its partial derivative with respect to x, the given values on a seg- 
ment X = Xq = const, of this rectangle. 

For, if this solution and this derivative are zero on this segment, 
then we have 

-2n -n «2n+l .n , , 

3 u _ 3 u _ « 3 u _ 3 /3u\ _ « 

at every point XQ,y of this segment, and the solution, analytic for 

y= const, is zero on this line, since it is zero along with its derivatives 

at the point Xg. 

HOLMGREN FUNCTIONS 

An infinitely differentiable function (ti(y) on a segment Y<y<5 
will be called a Holmgren function, or function H, if its derivatives satisfy 
a condition of the form (93). The quasi-analytic classes of Denjoy (I, 80) 
for which 

U^"^Cy)]^''" < kn(log n) ... (log^ n) n = 0,l,2,... 
are such functions H. But the class of functions H contains functions 
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which are not quasi-analytic. Such functions H are not defined sivply by 
prescribing their velue and the values of their derivatives at a point of the 
segment where they are defined; they might even aoinoid» in m intmroal vith- 
out being idmtioaU Let us consider the function 



where e(Y) is continuous on (y,^) and y < y ^ — We can easily verify 
that U(x,y) which is defined for y < y < à and x > 0, satisfies equation 
(75) in the interior of this half-strip. For x=Xq>0, we obtain a function 
((){y) which is a function H for y<Y <y<ô'<6. If we replace e(Y) by 
e{Y) + (D(Y), co(Y) being continuous, zero for y < Y < n' and positive for 
n' <Y^6, where y' <n' <(5'. we obtain another Holmgren function for 
Y'<y<o', which coincides with 4)(y) when y belongs to the segment 
(Y'»n') and is greater than (l)(y) for n'<y^<5'. 




dY 



* 




m 



